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Physics, Part П, is a revised printing of the second edition of Physics for 
Students of Science and Engineering. In this (1966) new printing of Part П, 
the following revisions have been made. 


1. A supplementary set of 142 problems has been provided. These have 
been carefully assembled so as to permit, when combined with the numerous 
problems in the original set, a wider choice of area of interest and level of 
difficulty than heretofore available. 

2. A new Topical Supplement, on the differential form. of Maxwell’s 
equations and the electromagnetic wave equation, has been written for 
reference of students whose instructors choose to discuss this more 
-advanced material. 

3. The original appendices have been expanded and modernized and 
some new ones have been added in order to increase the usefulness and 
accuracy of such reference material. Front and back end-papers have been 
changed accordingly 

4. Pagination, numbered references, symbols and units, have been 
changed, where necessary, for consistency with the new Part I and the 
abeve revisions of Part П. [ 
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Preface to the Second Edition 


This revision of Part II of Physics for Students of Science and Engineering, 
which we hope will make our book more useful to students and instructors, 
is based on classroom experience at many institutions during the last two 
rears. The basic outline of the book and its underlying philosophy remain 
inchanged. We have, however, modified the treatment of many topies, 
mong them Ampére’s, Faraday's, Gauss's and Lenz's laws and Huygens" 
orinciple, to make them clearer and more explicit than before. 'The experi- 
mental basis of the laws of physics has received increased stress, and new 
experimental material, such as the radiation pressure measurements of 
Nichols and Hull, optica] masers, relativistic particle accelerators, and fiber 
opties illustrate the basic concepts. More than half the figures have been 
redrawn for greater clarity, and new figures and photographs have been 
inserted in key places: The questions and problems have been re-evalu- 
ated, and more than 200 are new. 

In a few places we have supplied new sections either to extend or to 
improve the understanding of the basic material. For example, there are 
sections in reduced type on the electric vectors (E, D, and P) and on the 
magnetic vectors (B, Н, and M). ЁС circuits are discussed, the Compton 
effect has been included in the treatment of the wave-particle duality, and 
a discussion of electromagnetic fields as seen by observers in relative motion 
has been added. 

Other significant changes are (1) references to the literature available to 
students have been supplemented and brought up to date; (2) the sign 
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conventions for geometrical opties have been put on a more physical basis; 
(3) attention has been called to examples or problems that contain impcr- 
tant new material by using italicized titles; and (4) we have further sys- 
temized and simplified the notation in several places, particularly in wave 


We continue to be indebted to Dr. Benjamin Chi for assistance in pre- 
paring the illustrations and for his detailed criticism of the optics chapters. 
One of us (DH) wishes to thank Professor G. Wataghin for courtesies 
extended at the University of Turin while this revision was in progress. 
“Finally, we extend special thanks to those students and instructors who 
MEE tion wil the fort 
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Preface to First Edition 


————————————-—— 


The time lag between developments in basic scienee and their application 
to engineering practice has shrunk enormously in the past few decades.” 
The base of engineering, once largely empirical, is now largely scientific. 
Today the need is to stress principles rather than specific procedures, to 
select areas of contemporary interest rather than of past interest, and to 
condition the student to the atmosphere of change he will encounter during 
his career. These developments require a revision of the traditional course ` 
in general physics for engineers and scientists. À 

The most frequent criticisms made in varying degrees of textbooks used 
in such a course are these: (a) the content is encyclopedic in that topics are 
not treated with sufficient depth, the discussions are largely descriptive 
rather than explanatory and analytical, and too many topics are surveyed; 
(b) the content is not sufficiently “modern,” and applications are drawn 
mostly from past engineering practice rather than from contemporary 
physies; (c) the organization of the material is too compartmentalized to 
reveal the essential unity of physics and its principles; (d) the approach їз 
highly deductive and does not stress sufficiently the connection between 
theory and experiment. Of course, it is unlikely that a textbook will ever 
be written that is not criticized on one ground or another. | 

In writing this textbook we have been cognizant of these criticisms and 
have given much thought to ways of meeting them. We have considered 
the possibility of reorganizing the subject matter. The adoption of an 
atomic approach from the beginning or a structure built around energy in 
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its various aspects suggest themselves. We have concluded that our goals 
can best be achieved by modifying the selection and treatment of topics 
within the traditional organization. To shuffle freely the cards of subject 
matter content or to abandon entirely а sequence which represents the 
growth of physical thought invites both a failure to appreciate the New- 
tonian and Maxwellian syntheses of classical physies and a superficiai 
understanding of modern physics. А solid underpinning of classical 
physies is essential to build the superstructure of contemporary physics in 
our opinion. © 

To illustrate how we hope to achieve our goals within this framework, we 
present here the principal features of our book. 


1. Many topies are treated in greater depth than has been customary 
heretofore, and much contemporary material has been woven into the body 
of the text. For example, gravitation, kinetic theory, electromagnetic 
waves, and physical optics, among others, are treated in greater depth. 
Contemporary topics, such as atomic standards, collision cross section, 
intermolecular forces, mass-energy conversion, isotope separation, the Hall 
effect, the free-electron model of conductivity, nuclear stability, nuclear 
resor.ance, and neutron diffraction, are discussed where they are pertinent. 

To permit this greater depth and inclusion of contemporary material, we 
have omitted entirely or treated only indirectly much traditional material, 
such as simple machines, surface tension, viscosity, calorimetry, change of 
state, humidity, pumps, practical engines, musical scales, architectural 
acoustics, electrochemistry, thermoelectricity, motors, alternating-current 
cireuits, electronics, lens aberrations, color, photometry, and others. 


2. We have tried to reveal the unity of physics in many ways. Through- 
out the book we stress the general nature of key ideas common to all areas 
of physics. For example, the conservation laws of energy, linear momen- 
tum, angular momentum, and charge are used repeatedly. Wave concepts 
and properties of vibrating systems, such as resonance, are used in mechan- 
ies, sound, electromagnetism, optics, atomic physics, and nuclear physics. 
The field concept is applied to gravitation, fluid flow, electromagnetism, 
and nuclear physics. 

The interrelation of the various disciplines of physics is emphasized by 
the use of physical and mathematical analogies and by similarity of method. 
For example, the correspondences between the mass-spring system and the 
LC circuit or between the acoustic tube and the electromagnetic cavity 
are emphasized, and the interweaving of microscopic and macroscopic 
approaches is noted in heat phenomena and electrical and magnetic 
phenomena, We have tried to make a smooth transition between particle 
mechanics and kinetic theory, stressing that, in their classical aspects, both 
belong to the Newtonian synthesis. We have also sought a smooth transi- 
tion between electromagnetism and wave optics, pointing frequently to the 
Maxwellian synthesis. ^ : 
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We discuss the limitations of classical ideas and the domain of their 
validity, and we emphasize the generalizing nature of contemporary ideas 
applicable in а broader domain. Throughout we aim to show the relation 
of theory to experiment and to develop an awareness of the nature and uses 
of theory. 


3. Our approach to quantum physies 18 not the traditional descriptive 
one. Rather we seek to develop the contemporary concepts fairly rigor- 
ously, at а length and depth appropriate to an introductory course. In the 
early chapters we pave the way by pointing to the limitations of classical 
theory, by stressing the aspects of classical physics that bear on contempo- 
rary physics, and by choosing illustrative examples that have a modern 
flavor. ‘Thus we stress fields rather than circuits, particles rather than 
extended bodies, and wave optics rather than geometrical optics. Among 
the illustrative examples are molecular potential energy curves, binding 
energy of a deuteron, nuclear collisions, the nuclear model of the atom, the 
Thomson atom model, molecular dipoles, drift speed of electrons, stability 
of betatron orbits, nuclear magnetic resonance, the red shift, and others too 
numerous to mention. ў 

The point of view is that of developing the fundamental ideas of quantum 
physics. The customary descriptive chapter on nuclear physics is, for 
example, not present. Instead, the wave-particle duality, the uncertainty 
principle, the complementarity principle, and the correspondence principle 
are stressed. ; : 


4. The mathematical level of oür book assumes a concurrent course in 
calculus. The derivative is introduced in Chapter 3 and the integral in 
Chapter 7. The related physical concepts of slope and area under a curve 
are developed steadily. Calculus is used freely in the latter half of the 
book. Simple differential equations are not avoided, although no formal 
procedures are needed or given for solving them. Vector notation and 
vector algebra, including scalar and vector products, are used throughout. 
Displacement is taken as the prototype vector, and the idea of invariance 
of vector relations is developed. 3 


5. The number of problems-is unusually large, but few are “plug-in” 
problems. Many involve extensions of the text material, contemporary 
applications, or derivations. The questions at the end of each chapter are 
intended to be thought-provoking; they may serve as the basis for class 
discussion, for essay papers, or for self-study. Only rarely can the ques- 
tions be answered by direct quotation from the text. 


6. The book contains an unusually large number of worked-out examples, 
with the “plug-in” variety used only to emphasize а numerical magnitude. 
Algebraic, rather than numerical, solutions are stressed. Examples some- 
times extend the text treatment or discuss the fine points, but usually they 
are applications of the principles, often of contemporary physics. 
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7. The textbook has been designed to fit physics courses of various 
lengths. In small print there is a great deal of supplementary material of 
an advanced, historical, or philosophical character, to be omitted or 
included to varying degrees depending on interest and course length. In 
addition, many chapters-may be regarded as optional. Each teacher will 
make his own choice. At our institutions Chapter 14 (statics of rigid 
bodies) and Chapters 41 and 42 (geometrical optics) are omitted. Other 
possibilities suggested, depending on emphasis or depth desired, or the 
nature of succeeding courses, are Chapter 12 (rotational dynamics), Chap- 
ters 17 and 18 (fluids), Chapter 24 (kinetic theory—II), Chapter 32 (emf 
and circuits), Chapter 46 (polarization), and Chapters 47 and 48 (quantum 
physics). 


8. We have adopted the mks system of units throughout, although the 
British engineering system is also used in mechanics. Having observed the 
gradual exclusion, year by year, of the cgs system from advanced textbooks, 
we have seen fit to limit ourselves to the bare definition of the basic egs 
quantities. An extensive list of conversion factors appears in Appendix G. 


We wish to thank the engineering and science students at both Rensselaer 
Polytechnic Iustitute and the University of Pittsburgh who have borne with 
us through two successive preliminary editions. Constructive criticisms 
from our colleagues at each institution and from some eight reviewers have 
resulted in many changes. Benjamin Chi of R.P.I. has been of major 

‚ service in all aspects of the preparation of the manuscript. Finally, we 
express our deep appreciation to our wives, not only for aid in typing and 
proofreading but for the patience and encouragement without which this 
book might never have been written. 

Davi» HALLIDAY 


ROBERT RESNICK 
January 1960 3 
` Pittsburgh, Pennsylvania 
Troy, New York - 


Contents 


26 


27 


28 


س 


CHARGE AND MATTER 647 


26-1 Electromagnetism—A Preview 647 
26-2 Electric Charge 648 

26-3 Conductors and Insulators 649 
26-4 'Coulomb's Law 650 

26-5 Charge Is Quantized 654 

26-6 Charge and Matter 655 

26-7 Charge Is Conserved 660 


THE ELECTRIC FIELD 663 


27-1 The Electric Field 663 

27-2 The Electric Field Strength Е 665 

27-3 Lines of Force 665 

27-4 Calculation of E 670 

27-5 A Point Charge in an Electric Field 675 
27-6 A Dipole in an Electric .Field 678 


GAUSS'S LAW 686 


28-1 Flux of the Electric Field 686 

28-2 Gauss’ 4 Law 690 

28-3 Gauss’ s Law and Coulomb's Law 690. 

28-4 An Insulated Conductor 692 

28-5 Experimental Proof of Gauss's and Coulomb's Laws 693 
28-6 Gauss’s Law—Some Applications 695 


28-7 The Nuclear. Model of the Atom 700° 
хін 


$ 


31 


32 


33 


CONTENTS 
ELECTRIC POTENTIAL 708 


29-1 Electric Potential 708 

29-2 Potential and Field Strength 711 
29-3 Potential Due to a Point Charge 715 
29-4 A Group of Point Charges 716 

29-5 Potential Due to a Dipole 718 

29-6 Electric Potential Energy 722 

29-7 Calculation of E from,V 724 

29-8 An Insulated Conductor 730 

29-9 The Electrostatic Generator 733 


CAPACITORS AND DIELECTRICS 741 


30-1 Capacitance 741 

30-2 Calculating Capacitance 745 

30-3 Paralle-Plate Capacitor with Dielectric 748 
30-4 Dielectries—An Atomic View 750 

30-5 Dielectrics and Gauss's Law 753 ` 

30-6 Three Electric Vectors 756 К 

30-7 Energy Storage їп an Electric Field 760 


` CURRENT AND RESISTANCE 770 


31-1 Current and Current Density 770 

31-2 Resistance, Resistivity, and Conductivity 774 
31-3 Ohm'sLaw 778 

31-4 Resistivity—An Atomie View 780 

31-5 Energy Transfers in an Electric Circuit 783 


ELECTROMOTIVE FORCE AND CIRCUITS 789 
32-1 Electromotive Force 789 


-82-2 Calculating the Current 792 


32-3 Other Single-Loop Cireuits 793 

32-4 Potential Differences 795 

32-5 Multiloop Circuits 798 

32-6. Measuring Currents and Potential Differences 800 
32-7 The Potentiometer 801 

22-8 RC Circuits 802 


THE MAGNETIC FIELD 814 


33-1 The Magnetic Field 814 

38-2 The Definition of В 816 } 
33-3 Magnetic Force on a Current 819 
33-4 "Torque on а Current Loop 823 
33-5 The Hall Effect 827 

33-6 Circulating Charges 829 

33-7 The Cyclotron 831 

33-8 Thomson’s Experiment 835 А 


( 
a 
р 
£ 


o aah 


E o CCS 


CONTENTS 
34  AMPERE' S LAW 844 


34-1 Ampére'sLaw 844 

34-2 В Neara Long Wire 848 

34-3 Magnetic Lines of Induction 851 
34-4 Two Parallel Conductors 853 
34-5 B fora Solenoid 856 

34-6 The Biot-Savart Law 859 


35 FARADAY'S LAW 870 


35-1 Faraday's Experiments 870 

35-2 Faraday's Law of Induction 872 

35-3 Lenz’s Law 873 z 

35-4 Induction—A Quantitative Study 875 
35-5. Time-Varying Magnetic Fields 880 
35-6 The Betatron 885 

35-7 Induction and Relative Motion. 888 


36 INDUCTANCE 899 


36-1 Inductance 899 
36-2 Calculation of Inductance 901 


36-3 An LR Circuit 902 
36-4 Energy and the Magnetic Field 907 


36-5 Energy Density and the Magnetic Field 910 


37 MAGNETIC PROPERTIES OF MATTER 915 


37-1 Poles and Dipoles 915 

37-2 Gauss’s Law for Magnetism 920. 
37-3 Paramagnetism 920 

37-4 Diamagnetism 923 

87-5 Ferromagnetism 926 

37-6 Nuclear Magnetism 931 

37-7 Three Magnetic Vectors, 934 


38 ELECTROMAGNETIC OSCILLATIONS 943 


38-1 LC Oscillations 943 
38-2 Analogy to Simple Harmonic Motion 947 · 
38-3 Electromagnetic Oscillations—Quantitative 948^ 
\ 38-4 Forced Oscillations and Resonance 952 
: ' 38-5 Lumped and Distributed Elements 954 
38-6 Electromagnetic Cavity Oscillator 955 
38-7 Induced Magnetic Fields 959 
38-8 Displacement Current 962 
! 38-9 Maxwell's Equations 968 
38-10 Maxwell's Equations and Cavity Oscillations 962, 


3 ¥ 


41 


42 


ELECTROMAGNETIC WAVES 971 


39-1 
39-2 
39-3 
39-4 
39-5 
39-6 


Transmission Lines 971 

Coaxial Cable— Fields and сыен 974 
Waveguide 977 

Radiation 979 

Traveling Waves and Maxwell's Equations 982 
The Poynting Vector 986 


NATURE AND PROPAGATION OF LIGHT 993 


40-1 
40-2 
40-3 
40-4 
40-5 


Light and the Electromagnetie Spectrum 993 
Energy and Momentum 995 

The Speed of Light 998 

Moving Sources and Observers 1003 
Doppler Effect . [006 


REFLECTION AND REFRACTION- 
PLANE WAVES AND PLANE SURFACES 1013 


41-1 
41-2 
41-3 
414 
41-5 
41-6 


Reflection and Refraction 1013 

Huygens’ Principle 1018 

Huygens’ Principle and the Law of Reflection 1020 
Huygens’ Principle and the Law of Refraction 1021 
Total Internal Reflection 1024 

Fermat's Principle 1028 


REFLECTION AND REFRACTION— 
SPHERICAL WAVES AND SPHERICAL SURFACES 


42-1 
42-2 
42-3 


Spherical Waves—Plane Mirror 1038 
Sphericai Waves—Spherical Mirror 1041 
Spherical Refracting Surface 1049 

Thin Lenses 1055 


INTERFERENCE 1068 


Young's Experiment 1068 

Coherence 1074 

Intensity in Young's Experiment 1077 

Adding Wave Disturbances 1080 

Interference from Thin Films 1083 

Phase Changes on Reflection 1089 

Michelson’s Interferometer 1099- 

Michelson’s Interferometer and Light Propagation 1092 


DIFFRACTION 1099 


44-1 
44-2 
44-3 


Introduction 1099 
Single Slit 1102 
Single Slit—Qualitative 1105 


1035 : 
Geometrical Optics and Wave Optics 1035 К 3 
À 


CONTENTS xvii 


44-4 Single Slit—Quantitative 1108 
44-5 Diffraction at a Circular Aperture 1112 
44-6 Double Slit 1115 


45 GRATINGS AND SPECTRA 1123 


45-1 Introduction 1123 

45-2 Multiple Slits 1123 

45-3 Diffraction Gratings 1128 

45-4 Resolving Power of a Grating 1132 
45-5 X-ray Diffraction 1134 

45-6 Bragg’sLaw 1140 


46 POLARIZATION 1147 


46-1 Polarization 1147 

46-2 Polarizing Sheets 1150 

46-3 Polarization by Reflection 1153 
46-4 Double Refraction 1155 

46-5 Cirvular Polarization 1163 

46-6 Angular Momentum of Light 1167 
46-7 Scattering of Light 1167 

46-8 Double Scattering 1169 


47 LIGHT AND QUANTUM PHYSICS 1173 


47-1 Sources of Light 1173 

47-2 Cavity Radiators 1174 А 
47-3 Planck's Radiation Formula 1177 

47-4 Photoelectric Effect 1179 

47-5 Einstein's Photon Theory 1182 

47-6 The Compton Effect 1184 

47-7 Line Spectra 1188 

47-8 , The Hydrogen Atom 1191 

47-9 The Correspondence Principle 1196 


48 WAVES AND PARTICLES 1200 


48-1 Matter Waves 1200 

48-2 Atomic Structure and Standing Waves 1203 ` 
48-3 Wave Mechanics 1204 М 

48-4 Meaning of 1208 

48-5. The Uncertainty Principle 1210 


SUPPLEMENTARY TOPIC V 1 A 


The Differential Form of Maxwell's Equations and the Electromag- 
netic Wave Equation { 


SUPPLEMENTARY PROBLEMS 9 


xviii З CONTENTS 
APPENDICES 29 


` A Definition of Standards and Fundamental and Derived Physical 
Constants 29 

Miscellaneous Terrestrial. Data 32 

Тһе Solar System 84 

` Periodie Table of the Elements 36 
The Particles of Physies 37 

Symbols, Dimensions, and Units for Physica! Quantities 39 
Conversion Factors 41 
Mathematical Symbols and the Greek Alphabet 49 
Mathematical Formulas 52 


—"rOommooto 


a} Values of Trigonometric Functions 58 
K Nobel Prize Winners in Physics 55 
L The Gaussian System of Units 58 


ANSWERS TO PROBLEMS 61 S. 
ANSWERS TO SUPPLEMENTARY PROBLEMS 68 
INDEX 73 


\ 


Physics „П 


Charge and Matter 


CHAPTER 26 


26-1 Electromagnetism—A Preview 


The science óf electricity has its roots in the observation, known to Thales 
of Miletus in 600 в.с., that a rubbed piece of amber will attract bits of straw. 
The study of magnetism goes back to the observation that naturally occur- 
ring “stones” (that is, magnetite) will attract iron. These two sciences de- 
veloped quite separately until 1820, when Hans Christian Oersted (1777- 
1851) observed a connection between them, namely, that an electric current 
in a wire can affect a magnetic compass needle (Section 33-1). 

The new science of electromagnetism was developed further by many 
workers, of whom one of the most important was Michael Faraday (1791— 
1867). It fell to James Clerk Maxwell (1831-1879) to put the laws of electro- 
magnetism in the form in which we know them today. These laws, often 
called Maxwell’s equations, are displayed in Table 38-3, which the student 
may want to examine at this time. These laws play the same role in electro- 
magnetism that Newton’s laws of motion and of gravitation do in mechanics. 

Although Maxwell’s synthesis of electromagnetism rests heavily on the 
work of his predecessors, his own contribution is central and vital. Maxwell 
deduced that light is electromagnetic in nature and that its speed can be 
found by making purely electric and magnetic measurements. Thus the 
science of opties was intimately connected with those of electricity and of 
magnetism. The scope of Maxwell's equations is remarkable, including as it 
does the fundamental principles of all large-scale electromagnetic and optical 
devices such as motors, cyclotrons, electronic computers, radio, television, 


microwave radar, microscopes, and telescopes. 
647 
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The development of classical electromagnetism did not end with Maxwell. 
The English physicist Oliver Heaviside (1850—1925) and especially the Dutch 
physieist H. A. Lorentz (1853-1928) contributed substantially to the clari- 
fication of Maxwell’s theory. Heinrich Hertz (1857-1894) * took a great 
step forward when, more than twenty years after Maxwell set up his theory, 
he produced in the laboratory electromagnetic “Maxwellian waves" of a kind 
that we would now call short radio waves. It remained for Marconi and 
others to exploit this practical application of the electromagnetic waves of 
Maxwell and Hertz. 

Present interest in electromagnetism takes two forms. At the level of 
engineering applications Maxwell's equations are used constantly and 
universally in the solution of a wide variety of practical problems. At the 
level of the foundations of the theory there is a continuing effort to extend its — 
scope in such a way that electromagnetism is revealed as a special case of a 


more general theory. Such a theory would also include (say) the theories of — © 


gravitation and of quantum physics. This grand synthesis has not yet been 
achieved. р 


26-2 Electric Charge 


The rest of this chapter deals with electric charge and its relationship to 


matter. We can show that there are two kinds of charge by rubbing a glass 7 


rod with silk and hanging it from a long silk thread as in Fig. 26-1. Ifa 
second glass rod is rubbed with silk and held near the rubbed end of the first 
rod, the rods will repel each other. On the other hand, a hard-rubber rod 
rubbed with fur will айтас! the glass гоа. Two hard-rubber rods rubbed with. 
fur will repel each other. We explain these facts by saying that rubbing a 
rod gives it an electric charge and that the charges on the two rods exert 
forces on each other. Clearly the charges on the glass and on the hard rubber 
must be different in nature. 

Benjamin Franklin (1706-1790), who, among his other achievements, was 
the first American physicist, named the kind of electricity that appears on 
the glass positive and the kind that appears on the hard rubber negative; 
these names have remained to this day. We can sum up these experiments 
by saying that like charges repel and unlike charges attract. 

Electric effects are not limited to glass rubbed with silk or to hard rubber — ў 
rubbed with fur. Any substance rubbed with any other under suitable 
conditions will become charged to some extent; by comparing the unknown 
charge with a charged glass rod or a charged hard-rubber rod, it сап be labeled 
as either positive or negative. 

The modern view of bulk matter is that, in its normal or neutral state, it 
contains equal amounts of positive and negative electrieity. If two bodies 


like glass and silk are rubbed together, а small amount of charge is trans- Ж 


ferred from one to the other, upsetting the electric neutrality of each. In this 
case the glass would become positive, the silk negative. 


* "Heinrich Hertz," by Р. and E. Morrison, Scientific American, December 1957. 
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Fig. 26-1 Two positively charged 
glass rods repeleach other. 


26-3 Conductors and Insulators 


A metal rod held in the hand and rubbed with fur will not seem to develop 
a charge. It is possible to charge such a rod, however, if it is furnished with 
a glass or hard-rubber handle and if the metal is not touched with the hands 
while rubbing it: The explanation is that metals, the human body, and the 
earth are conductors of electricity and that glass, hard rubber, plastics, ete., 
are insulators (also called dielectrics), 

In conductors electric charges are free to move through the material, 
whereas in insulators they are not: Although there are по perfect insulators, 
the insulating ability of fused quartz is about 102° times as great as that of 
copper, so that for many practical purposes some materials behave as if they 
were perfect insulators, 

In metals a fairly subtle experiment called the Hall effect (see Section 33-5) 
shows that only negative charge is free to move. Positive charge is as im- 
mobile as itis in glass or in any other dielectric. The actual charge carriers in 
metals are the free electrons. When isolated atoms are combined to form a 
metallic solid, the outer electrons of the atom do not remain attached to 
individual atoms but become (тес to move throughout the volume of the 


solid. For some conductors, such as.electrolytes, both positive and negative 


ATE SOS MOVE) 
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A class of materials called semiconductors is intermediate between conductors and 
insulators in its ability to conduct electricity. Among the elements, silicon and 
germanium are well-known examples. In semiconductors the, electrical conductivity 
can often be greatly increased by adding very small amounts of other elements; traces 
of arsenic or boron are often added to silicon for this purpose. Semiconductors have 
many practical applications, among which is their use in the construction of tran- 
sistors. The mode of action of semiconductors cannot be described adequately with- 
out some understanding of the basic principles of quantum physics. 


26-4 Coulomb's Law 


Charles Augustin de Coulomb (1736-1806) in 1785 first measured electrieal 
attractions and repulsions quantitatively and deduced the law that governs 
them. His apparatus, shown in Fig. 26-2, resembles the hanging rod of 
Fig. 26-1, except that the charges in Fig. 26-2 are confined to small spheres 
a and b. $ 

If a and b are charged, the electric force on a will tend to twist the sus- 
pension fiber. Coulomb canceled out this twisting effect by turning the 
suspension head through the angle 0 needed to keep the two charges at the 
particular distance apart in which he was interested. The angle 6 is then a 
relative measure of the electric force acting on charge a. The device of 
Fig. 26-2 is called a torsion balance; a similar arrangement was used later by 
Cavendish to measure gravitational attractions (Section 16-3). 

Coulomb's first-experimental results ean be represented by 


1 
F с —: 


т? 
Е is the magnitude of the fores that acts on each of the two charges a and b; 
т is their distance apart. These forces, as Newton’s third law requires, act ~ 
along the line joining the eharges but point in opposite directions. Note that 
the magnitude of the force on each charge із the same, even though the 
charges may be different. 

Coulomb also studied how the electrical foree varied with the relative size 
of the charges on the spheres of his torsion balance. For example, if we touch 
a eharged condueting sphere to-an exactly similar but uncharged conducting 
sphere, the original charge must divide equally between the spheres. By 
such technigues Coulomb extended the inverse square relationship to 


992 - 3 
Fa a (26-1) 
where g» and q2 are relative measures of the charges on spheres а and b. 
Equation 26-1, which is called Coulomb's law, holds only for charged objects 
whose sizes are much smaller than the distance between them. We often say 
that it holds only for point charges. i 

Coulomb's law resembles the inverse square law of gravitation which was 
already more than 100 years old at the time of Coulomb's experiments: у 
plays the role of m in that law. In gravity, however, the forces are always 
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1 Fig. 26-2 Coulomb's torsion balance 
" from his 1785 memoir'to the French 
| Academy of Sciences. 


S 
—— 
Шш 


attractive; this corresponds to the fact that there are two kinds of electricity 
but (apparently) only one kind of mass. 

Our belief in Coulomb's law does not rest quantitatively on Coulomb's 
experiments. Torsion balance measurements are difficult to make to an 
accuracy of better than a few per cent. Such measurements could not, for 
example, convince us that the exponent in Eq. 26-1 is exactly 2 and not, say, 
2.01. In Section 28-5 we show that Coulomb's law can also be deduced from 
an indirect experiment which shows that the exponent in Eq. 26-1 lies 
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between the limits of approximately 2.000000002 and 1.999999998. Small 
wonder that we usually assume the exponent to be exactly 2. 

Although we have established the physical concept of electric charge, we 
have not yet defined a unit in which 16 may be measured. Tt is possible to do 
So operationally by putting equal charges q on the spheres of a torsion balance 
and by measuring the magnitude F of the force that acts Оп each when the 
charges are a measured distance r apart. One could then define q to have a 
unit value if a unit force acts on each charge when the charges are separated 
by a unit distance and one can give a name to the unit of charge so defined.* 

For practical reasons having to do with the accu асу of measurements, the 
unit of charge in the mks system is not defined using a torsion balance but is 
derived from the unit of electric current, If the ends of a long wire are 
connected to the terminals of a battery, it iv common knowledge that an 
electric current i is set up in the wire. We visualize chis current as a flow of 
charge. The mks unit of current is the ampere (abbr. amp). In Section 31—1 
we describe the operational procedures in terms of which the ampere is 
` defined. : 

The mks unit 6f charge is the coulomb (abbr. coul). A coulomb $ defined as 
` the amount of charge that flows through a given cross section of a wire in i second 
tf there is a steady current of 1 ampere in the wire. In symbols 


Q — di, ; (26-2) 


where q is in coulombs if 7 is in amperes and ¢ is in seconds. Thus, “fa wije 
is connected to an insulated metal sphere, а charge of 10— coul can be pui 
on the sphere if a current of 1.0 amp exists in the wire for 105 sec. 


> Example 1. A copper penny has a mass of 3.1 gm. Being electrically neutral, 
it contains equal amounts of positive and negative eléctricity. What is the magnitude 
q of these charges? A copper atom has a positive nuclear charge of 4.6 x 10-15 
coul and a negative electronic charge of equal magnitude. 

The number N of copper atoms in a penny is found from the ratio 


АЫ N m 
where № is Avogadro’s number, m the mass of the coin, and M the atomic weight 
of copper. This yiélds, solving for N, 2 


6.0 X 10” atoms/mole)(3.1 
; N= оо B gare 081 ат) = 2.9 X 10” atoms. 


The charge q is 
@ = (4.6 10738 coul/atom)(2.9 x10? atoms) = 1.3 x 108 coul 


In a 100-watt, 110-volt light bulb the current is 0.91 amp. The student should verify 

that it would take 40 hr for a charge of this amount to pass through this bulb. 4 
* This scheme is the basis for the definition of the unit of charge called the stateoilomb 

However, in this hook we do not use this unit or the systems of units of which it 16 


à pxyt; 
see Appendix L, however. 
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Equation 26-1 can be written as an equality by inserting а constant of pro- 
portionality. Instead of writing this simply as, say, К, it is usually written 
in a more complex way as 1/47«g or 


fe E (26-3) 


Certain equations that are derived from Eq. 26-3, but are used more often 
than it is, will be simpler in form if we do this. 

In the mks system we can measure qı, q2, т, and F in Eq. 26-3 in ways that 
do not depend on Coulomb's law. Numbers with units can be assigned to 
them. There is no choice about the so-called permittivity constant є; it must 
have that value which makes the right-hand side of Eq. 26-3 equal to the 
left-hand side. This (measured) value turns out to be * : 


eo = 8.85418 X 10712 coul?/nt-m?. 


In this book the value 8.9 X 107 coul?/nt-m? will be accurate enough for 
all problems. For direct application of Coulomb's law or in any problem in 
which the quantity 1/4reo occurs we may use, with sufficient accuracy for 
this book, 

1/Azeg = 9.0 X 10°nt-m?/coul?. 


P Example 2. Let the total positive and the total negative charges in a copper 
penny be separated to a distance such that their force of attraction is 1.0 Ib (— 4.5 
nt) How far apart must they be? > 

We have (Eq. 26-3) 
кошар 
4те? 


F 


Putting gig» = Ф (see Example 1) and solving for r yields 


s x А a « 109 2 2 
r= Mie 1.3 x ee ы лес: сеи pee 


= 5.8 X 10° meters = 3.6 X 10° miles. 


This suggests that it is not possible to upset the electrical neutrality of gross objects 
by any very large amount. What would be the force between the two charges if they 
4 


were placed 1.0 meter apart? 


If more than two charges are present, Eq. 26-3 holds for every pair of . 
charges. Let the charges be q1, qo, and qs, etc.; we calculate the force exerted 
on any one (say 91) by all the others from the vector equation 


Кү = Fort Ёз EST : UE PIE 


where F;5, for example, is the force exerted on q by 9. 


(udi For practical reasons this value is not actually measured by direct application of 
Eq. 26-3 but in an equivalent although more circuitous way that is described in Section 
30-2. 5 } 


654 CHARGE AND MATTER Chap. 26 


b Example 3.. Figure 26-3 shows three charges qı, gz, and дз. What force acts on 
qı? Assume that qı = —1.0 X 10-5 coul, ф = +3.0 x 10-8 coul, дз = —2.0 x 
10-5 coul, туз = 15 em, ris = 10 em, and @ = 30°. 


Fig. 26-3 Example 3. Showing the forces ex- 
erted on qı by q» and дз. 


From Eq. 26-3, ignoring the signs of the charges, since we are interested only in the 
magnitudes of the forces, 


К 1 qg 
Ёш = — = 
5 Ате тз? 


_ (9.0 X 10° nt-m?/eoul?)(1.0 x 10-5 eoul)(3.0 x 10-$ coul) 
к (1.5 X 107" meter)? 


= 1.2nt 
iv ғ.с (9.0 X 10° nt-m?/coul?)(1.0 x 10-8 coul)(2.0 X 1078 coul) 
s ES (1.0 X 107! meter)? А 
= 1.8 nt. 
The directions of Fi? and Fy; are as shown in the figure. д 


The components of the resultant force Е, acting on qı (see Eq. 26-4) are 
Fis Fu. Fiss = Fu + Ез sin ө 
= 12nt + (18 nt)(sin 30°) = 21 nt 
and Fy = Fiy + Fis, = 0 — Fis cos 
= —(L8 nt)(cos 30°) = — 1.6 nt. 


The student should find the magnitude of Е and the angle it makes with the z-axis. 
4 


26-5 Charge Is Quantized 


In Franklin’s day electric charge was thought of as a continuous fluid, an 
idea that was useful for many purposes: The atomic theory of matter, how- 
ever, has shown that fluids themselves, such as water and air, are not con- 
tinuous but are made up of atoms. Experiment shows that the “electric 
fluid” is not continuous either but that it is made up of integral multiples 
of a certain minimum electric charge. This fundamental charge, to which 
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we give the symbol e, has the magnitude 1.60210 X 10 ® coul. Any physi- 
cally existing charge q, no matter what its origin, can be written as ne where 
nisa positive or a negative integer. 

When a physical property such as charge exists in discrete “packets” 
rather than in continuous amounts, the property is said to be quantized. 
Quantization is basie to modern physics. The existence of atoms and of 
particles like the electron and the proton indicates that mass is quantized 
also. Later the student will learn that several other properties prove to be 
quantized when suitably examined on the atomic scale; among them are 
energy and angular momentum. 

The quantum of charge e is so small that the **graininess" of electricity does 
not show up in large-scale experiments, just as we do not realize that the air 
we breathe is made up of atoms. In an ordinary 110-volt, 100-watt light 
bulb, for example, 6 X 10!# elementary charges enter and leave the filament 
every second. 3 3 

There exists today no theory that predicts the quantization of charge (or 
the quantization of mass, that is, the existence of fundamental particles such 
as protons, electrons, pions, ete.). Even assuming quantization, the classi- 
cal theory. of electromagnetism and Newtonian mechanics are incomplete 
in that they do not correctly describe the behavior of charge and matter on 
the atomic scale. The classical theory of electromagnetism, for example, 
describes correctly what happens when a bar magnet is thrust through a 
closed copper loop; it fails, however, if we wish to explain the magnetism of 
the bar in terms of the atoms that make it up. The more detailed theories of 
quantum physics are needed for this and similar problems. 


26-6 Charge and Matter 
. Matter as we ordinarily experience it can be regarded as composed of three 
kinds of elementary particles, the proton, the neutron, and the electron. 
Table 26-1 shows their masses and charges. Note that the masses of the 
neutron and the proton are approximately equal but that the electron is 


lighter by a factor of about 1840. 
Atoms are made up of a dense, positively charged nucleus, surrounded by а 


Table 26-1 


PROPERTIES OF THE PROTON, THE NEUTRON, AND THE ELECTRON 


Particle | Symbol | Charge Mass 
РО Он ep +e | 1.67252 X 10— kg 
Neutron n 0 1.07482 X 10-7 kg 


Electron ет -e 9.1091 X 107?! kg 
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~ 5 x 107 '% meter 


—2x107? meter 


Fig. 26-4 An atom, suggesting the electron cloud and. above, an enlarged view of the 


nucleus 


cloud of electrons; see Fig. 26-4. The nucleus varies in radius from about 
1 X 1077? meter for hydrogen to about 7 X 10—15 meter for the heaviest 
atoms. The outer diameter of the electron cloud, that is, the diameter of the 
the atom, lies in the range 1-3 x 107° meter, about 10° times larger than 
the nuclear diameter. 

> Example 4. The distance r between the electron and the proton in the hydrogen 


atom is about 5.8 X 107!" meter. What are the magnitudes of (a) the electrical force 
and (b) the gravitational force between these two particles? 
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From Coulomb's law, 


. 00 x 10* nt-m*/coul)(1 5 X 107" coul)? 


(53 X 10! meter)? 
= 8 x (07 nt. 


The gravitational force is given by Eq. 16-1, or 
mm 
Pie ara 
R 


_ (0.7 x 107! tem? /eg?y(9.1 X 107? kg)(1.7 x 107 10-5 7 kg) 


(5.3 X 10! meter)? 


- 8. X 107" nt. 
Thu: the electrical force is about 10” times stronger than the gravitational force, € 


TL» significance of Coulomb's law goes far beyond the deseription of the 
forces acting between charged balls or rods. This law, when incorporated 
into the structure of quantum physics, correctly describes (a) the electric 
forces that bind the electrons of an atom to its nucleus, (b) the forces that 
bind atoms together to form molecules, and (c) the forces that bind atoms or 
molécules together to form solids or liquids. Thus most’ of the forces of our 
daily experience that are not gravitational ir nature are electrical. A force 
transmitted by a steel cable is basically an electrical force because, if we pass 
an imaginary plane through the cable at right angles to it, it is only the 
attractive electrical interatomic forces acting between atoms on opposite 
sides of the plane that keep the cable from parting. We ourselves are an 
assembly of nuclei and electrons bound together in-a stable configuration by 
Coulomb forces. 

In the atomic nucleu- we encounter a new force w bise is neither. gravita- 
tional nor electrical in nature. This strong attractive foree, which binds 


together the protons and neutrons that make up the nucleus, is called simply . 
the nuclear force. If this force were not present, the nucleus would fly apart at х 


once because of the strong Coulomb repulsion force that acts between its 
protons. The nature of the nuclear force is only partially understood today 
and forms the central problem of present-day researches in nuclear physies. ` 


b Example 5. What repulsive Coulomb force exists between two prope ina 
nucleus of iron? Assume a separation of 4.0 X 107 meter. 
From Coulomb’s law, 


EU x 10° пепео 6 X 107” соц)? 
ааа та АЛ, та cibi tu Аа 
(4. 0 X 107 ineter)* 
= 14 nt. 


ile d dad. met ir 
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This enormous repulsive foree must be more than compensated for by the strong 
attractive nuclear forces. This example, combined with Example 4, shows that - 
nuclear binding forces are much stronger than atomic binding forces. Atomic binding 
forces are, in turn, much stronger than gravitational forces for the same particles 
separated bv the same distance. 4 


The repulsive Coulomb forces acting between the protons in a nucleus make the 
nucleus less stable than it otherwise would be. The spontaneous emission of alpha 
particles from heavy nuclei and the phenomenon of nuclear fission are evidences of 
this instability. 

The fact that heavy nuclei contain significantly more neutrons than protons is still 
another effect of the Coulomb forces. Consider Fig. 26-5 in which a particular atomic 
species is represented by a circle, the coordinates being Z, the number of protons in 
the nucleus (that is, the atomic number), and N, the number of neutrons in the nucleus 
(that is, the neutron number). Stable nuclei are represented by filled circles and radio- 
active nuclei, that is, nuclei that disintegrate spontaneously, emitting electrons or 


a-particles, by open circles, Note that all elements (iron, for example, for which . - 


Z = 26; see arrow) exist in a number of different forms, called i 

Figure 26-5 shows that light nuclei, for which the Coulomb forces аге relatively 
unimportant,* lie on or close to the line labeled *N = Z" and thus have about equal 
numbers of neutrons and protons. The heavier nuclei have a pronounced neutron 
excess, U?* having 92 protons and 238 — 92 or 146 neutrons.t In the absence of 
Coulomb forces we would assume, extending the N = Z rule, that the most stable 
nucleus with 238 particles would have 119 protons and 119 neutrons. However, such 
а nucleus, if assembled; would fly apart at once because of Coulomb repulsicn. Rela- 
tive stability is found only if 27 of the protons are replaced by neutrons, thus diluting 
the total Coulomb repulsion. Even in U*** Coulomb repulsion is still very important 
because (a) this nucleus is radioactive and emits a-particles, and (b) it may break 
up into two large fragments (fission) if it absorbs a neutron; both processes result in 
separation of the nuclear charge and are Coulomb repulsion effects. Figure 26-5 
shows that all nuclei with Z > 83 are unstable. 

We have pointed out that matter, as we ordinarily experience it, is made up of 
electrons, neutrons, and protons. Nature exhibits much more variety than this, 
however. No fewer than 28 distinct elementary particles are now known, most of 
them having been discovered since 1940, either in the penetrating cosmic rays that 
come to us from beyond our atmosphere or in the reaction products of giant cyclotron- 
like devices. 

Appendix E, which lists some properties of these particles, shows that, like the more 
familiar particles of Table 26-1, their charges are quantized, the quantum, of charge 
again being e. An understanding of the nature of these particles and of their relation- 
ships to each other is perhaps the most significant research goal of modern physics. 


*Coulomb forces are important in relation to the strong nuclear attractive forces 
only for large nuclei, because Coulomb repulsion occurs between every pair of protons in 
the nucleus but the attractive nuclear force does not. In U*®, for example, every proton 
exerts a force of repulsion on each of the other 91 protons. However, each proton (and 
neutron) exerts a nuclear attraction on only a small number of other neutrons and protons 
that happen to be near it. As we proceed to larger nuclei, the amount of energy associated 
with the repulsive Coulomb forces increases much faster than that associated with the 
attractive nuclear forces. 

1 The superscript in this notation is the mass number A (= N + Z). This is the total 
number of particles in the nucleus. 


ЕЕЕ 
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26-7 Charge Is Conserved 


When a glass rod is rubbed with silk, а positive charge appears on the rod. 
Measurement shows that a negative charge of equal magnitude appears on 
the silk. This suggests that rubbing does not ereate charge but merely 
transfers it from one object to another, disturbing slightly the electrical 
neutrality of each. This hypothesis of the conservation of charge has stood up 
under close experimental scrutiny both for large-scale events and at the 
atomic and nuclear level; no exceptions have ever been found. 

Ап interesting example of charge conservation comes about when an 
electron (charge = —e) and a positron (charge = +e) эге brought close to 
each other. The two particles may simply disappear, converting all their. 
rest mass into energy according to the well-known E = mc? relationship; 
this annihilation process was described in Section 8-9. The energy appears 
in the form of two oppositely directed gamma rays, which are similar in 
character to X-rays. The net charge is zero both before and after the 
event so that charge is conserved. Rest mass is not conserved, being 
turned completely into energy. 3 
. Another example of charge conservation is found in radioactive decay, of | 
which the following process is typical: 


17238. —, 'Th?34 + Het. (26-5) 


The radioactive “parent” nucleus, U?*, contains 92 protons (that is, its 
atomic number Z = 92). It disintegrates spontaneously by emitting an a- 
particle (He*; Z = 2) transmuting itself into the nucleus Th?* with Z = 90. 
Thus the amount of charge present before disintegration (+92e) is the same 
as that present after the disintegration. 

A final example of charge conservation is found in nuclear reactions, of 
which the bombardment of Catt with cyclotron-accelerated protons is 
typical. In a particular collision a neutron may emerge from the nucleus, 


leaving Sc* as a “residual” nucleus: 
Catt + р — 8с + n, 


The sum of the atomic numbers before the reaction (20 + 1) is'exactly equal 
to the sum of the atomic numbers after the reaction (21 + 0). Again charge 
is conserved. : 


QUESTIONS 


1. You are given two metal spheres mounted on portable insulating supports. Find a 
way to give them equal and opposite charges. You may use a glass той rubbed with silk 
but may not touch it to the spheres. Do the spheres have to be of equal size for your 
method to work? y 

2. A charged rod attracts bits of dry cork dust which, after touching the rod, often 

‘jump violently away from it. Explain. С 

3. If a charged glass rod is held near опе end of an insulated uncharged metal rod as in 
Fig. 26-6, electrons are drawn to one end, as shown. Why does the flow of electrons cease? 
"There is an almost inexhaustible supply of them in the metal rod. : 


Chap. 26 PROBLEMS 661 


4. In Fig. 26-6 does any net electri- 
cal fo ce act on the metal rod? Ех- 
plain. 

5. An insulated rod is said to carry 
an'electrie charge. How could you 
verify this and determine the sign of 
the charge? 

6. Why do electrostatic experiments 
not work well on humid days? 

7. A person standing on ап insu- 
lated stool touches a charged, insu- 
lated conductor. Is the conductor 
discharged completely? 

8. (a) A positively charged glass 
rod attracts a suspended object. Can 
we conclude that the object is neg- 
atively charged? (b) A positively charged glass rod repels a suspended object. Cah we 
conclude that the object is positively charged? 

9. Is the Coulomb force that one charge exerts on another changed if other charges 
are brought nearby? 


Insulating 
support 


Fig. 26-6 


` 


10. The quantum of charge is 1.60 X 10—? cóul. Is there a corresponding single quan- - 


tum of mass? 

11. Verify the fact that the decay schemes for the elementary particles in Appendix E 
are consistent with charge conservation. 

12. What does it mean to say that a physical quantity is (a) quantized or (b) conserved? 
Give some examples. с 

13. A nucleus 17288 splits into two identical parts. Аге the nuclei so produced likely 


to be stable or radioactive? 
x 


r : PROBLEMS 


1. Protons in the cosmic rays strike the earth’s upper atmosphere at a rate, averaged 
over the earth's surface, of 0.15 protons/em*-sec. What total current does the earth receive 
from beyond its atmosphere in the form of incident cosmic ray protons? The earth's 
radius is 6.4 X 109 meters. 


2. A point charge of +3.0 X 107 coul is12 em distant from a second point charge of - 


—1.5 X 10-5 coul. Calculate the magnitude and direction of the force on each charge. 
8. Two similar balls of mass m are hung from silk three ds of 
length land carry similar charges q as in Fig, 26-7. Assume that 


віп б. To this approximation show that 


-( ql у 
tee 2тх вуд. 


where т is the separation between the balls. Ifl = 120 em, m = 
10 gm, and z = 5.0 em, what is q? - 7 
4. Assume that each ball in Problem 3 is losing charge at the rate 


(= 02/0) do the balls approach each other initially? > 
5. Three small balls, each of mass 10 gm, are suspended sep- 
Fig. 26-7 - агаќеју from а common point by Bilk threads, each 1.0 meter 


@ is so small that tan û can be replaced by its approximate ы 


` of 1.0 X 107 coul/sec. At what instantaneous relative speed 
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long. The balls are identically charged and hang at the corners of an equilateral triangle 
9.1 meter long on а side. What 1s the charge on each ball? 
6. In Fig. 26-8 what is the resultant force on the charge in the lower left corner of the 
` square? Assume that q = 1.0 X 10-7 coul and a = 50 cm. 


> х +q x -q 
: = a a 
А : A Ж 
pei +0 7 — -A 
Fig. 26-8 


ри А charge Q is placed at each of two opposite.corners of a square. А charge g is plhced 
Кас each of the other two corners. (a) If theresultant electrical force on Q is zero, how are 
es Qand q related? (b) Could д be chosen to make the resultant force on every charge zero? 
5. How far apart must two protons be if the electrical repulsive force acting on either 
-— ene is equal to its weight? 

_ 9. (а) What equal positive charges would have to be placed on the earth and on the moon 

to neutralize their gravitational attraction? (b) Do you need to know the lunar distance to 
-. solve this problem? (c) How many pounds of hydrogen would be needed to provide the 
` — positive charge calculated in a? 
$ 10. А certain charge Q is to be divided into two parts, q and Q — g. What is the relation- 
"ship of Q to 4 if the two parts, placed а given distance apart, are to have a maximum 
Coulomb repulsion? a " 

11. Each of two sinall sph is charged positively, the combined charge being 5.0 X 
10-5 coul. If each sphere i$ repelled from the other by a force of 1.0 newton when the 
spheres are 2.0 meters apart, how is the total charge distributed between the spheres? 

12. Two equal positive point charges are separated by a distance 2а. A point test 
charge is located їп а plane which is normal to the line joining these charges and midway 
between them. (a) Calculate the radius r of the circle of symmetry in this plane for which 
_ _ the force on the test charge has a maximum value. (5) What is the direction of this force, 
assuming a positive test charge. 

.18. A cube of edge a carries a point charge g at each corner. (a) Show that the magni- 
tude of the resultant force on any one of the charges is 


= 0 0.26142 
: Е d И б 


p 


(b) What is the direction of Е relative to the сше edges? 

14. Estimate roughly the number of coulombs of positive charge їп я glass of water. 

15. (a) How many electrons would have to be removed from a penny to leave it with a 
charge of +1077 coul? (b) What fraction of the electrons in the penny docs this correspond 
to? 2 S ud 

16. The radius of a copper nucleus is about 1.9 X 107% cm. Calculate the density of 
the material that makes up the nucleus. Does your answer seem reasonable? (The atomic 
weight of copper is 64 gm/mole; ignore the mass of the electrons in comparison to that of 
the nucleus.) ip : - 

17. In the radioactive decay of U (see Eq. 26-5) the center of the emerging a-particle 
is, at а certain instant, 9 X 10—!5 meter from the center of the residual nucleus THA — ^ 

` at this instant (a) what is the force on the a-particle and (b) what is its acceleration? 


So, 


The Electric Field 


CHAPTER 27 


27-1 The Electric Field 


With every point in space near the earth we can associate & gravitational 
field strength vector g (see Eq. 16-12), This is the gravitational acceleration 
that a test body, placed at that point and released, would experience. - If m 
is the mass of the body and F the gravitational force acting on it, g is given by 


g = F/m. : (27-1) - 
This is an example of a vector field. For points near the surface of the earth 
the field is often taken as uniform; that is, g is the same for all points. 

The flow of water in a river provides another example of a vector field, 
called а flow field (see Section 18-7). Every point in the water has associated 
with it a vector quantity, the velocity v with which the water flows past the 
point. Н g and v do not change with time, the corresponding fields are _ 
described as stationary. In the case of the river note that even though the 
water is moving the vector v at any point does not change with time for 
steady-flow conditions. / 

The space surrounding a charged rod is affected by the presence of the rod, 
and-we speak of an electric field in this space. In the same way we speak of 
a magnetic field in the space around a bar magnet. In the classical theory 
of-electromagnetism the electric and magnetic fields are central concepts. - 

Before Faraday's time, the force acting between charged particles was . _ 
thought of as a direct and instantaneous interaetion between the two — — 
particles. This action-at-a-distance view was also held for magnetie and for 
gravitational forces. Today we prefer to think in terms of electric fields as 


follows: : 


x 


1. Charge q; in Fig. 27-1 sets up an electric field in the space around itself. 
This field is suggested by the shading in the figure; later we shall show how to ~ 
represent electric fields more. coneretely. e 
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Fig. 27-1 Charge qı sets up a field 
that exerts a force Е on charge д. 


2. The field acts on charge q»; this shows up in the force Е that q2 ex- 
регїепсез. 


The field plays an intermediary role in the forces between charges. There 
are two separate problems: (a) calculating the fields that are set up by given 
distributions of eharge and (b) caleulating the forces that given fields will 
exert on charges placed in them. We think im terms of 


charge — field 
and not, as in the action-at-a-distance point of view, in terms of 
charge — charge. 


In Fig. 27-1 we can also imagine that qs sets up а field and that this field acts 
on qı, producing a force —F on it. -The situation is completely symmetrical, 
each charge being immersed in a field associated with the other charge. 

If the only problem in electromagnetism was that of the forces between 
stationary charges, the field and the action-at-n-distance points of view 
would be perfectly equivalent. Suppose, however, that qı in Fig. 27-1 
suddenly accelerates to the right. How quickly does the charge qə learn 
that qı has moved and that the force which it (q2) experiences must increase? 
Electromagnetic theory prediets that qə learns about g;'s motion by a field 
disturbance that emanates from 01, traveling with the speed of light. The 
action-at-a-distanee point of view requires that information about. q's 
acceleration be communicated instantaneously to q2; this is not in accord 
with experiment. Accelerating electrons in the antenna of a radio transmitter 
influence electrons in a distant receiving antenna only after а time l/c where | 
is the separation of the antennas and c is the speed of light. 


Sec. 27-3 LINES OF FORCE 665 
27-2 The Electric Field Strength E T 


To define the electric field operationally, we place «Small test body carry- 
ing a test charge go (assumed positive for convenience) а the point in space 
that is to be examined, and we measure the electrical force F (if any) that 
acts on this body. The electric field strength E at the point is lefined as * 


E = F/qd. . (27-2) 


` 
Here E is a vector because F is one, go being a scalar. The direction of E 
is the direction of F, that is, it is the direction in which a resting itive EY 
charge placed at the point would tend to move. 


The definition of gravitational field strength g is much like that of electric field 
strength, except that the mass of the test body rather than its charge is the property 
of interest. Although the units of g are usually written as meters/sec?, they could Е 
also be written as nt/kg (Eq. 27-1); those for E are nt/coul (Eq. 27-2). Thus both 
в and E are expressed as a force divided by a property (mass or charge) of the test 
body. à 


> Example 1. What ıs the magnitude of the electric field strength E such that an 
electron, placed in the field, would experience an electrical force equal to its weight? 
From Eq. 27-2, replacing go by e and F by mg, where m is the electron mass, we have 


Faces 
qo € 


n 


_ (9.1 X 107?! kg)(9.8 meters/sec?) 
E 1.6 X 107° coul 


= 5.6 X 107" nt/coul. 


This is a very weak electric field. Which way will E have to point if the electric force 
is to cancel the gravitational force? 4 


In applying Eq. 27-2 we mustuse a test charge as small as possible. А large test : 
charge might disturb the primary charges that are responsible for the field, thus 
changing the very quantity that we are trying to measure. Equation 27-2 should, 
strictly, be replaced by 

= ^ E= lim — (27-3) 


490: Jo 


\ 


This equation instructs us to use a smaller and smaller test charge qo, evaluating the 
ratio F/q at every step. The electric field E is then the limit of this ratio as the size 
of the test charge approaches zero. 


27-3 Lines of Force 


The concept of the electric field as a vector was not appreciated by Michael 
Faraday, who always thought in terms of lines of force. The lines of force 
still form a convenient way of visualizing electric-field patterns. We shall 
use them for this purpose but we shall not employ them quantitatively. 


* This definition of E, though conceptually sound and quite appropriate to our prevent 
purpose, is rarely carried out in practice because of experimental difficulties. Eis normally 
found by calculation from more readily measurable quantities such as the electric рог“ 
tential; see Section 29-7. ° » 3 
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The relationship between the (imaginary) lines of force and the electric 
field strength vector is this: 

1, The tangent to à line of force at any point gives the direction of E at that 
point. : 

2. The lines of force are drawn so that the number of lines per unit cross- 
sectional area is proportional to the magnitude of E. Where the lines are close 
together Æ is large and where they are far apart E is small. 


It isnot obvious that it is possible to draw a continuous set of lines to meet 
these requirements. Indeed, it turns out that if Coulomb's law were not 
true it would not be possible to do so; see Problem 4. 

Figure 27-2 shows the lines of force for a uniform sheet of positive charge, 
We assume that the-sheet is infinitely large, which, for a sheet of finite dimen- 
sions, is equivalent to considering only those points whose distance from thé 

- sheet is small compared to the distance to the nearest edge of the sheet. A 
positive test charge, released in front of such a sheet, would move away from 
the sheet along a perpendicular line. Thus the electric field strength vector 
at any point near the sheet must be at right angles to the sheet. The lines of 
force are uniformly spaced, which means that E has the same magnitude for 
all points near the sheet. 

Figure 27-3 shows the lines of force for a negatively charged sphere. From 

- symmetry, the lines must lie along radii. They point inward because a free 
positive charge would be accelerated in this direction. The electric field E is 
not eonstant but decreases with increasing distance from the charge. This is 
evident in the lines of foree, which are farther apart at greater distances. 
Fromrsymmetry, E is the same for all points that.lie a given distance from the 
center of the charge. 


P Example 2. In Fig. 27-3 how does E vary with the distance r from the center 
of the charged sphere? 
- Suppose that N lines originate on the sphere. Draw an imaginary concentric 
sphere of radius 7; the number of lines per unit cross-sectional area at every point on 
the sphere is М/4лт, Sinee E is proportional to this, we can write that 


5 E сс 1/7. 


We derive an exact relationship in Section 27-4. How should E vary with distance 3 
from an infinitely long uniform cylinder of charge? «. 


rae 
د‎ Ў 
Fig. 27-2. Lines of force for a section of ап _ 
infinitely large sheet of positive charge. 
ie ; 
S P, 
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` 


© 


Fig. 27-5 Lines of force for equal but opposite charges. 


to sympathize with Faraday's point of view. Can we not almost “see” the 
charges being pushed apart in Fig. 27-4 and pulled together in Fig. 27-5 by 
the lines of force? The student should compare Fig. 27-5 with Fig, 18-15, 
~ which represents a flow field. Figure 27-6 shows a representation of lines of 
-force around charged conductors, using grass seeds suspended in an insulating 
quid S 
Lines of foree give a vivid picture of the way E varies through a given region of 
space. However, the equations of electromagnetism (see Table 38-3) are written in 
terms of the electrie feld strength E and other field vectors and not in terms of the 
lines of force. The electric field E varies in a perfectly continuous way as any path in 
the field is traversed; see Fig. 27-7a. This kind of physical continuity, however, is 
different from the continuity ^f the lines of force, which has no real physical meaning. 
To illustrate this point we assert trat the lines af force need not be continuous but ean 
be drawn as in Fig. 27-7b. This figure agrees with the two properties of lines of force 
laid down at the beginning of this section. This point of view has been especially». 
emphasized by Joseph Slepian.* т 
—————— 1 
* See American Journal of Physics, 19, 87 (1951). + : 


Fig. 27-6 Photographs of the patterns of electric lines of foree around (a) a charged 
plate (compare Fig. 27-2), and (b) two rods with equal and opposite charges (compare 
Fig. 27-5). The patterns were made by suspending grass seed in an insulating liquid. 
(Courtesy Educational Services Incorporated, Watertown, Mass.) 
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RUE. 


(b) 


Fig. 27-7 (a) E varies continuously as we move along any path AB in the field set up by 
4. (b) Lines of force need not be continuous. 


- 27-4 Calculation oFE — — 
Let a test charge qo be pl&eed a distance r from a point charge д. The 
magnitude of the force ac.ing on ¢» is given by Coulomb’s law, or 


.l 490 


JR сене сш, 
Rs Areg r 


The electric field strength at the site of the test charge is given by Eq. 27-2, or 


ЗЕ 14 TI X 
B= dts ` (27-4) 
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I'he direction of Е is on a radial line from q, pointing outward if g is positive 
and inward if g is negative. ° z 

To find E for a group of point charges: (a) Calculate E, due to each charge 
at the given point as if iL were the only charge present. (Б) Add these separately 
calculated fields vectorially to find the resultant field E at the point: In 


equation form, j 
‘E = E) + EJF E t m SE, в 152,8, .... (27-5) 


The sum isa vector sum, taken over all the charges. 

If the charge distribution is a continuous one, the field it sets up at any 
point P can be computed by dividing the charge into infinitesimal elements 
dq. The field dE due to each element at the point in question is then calcu- 
lated, treating the elements as point charges. The magnitude of dE (see 
Eq. 27-4) is given by 

E da ME ] A 
$ dE = a (27-6) 
where r is the distance from the charge element dq to thé point P. The re- 
sultant field at P is then found by adding (that is, integrating) the field _ 
contributions due to all the charge elements, or, 


E fax. (21-7) 


p 


The integration, like the sum in Eq. 27-6, isa vector operation; in Example 5 
we will see how such an integral is handled in a simple case. e 


> Example 3. Ап electric dipole. Figure 27-8 shows а positive and a negative 
charge of equal magnitude q placed a distance 2a apart, a configuration called an elec- 


Fig. 27-8 Example 3. ` 


trie dipole. The pattern of lines of force is that of Fig. 27-5, which also shows an 
electric dipole. What is the field E due to these charges at point Р, а distance r along 
the perpendicular bisector of the line joining the charges? Assume r > a. 
Equation 27-5 gives the vector equation > 
E-E + E, 
where, from Eq. 27-4,* der i 
: Le) 
Bab ge n 


* Note that the r'sin Eq. 27-4 and in this equation have different meanings 


16225 
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The vector sum of E; and Ез points vertically downward and has the magnitude 
E = 2E, cos 8. 


From the figure we see that 
a 


var 
Substituting the expressions for E: and for cos @ into that for E yields 


uc use AQ See дес Дар ur 
ате (а + 9) aî + F тео (а? + n) 


cos8 = 


If r > a, we can neglect а in the denominator; this equation then reduces to 


~! Qa 
E 24 4те) r 


The essential properties of the charge distribution in Fig. 27-8, the magnitude of 
the charge q and the separation 2a between the charges, enter Eq. 27-8a only as à 
product. This means that, if we measure E at various distances from the electric 
dipole (assuming r > а), we can never deduce q and 2a separately but only the 
product»2aq; if д were doubled and a simultaneously cut in half, the electric field at 
large distances from the dipole would not change. 

The product 2ag is called the electric dipole moment p. Thus we can rewrite this 
equation for E, for distant points along the perpendicular bisector, as 

LP 

perm (27-8b) 

The result. for distant points along the dipole axis (see Problem 10) and the general 

result for any distant point (see Problem 23) alsc contain the quantities 2a and q only 

as the product 2ag (= p). The variation of E with r in the general result for distant 
points is also as 1/r*, as in Eq. 27-8b. 

The dipole of Fig. 27-8 is two equal and opposite charges placed close to each other 
so that their separate fields at distant points almost, but not quite, cancel. On this 
point of view it is easy to understand that E(r) for a dipole varies as 1/r* (Eq. 27-80), 
whereas for a point charge E(r) drops off more slowly, namely as 1/r? (Eq. 27-4). 


Example 4. Figure 27-9 shows a charge qı (= +1.0 X 10-5 coul) 10 em from 
a charge ga (= +2.0 X 10-5 coul). At what point on the line joining the two 
charges is the electric field strength zero? 


i © / 
T Fig. 27-9 Example 4. 


zu 


Lucr t 


The point must lie between the charges because only here do the forces exerted by 
qı and дә оп a test charge oppose each other. If E; is the electric field strength due 
to qı and E» that due toq; we must haye 


É, = P, 


(27-8a) 


а a~ 
or (see Eq. enn ; : Amer) Ame) (l — x)? 
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where x is the distance from ду and 1 equals 10 ст. Solving for z yields 


PER D. 12 Bil эңе 
1+ а/а 1472 


The student should supply the missing steps. On what basis was the second root of 
the resulting quadratic equation discarded? 


Example 5. Figure 27-10 shows а ring of charge g and of radius a. Calculate E 
for points on the axis of the ring a distance x from its center. Б 

Consider a differential element of the ring of length ds, located at the top of th 
ring in Fig. 27-10. Tt contains an element of charge given by — 


ds 
@ = 45 | 
where 2та is the circumference of the ring. ‘This element sets up a differéntial electric 
field dE at point P. : 

The resultant field Е at P is found by integrating the effects of all the elements that 
make up the ring. From symmetry this resultant field must lie along the ring axis, 
Thus only the component of dE parallel to this axis contributes to the final result. 
The component perpendicular to the axis is canceled out by an equal but opposite 


component established by the charge element on'the opposite side of the ring. 
Thus the general vector integral (Eq. 27-7) А 


E= Јав 


becomes а scalar integral E а Јав cos 8. 


det oue : е 


M NY ies 
му ni y 3 
Fig. 27-10 Example 5 z 5 2 


: y ; E 
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The quantity dE follows from Eq. 27-6, or " 
dE... i 


dre r а sd aiat 


z 
From Fig. 27-10 we Tre cos ё = ES 
- Noting that, for a given point. P, x has the same value for all charge elements and is 
nota variable, we obtain 2 
qds z A 
DUNS "Vers X3) Wa Er 


"us ae + PH J Ж: 
The integral is simply the circumference of the ring (= 2ra), so that 


с тзг as. 
- dre (a* + 23) 


Does this expression for E reduce to an expected result for zr = 0? For z> awe 
can neglect a in the denominator of this equation, yielding 


ЁрЁ: 


This is an expected result (compare Eq. 27-4) because at iret enough distances the 
_ ting behaves like a point charge ГА 


Example 6. Line of chárge. Figure 27-11 shows a section of an infinite line 
of charge whose linear charge density (that is, the charge per unit length, measured 


Fig. ann Example 6. А section E an Чы. line of eharge. 


me 1 а 
in coul/ meter) has the constant valüe A. Culeulate the field E а distance y from the 
E line. 
i The magnitude of s i contribution dE. due to e element dq (= X dr) is 
given, using Eq. ate, Ж 


— 
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sin6 and dE, = dB cos: 


resultant vector E at point Р are given by 
+ rp -— }. 
NLIS f. ag. 
DE fms 
dtr s 


t their field contributions in t! direction. cancel, 
y direction. Because the contributions 
the rod are equal, we can write Ч 


"S ‘ pret ^ 
B= Еа af cos ê dE. 


expression for dE into this equation gives З 


е see that the quantities 0 and x are not independent. We must 
e ут. The relation between z and 6 is (see figure) : 


т = у{апб. * н 


hia tep carefully, noting that the limits must now be on 8 
EE + ®„Й# — x/2, as Fig. 27-11 shows. This 


ny actual rod must have a finite length (see Problem. 15). 
aoe finite rods and not near their ends, the equation” 
results that are so close to the correct values that the - 
y practical situations. It is usually unnecessary to 
encountered in practical problems. Indeed, if idealiza- 

made, 


the vast majority of significant problems of 
cannothesolvedatall - — - i-r oL 
force on à charged particle 


given by (Eq. 27-2) 
CUBES S UPS T 


indicates that dE, points in the negative z direction. 


charge element on the right has a corresponding — 


алей the lower limit of integration and have introduced a factor 


t the usefulness of ‘solving а problem involving an 
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This force wil! produce an acceleration 
a= Fm, 


where m is the mass of the particle. We will consider two examples of the 
aeceleration of a charged particle in a uniform electric field. Such a field can 
be produced by connecting the terminals of a battery to two parallel metal 
plates which are otherwise insulated from each other.. If the spacing between 
the plates is small compared with the dimensions of the plates, the field 
between them will be fairly uniform except near the edges. Note that in 
calculating the motion of a particle in a field set up by external charges the 
field due to the particle itself (that is, its self-field) is ignored. For example, 
the earth's gravitational field can have no effect. on the earth itself but only 
on a second object, say a stone, placed in that field. 


b Example 7. A particle of mass т and charge qis placed at rest in a uniform 
electric field (Fig. 27-12) and released. Describe its motion. 


Pi Я 
тч 


i E Fig. 27-12 A charge is released from 
Ny rest in a uniform electric field set up 

between two oppositely charged metal 
plates Ру and P». 


The motion resembles that of a body falling in the earth’s gravitational field. The 
(constant) acceleration is given by 


The equations for uniformly ассеіег ёі motion (Table 3-1) then apply. With : 


vo = 0, they are 


vus СЕ 
т 
us dtc dE. ; 
лк 2m SUE 
and P= 2ay = Ted. 


The Kinet’ energy attained after moving a distance y is found from 


QE 2 
К = 4m? = im (=) = (Еу. 
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This result also follows directly from the work-energy theorem because a constant 
force gE acts over a distance y. 


Example 8. Deflecting an electron beam. Figure 27-13 shows an electron of mass 
m and charge e projected with speed vo at right angles to a uniform field E. Describe 
its motion. ч 


Fig. 27-13 Example 8. Ап elec- 
tron is projected into a uniform elec- 
trie field. 


The motion is like that of a projectile fired horizontally in the earth's gravitational 
field. The considerations of Section 4-3 apply, the horizontal (x) and vertical (y) 
motions being given by 


x = vot 
-E 
and у = ja? = — t 
å 2m * 
Eliminating t yields EE (27-0) 
gt yi уос 4 4 


for the equation of the trajectory. 

When the electron emerges from the plates in Fig. 27-13, it travels E, 
gravity) in a straight line tangent to the parabola at the exit-point. We can let it fall 
on a fluorescent screen S placed some distance beyond the plates. Together with 
other electrons following the same path, it will then make itself. visible as a small 
luminous spot; this is the principle of the electrostatic cathode-ray oscilloscope. 


Example 9. The electric field between the plates of a cathode-ray oscilloscope is 
1.2 X 10*nt/coul. What deflection will an electron experience if it enters at right 
angles to the field with a kinetic energy of 2000 ev (= 3.2 X 10—16 joule), a typical 
value? The deflecting assembly is 1.5 em long. 

Recalling *hàt Ко = 4m”, we can rewrite Eq. 27-9 as 

_ GEF, 
D cs 4Ko 
If x; is the horizontal position of the far edge of the plate, y; will be the corresponding 
deflection (see Fig. 27-13), or 


_ (1.6 X 10>" coul)(1.2 X 10* nt/coul)(1.5 X 1072 meter)? 
(4)(3.2 X 10-5 joule) 


= 34 X 1074 meter = 0.34 mm. 


The deflection measured, not ai the deflecting plates but at the fluorescent screen, is 
much larger. 
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Example 10. A positive point test charge qo is placed halfway between two equa! 
itive charges q. What force acts on it at or near this point P? 

‘from symmetry the force a£ the point is zero so that the partiele is in equilibrium; 
"nature of the equilibrium remains to be found. Figure 27-14 (compare Fig. 27-4) 


Fig. 27-14 Example 10. The electric field at four points 
hear а point P which is centered between two equal posi- 


tive charges. 


shows the E vectors for four points near Р. If the test charge is moved along the z axis, 
a restoring force is brought into play; however, the equilibrium is unstable for motion 
in the т-у plane. Thus we have the three-dimensional equivalent of saddle point 
equilibrium ; see Fig. 14-8. What is the nature of the equilibrium for a negative test 
charge? i : + 
27-6 А Dipole in an Electric Field нд 

An electric dipole moment сап be regarded as a, vector p whose magni- 
tude p, for a dipole like that described in Example 3, is the product 2а of the 
magnitude of either charge q and the distance 2a between the charges. The 
direction of p for such a dipole is from the negative to the positive charge. 
The vector nature of the electric dipole moment permits us to cast many 
expressions involving electric dipoles into concise f orm, as we shall see. 

Figure 27-15a shows an electric dipole formed by placing two charges +q 
and —g.a fixed distance 2a apart. The arrangement is placed in a uniform 
external electric field E, its dipole moment p making an angle 8 with this field. 
Two equat &nd opposite forces F and —F act as shown, where . 


F = GB: 
The net force is clearly zero, but there is a net torque about an axis through 
О (see Eq. 12-2) given by 
x т = 2F(a sin 0) = 2aF sin 6. 
Combining these two equations and recalling that p = (2а) (q), we obtain 
т = 2agE sin = pE sin 8. (27-10) 
Thus an electrie dipole placed in an external electric field E ‘experiences a 


torque tending to align it with the field. Equation 27-10 can be written in 
vector form as Ў 5 


pee, quee radar y 


the appropriate vectors Ё eing shown in Fig. 27—15h- 


» 
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Fig. 27-15 (а) An electric dipole in 
a uniform external field. (д) An 
oblique view, illustrating v = p X E. 


— 
m 


. 


(b) 
Work (positive or negative) must be done by an external agent £o change. - 
the orientation of an electric dipole in an external field. This work is stored 
as potential energy U in the system consisting of the dipole and the arrange- _ 
ment used to set up the external field. If ð in Fig. 27-15a has the initial — 


ч value бо, the work required to turn the dipole axis to an Mes e із ріуеп (see 
‚я Table 12-2) from 


T w= far - f а-о, : y 
И © 


where т is the torque exerted by the agent that dodi the work. Combining 
| this equation with E 21-10 yields 


0 € 
U = f PE sino do = pE f sin ede 
bo 00 


Е) 


On 


Since we are interested only i in changes in poten Gat energy, we. choose. mé 
reference orientation 6) to have any convenient-value, in this case 90°. This 
gives — 

С U = —pE cos 8 
or, in vector form, 
U=- pE. 


SINS 


680 - THE ELECTRIC FIELD Chap. 27 


> Example 11. An electric dipole consists of two opposite charges of magnitude 
q = 1.0 X 107° coul separated by d = 2.0 ст. The dipole is placed in an external 
field of 1.0 Х 10° nt/coul. 

(а) What maximum torque does the field exert on the dipole? The maximum 
torque is found by putting @ = 90° in Eq. 27-10 or 


т = pE sin = (Е sin ө 
= (1.0 X 10-* coul)(0.020 meter)(1.0 X 105 nt/coul)(sin 90°) 
= 20 X 10^ nt-m. 


(b) How much work must an external agent, do to turn the dipole end for end, 
starting from a position of alignment (@ = 0)? The work is the difference in potential 
energy U between the positions @ = 180° and@ = 0. From Eq. 27-12, 


W = Uno — Uo = (—pE cos 180°) — (—pE cos 0) 
= 2рЕ = 201Е 
= (2)(1.0 X 107° coul)(0.020 meter)(1.0 X 105 nt/coul) 
= 40 X 107 joule. . 4 


QUESTIONS 


1. Name as many scalar fields and vector fields as you can. 

2. (a) In the gravitational attraction between the earth and a stone, can we say tha 
the earth lies in the gravitational field of the stone? (b) How is the gravitational field 
due to the stone related to that due to the earth? 

3. A positively charged ball hangs from а long silk thread. We wish to measure E at a 
point. in the same horizontal plane as that of the hanging charge. To do so, we put а 
positive test charge qo at the point and measure F/qo. Will F/qo be less than, equal to, or 
greater than Ё at the point in question? 

4, Taking into account the quantization of eleetrie charge (the single electron pro- 
viding the basic charge unit), how can we justify the procedure suggested by Eq. 27-3? 

5. In Fig. 27-5 the force on the lower charge points up and is finite. The crowding of 
the lines of force, however, suggests that E is infinitely great at the site of this (point) 
charge. A charge immersed in an infinitely great field should have an infinitely great force 
acting onit. Whati is the solution to this dilemma? 

6.‘ Electric lines of force never cross. Why? 

7. In Fig. 27-4 why do the lines of foree around the edge of the figure appear, when 
extended backwards, to radiate uniformly from the center of the figure? 

8. Figure 27-2 shows that E bas the same value for all points in front of an infinite 
uniformly. charged sheet. Is this reasonable? One might think that the field should be 
stronger rear the sheet because the charges are so much closer. 

9. Two point charges of unknown magnitude anu sign are a distance d apart. The 
electric field strength is zero at one point between them, on the Hine j joining them, What 
can you conclude about the charges? 

* 10. Compare the way E varies with r for (а) a point charge (Eq. 27-4), (b) a dipole (Eq. 
27-8a), and (c) a qua irupole (Problem 18). 

11. If a point charge ¢ of mass m is released from rest in aenonuniform field, will it follow 
a line of force? ч 

12. An electric dipole is placed in a nonuniform electric fieid. Is there a net force on it? 

13. An electric dipole is placed at rest in a uniform external electric field, as in Fig. 
27-15a, and released. Discuss its motion. _ 
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14. An electric dipole has its dipole moment p aligned with a uniform external electric 
field E, (a) Is the equilibrium stable or unstable? (b) Discilss the nature-of the equilib- 
rium if p and E point in opposite directions. 


PROBLEMS 


1, Sketch qualitatively the lines of force associated with a thin, circular, uniformly 
charged disk of.radius R. (Hint: Consider as limiting cases points very close to the surface 
and points very far from it.) Show the lines only in a plane containing the axis of the disk, 

2. (a) Sketch qualitatively the lines of force associated with three equal positive point 
charges placed at the corners of an equilateral triangle. Use symmetry arguments and 
limiting cases (see hint in Problem 1). Show the lines in the plane of the triangle only. 
(b) Discuss the nature of the equilibrium of a test charge placed at the center of the tri- 
angle. 

3. In Fig. 27-4 consider any two lines of force leaving the upper charge. If the angle 
between their tangents for points near the charge is 0, it becomes 0/2 at great distances. 
Verify this statement and explain it. (Hint: Consider how the lines must behave both 
close to either charge and far from the charges:) 

4. Assume that the exponent jn Coulomb's law is not “two” but n. Show that for 
п з 2 jt is impossible to construct lines that will have'the properties listed for lines of force 
in Section 27-3. For simplicity, treat an isolated point charge. — . 

5. What is the magnitude of a point charge chosen so that the electric field 50 em. 
away has the magnitude 2.0 nt/coul? 

8. Two equal and opposite charges of magnitude 2.0 X 1077 coul аге 15 cm apart. (а) 
What are the magnitude and direction of E at a point midway between the charges? (b) 
What force (magnitude and direction) would act on an electron placed there? 

7. Two point charges are a distance d apart (Fig. 27-16), Plot E(x), assuming x = 0 ak 
the left-hand charge. Consider both positive and negative values of z. Plot E as positive 
ГЕ points to the right and negative if E points to the left. Assume qı = +1.0 X 10-5 
coul, @ = +3.0 X 107° coul, and d = 10 em. 


Fig. 27-16 _ Fig. 27-17 


8. Three charges are arranged in an equilateral triangle as in Fig. 27-17. What is 
the direction of the force on +q? 
9. Two point charges of magnitude 4-2.0 X 107" coul and +8.5 X 107% сош are 12 cm 


apart. (a) What electric field does each produce at the site of the other? (b) What force - 


acts on each? 
10. Axial field me to an electric dipole. In Fig. 27-8, consider a point a distance r from 
the center of the dipole along ilsazis. (a) Show that, at large values of г, the electric field is 
2 v К У 3 
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which is twice the value given for the conditions of Example 3. (b) What is the direction 
of E? 

11. In Fig. 27-8 assume that both charges are positive. (a) Show that Ё at point P in 
that figure, assuming r > a, is given by - 


үэ» j cii 


(6) What is the direction of Е? (с) Is it reasonable that Æ should vary as r here ard as 
+~ for the dipole of Fig. 27-8? ji 

12. (a) In Fig. 27-18 locate the point (or points) at which the electric field strength is 
zero, (b) Sketch qualitatively the lines of force. Takea = 50 cm. 


+9 а -2 
а а 
DET roce 
à e e 
—5g +24 -4 3 +24. 
Fig.27-18 _ j Fig. 27-19 


13. What is E in magnitude and direction at the center of the square of Fig. 27-19? 
Assume that g = 1.0 X 1075 eoul and a = 5.0 em. | 

14. Two point charges of unknown magnitude and sign are placed a distance d apart. 
(a) If it is possible to have E = 0 at any point not between the charges but on the line 
joining them, what are the necessary conditions and where is the point located? (b) Is it 
possible, for any arrangement of two point charges, to find two points (neither at infinity) 
at which E = 0; if so, under what conditions? 

15. A thin nonconducting rod of finite length l carries a total charge q, spread uniformly 
along it. Show that Ё at point Р on the perpendicular bisector in Fig. 27-20 is given by 


UE уган е MINA T 
2re VP + 42 
TN Td 
Show that, as L — © this result approaches that of Example 6. 
: P 
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16. A thin nonconducting rod is bent to form the are of a circle of radius а and subtends 
an angle до at the center of the circle. A total charge д is spread uniformly along its length. 
Find the electric field.strength at the center of the circle in terms of a, q, and бү. 

17. А nonconducting hemispherical сир of inner radius a has а total charge q spread 
uniformly over its inner surface. Find the electric field at the center of curvature. 

18. Electric quadrupole. Figure 27-21 shows a typical electric quadrupole. - Jt consists 
of two dipoles whose effects at external points do not quite cancel. Show that the value of 
E on the axis of the quadrupole for points sd r from its center (assume r Ж a) is given 
by 

Are 


where Q ( = 2да?) is called the quadrupole moment of the charge distribution. 


P 
2 
+q 
f+ 
}-2a 
a [> 
+4 
Fig. 27-21 


19. An electron is constrained to move along the axis of the ring of charge in Example 5. 
Show that the electron can perform oscillations whose frequency is given by j 


w= | ey 
4x ema? 


“This formula holds only for small oscillations, that, is, for z « a in Fig. 27-10. (Hint: 


Show that the motion is simple harmonie and use Eq. 15-11.) 

20. For the ring of charge in Example 5, show that the maximum value of E occurs at 
2= av3. 

21. Consider the ring of charge of Example 5. Suppose that the charge q is not ТРЕЕ ` 
uted uniformly over the ring but that charge qı is distributed uniformly over half the 


circumference and charge qz is distributed uniformly over the other half. Let qı +g: =g. 5 


(a) Find the component of the electric field at any point on the axis directed along the axis- 
and compare with the uniform case of Example 5. (b) Find the component of the electric _ 
field at any point on the axis perpendicular to the axis and compare with the uniform case | 
of Example 5. Si 
22. A thin circular disk of radius a is charged uniformly во as to have a charge per. unit E 
area of o. Find iG electric field on the axis of the aisk at a distance r from: the disk. 


= 
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23. Field-due to an electric dipole. Show that the compunents of E due to a dipole are 
given, at distant points, by 


1 Spry 
T dre @ + y» 

1 p(y? — zi) 
E, l p(y 


Tre Ey 


where z and y are coordinates of a point in Fig. 27-22. Show that. this general result 
includes the special results of Eq. 27-8b and of Problem 10. 


Fig. 27-22 


24. What is the magnitude and direction of an electrie field that will balance the weight 
of (a) an electron and (b) an alpha particle? 

25. A particle having a charge of —2.0 X 107° coul is acted on by a downward-electric 
force of 3.0 X 10-5 newton in a uniform electric field. (a) What is the strength of the 
electric field? (b) What is the magnitude and direction of the electric force exerted on a 
proton placed in this field? (c) What is the gravitational foree on the proton? (d) What is 
the ratio of the electric to the gravitational forces in this ease? 

26. (a) What is the acceleration of an electron in a uniform electric field of 10° nt/coul? 
(0): How long would it take for the electron, starting from rest, to attain one-tenth the 
speed of light? (c) What considerations limit the applicability of Newtonian mechanics 
to such problems? 

27. An electron moving with a speed of 5.0 X 108 em/see is shot parallel to an electric 
field of strength 1.0 10° nt/coul arranged so as to retard its motion. (a) How far will 
the electron travel in the field before coming (momentarily) to rest, and (b) how much 
time will elapse? (с) If the eleetric field ends abruptly after 0.8 em, what fraction of its 
initial energy will the electron lose in traversing it? 

28. An electron is projected as in Fig. 27-23 at a speed of 6.0 x; 108 meters/see and at 
an angle 0 of 45°; Ё = 2.0 x 10° nt/coul (directed upward), d = 2.0 em, and / = 10.0 em 
(a) Will the electron strikeeither of the plates? (Б) If it strikes a plate, where does it do so? 

29. Dipole in a nonuniform field. Derive an expression for dE/dz at a point midway 
between two equal positive charges, where г is the distance from опе of the charges, meas- 
ured along the line joining them. Would there be a force on a small dipole placed at this 
point, its axis being aligned with thez axis? Recall that E = 0 at this point. 


ы n 1 


Fig. 27—23 
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30. Oil drop experiment. R. A. Millikan set up au apparatus (Fig. 27-24) in which a 
tiny, charged oil drop, placed in an electric field E, could be "balanced" by adjusting E 
until the electric foree on the drop was equal and opposite to its weight. If the radius of 
the drop is 1.64 X 10—* em and Æ at balance is 1.92 X 10° nt/coul, (a) what charge is on 
the drop? (b) Why did Millikan not try to balance electrons in his apparatus instead of 


- oil drops? The density of Ной 180.851 gm/em?. (Millikan first measured the electronic 


charge in this way. He measured the drop radius by observing the limiting speed that 
the drops attained when they fell in air with the electric field turned off. He charged 
the oil drops by irradiating them with bursts of X-rays.) 


Atomizer » 


Microscope 


Fig. 27-24 Millikan’s oil drop apparatus. Charged oil drops from atomizer A fall through 
the hole in plate B.. 


31. Tn a particular early run (1911), Millikan chserved that the following measured 
charges, among others, appeared at different times on a single drop: 


6.563 X 10—19 coul 13.13 X 10° coul — 19.71 X 107° coul 
8.204 X 107 coul 16.48 X 107? coul 22.89 X 1079 coul 
11.50 X 107? coul 18.08 X 107° coul 26.13 X 107 coul 


What value for the elementary charge e can be deduced from these data? A 

32. An electric field E with an average magnitude of about 150 nt/coul points upward 
in the earth's atmosphere. We wish to “float” a sulfur sphere weighing 1.0 1b in this field 
by charging it. (a) What charge (sign and magnitude) must be used? (b) Why is the 
experiment not practical? Give a qualitative reason supported by a very rough numerical 
calculation to prove your point. 
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CHAPTER 28 


28-1 Flux of the Electric Field 


Flux (symbol Ф) is a property of any vector field; it refers to a hypothetical 
surface in the field, which may be closed or open. For à Лош field the flux 
(®,) is measured 5y the number of streamlines that cut through such a sur- 
face. For-an electric Лега the flux (Фр) is measured by the number of lines 
of force that cut through such a surface. 

For closed surfaces we shall see that Фр is positive if the lines of force point 
outward everywhere and negative if they point inward. Figure 28—1.shows 
two equal and opposite charges and their lines of force. Curves 5,, 5,53, and 
S, are the intersections with the plane of the figure of four hypothetical closed 
surfaces. From the Statement just given, Фр is positive for surface 85; and 
negative for So. The flux of the electric field is important because Gauss's 
law, one of the four basic equations of electromagnetism (see Table 38-3), is 
expressed. in terms of it, Although the ‘concept of flux may seem a little 

‘abstract at first, the student will soon see its value in solving problems, 

To define dg precisely, consider Fig. 28-2, which shows an arbitrary closed 

surface immersed in an electric field. Let the surface be divided into èle- 


At every square in Fig. 28-2 wercan also construct an electric field vector ` 
Е. Since the squares have been taken to be arbitrarily smal!, E may be taken 
as constant for all points in a given square, : 
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* 


Fig. 28-1 Two equal and opposite charges. The dashed lines represent hypothetical 
closed surfaces. _ $ з Е i 


The vectors E and AS that characterize each square make an angle 0 with - 
each other. Figure 28-2b shows an enlarged view of the three squares on the 
surface of Fig. 28-2a marked z, y, and z: Note that at x, 0 > 90°; at y, 0 = 
90°; and at z, 8 -< 90°. : ; 

А semiquantitative definition of flux is 


ФЕ = ZE-AS, (28-1) 


- which instructs us to add up the scalar quantity E- AS for all elements ofarea 
into which the surface has been divided. For points such as x in Fig. 28-2 the . 


contribution to the flux is negative; at y it is zero and at z it is positive, 
Thus if E is everywhere outward, 6 < 90°, E- AS. will be positive, and Фу for 
the entire surface will be positive; see Fig. 28-1, surface Sj. If E is every- 
where inward, 0 > 90°, E- AS will be negative, and Фк for the surface will be 8 
negative; see Fig. 28-1, surface So. From Eq. 28-1 we see that the appro- 
priate mks unit for Фк is the newton-meter?/coul. — . SAC equ. ROMA 
The exact definition of electric flux is found in the differential limit of Ко. 
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28-2 Gayss's Law 

Gauss's law, which applies to any closed hypothetical surface (called a 
Gaussian surface), gives a connection between Фк for the surface and the net 
charge qenelosed by the surface. It is i 


ote =q (28-3) 
or, using Eq. 28-2, «dus =q. (28-4) 


The fact that Фе proves to be zero in Example 1 is predicted by Gauss’s law 
because no charge is enclosed by the Gaussian surface in Fig. 28-3 (0 = 0) 
Note that о in Eq. 28-3 (or in Eq. 28-4) is the nel charge, taking its alge- 
braie sign into account. If a surface encloses equal and opposite charges, 
the flux Фу is zero. Charge outside the surface makes no contribution to the 
value of g, nor does the exact location of the inside charges affect this value. 
Gauss's law can be used to evaluate E-if the charge distribution is so 
symmetric that by proper choice of a Gaussian surface we can easily evaluate 
the integral in Eq. 28-4. Conversely, if E is known for all points on a given 
closed surface, Gauss's law ean be used to compute the charge inside. If E 
has an outward component for every point on a closed surface, Фк, as Eq 
28-2 shows, will be positive and, from Eq. 28-4, there must be a net positive 
charge within the surface (see Fig. 28-1, surface S,). If E has an inward 
component for every point on a elosed surface, there must be a net negative 
charge within the surface (see Fig. 28-1, surface 8). Surface Sz in Fig. 28-1 
encloses no charge, so that Gauss's law predicts that Фе = 0. This is con- 
sistent with the fact that lines of E pass directly through surface 53, the con- 
tribution to the integral on one side canceling that on the other. What 
. would be the value of Фу for surface S, in Fig. 28-1, which encloses both 
charges? 


28-3 баџѕѕ'ѕ Law and Coulomb's Law - 


Coulomb's law can be deduced from Gauss's law and symmetry considera- 
tions. To do so, let us apply Gauss's law to an isolated point charge q as in 
Fig. 28-4. Although Gauss’s law holds for any surface whatever, informa- 

tion can most readily be extracted for a spherical surface of radius r centered 


JP: 
Fig. 28-4 А spherical Gaussian surface of radius 
r surrounding a point charge q. 
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on the charge. The advantage of this surface is that, from symmetry, E must 
be normal to it and must have the same (as yet unknown) magnitude for all 
points on the surface. 

In Fig. 28-4 both E and dS at any point on the Gaussian surface are 
directed radially outward. The angle between them is zero and the quantity 
E-dS becomes simply E dS. Gauss's law (Eq. 28-4) thus reduces to 


«фев S wb as ar 


Because E is constant for all points on the sphere, it can be factored from 
inside the integral sign, leaving - 4 


EZLID 4 


where the integral is simply the area of the sphere.* This equation gives 
«Е(4кт?) =q 


A Em. (28-5) 


Equation 28-5 gives the magnitude of the electric field strengi 1 E at any 
point a distance r from an isolated point charge q. The direct.on of E is 
already known from symmetry. 

Let us put a second point charge go at the point at which E is calculated. 
The magnitude of the force that acts on it (see Eq. 27-2) is 


| Р = Ед. 
Corabining with Eq. 28-5 gives 


which is precisely Coulomb’s law. Thus we have deduced Coulomb's law 
from Gauss's law and considerations of symmetry. 

Gauss's law is one of the fundamental equations of electromagnetic theory _ 
and is displayed in Table 38-3 as one of Maxwell's equations. Coulomb's law 
is not listed in that table because, as we have just proved, it can be deduced 
from Gauss's law and from simple assumptions about the symmetry of E due 
toa point charge. ` 


It is interesting to note that writing the proportionality constant in Coulomb's law 
as 1/4reo (see Eq. 26-3) permits a particularly simple form for Gauss’s law (Eq. 28-3). 
If we had written the Coulomb law constant simply as k, Gauss's law would have to i 
be written as (1/4xk)®e = q. We prefer to leave the factor 4x in Coulomb's law so 
that it will not appear in Gauss's law or in other much used relations that will be de- 
rived later, Y e i k 


Ё The usefulness of Gauss's law depends on our ability to find a surface. over which, 
from symmetry, both E and û (see Fig. 28-2) have constant values. Then E cos? can be ; 
factored out of the integral and E ean be found simply, as in this example. 
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28-4 Ап Insulated Conductor 


Gauss's law can be used to make an important prediction, namely. An 
excess charge, placed on an insulated conductor, resides entirely on ils outer sur- 
face. This hypothesis was shown to be true by experiment (sce Section 28-5) 
before either Gauss's law or Coulomb's law were advanced. Indeed, the- 
experimental proof of the hypothesis is the experimental foundation upon 
which both laws rest: We have already pointed out that Coulomb's torsion 
halance experiments, although direct and convineing, are not capable of great 
ассигису. In showing that the italicized hypothesis is predicted by Gauss’s 
law, we are simply reversing the historical situation. 

Figure 28-5 is cross section of an insulated conductor of arbitrary shape 
carrying an excess.charge д: The dashed lines show a Gaussian surface that 
lies а small distance below the actual surface of the conductor. Although thc 
Gaussian surface can be as close to the actual surface as we wish, it is im- 
portant to keep in mind that the Gaussian surface is Inside the con- 
ductor. 

When an excess charge is placed at random on an insulated conductor, it 
Will set up electric fields inside the conductor. These fields act on the charge 
carriers of the conductor and cause them to move, that is, they set up internal 
currents. These currents redistribute the excess charge in such a way that 
the internal electric fields are automatically reduced-in magnitude., Even- 

„tually the electric fields inside the conduetor become zero everywhere, the 
currents automatically stop, and electrostatic conditions prevail. This 
redistribution of charge normally takes place in a time that is negligible for 
most purposes. What can be said about the distribution of the excess 
charge when such electrostatic conditions have been achieved? 

If, at electrostatic equilibrium, E is zero everywhere inside the conductor, 
it must be zero for every point on the Gaussian surface. This means that the 
flux Фк for this surface must be zero. Gauss’s law: then prediets (see Eq. 

` 98-3) that there must be no net charge inside the Gaussian surface. If the 

excess charge q is not inside this surface, it can only be outside it, that is, 7 

must beon the actual surface of the conductor: 


,Fig.28-5 An insulated conductor. 
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fa) (b) (с) 


Fig. 28-6 The entire charge on the ball is transferred to the outside of the ean, This state 
can ie provided озот of (һе firat paragraph of Section 28-8 are strictly соктым only ite 
‘ can is provided with а conducting lid which can be closed after the ball hance 


* 28-5 Experimental Proof of Gauss's and Coulomb's Laws 


Let us turn to the experiments that prove that the hypothesis of Section 
28-1. is true. Fora simple test, charge a metal ball and lower it with a silk 
thread deep into a metal can as in Fig. 28-6) Touch the ball to the inside of 


form an "insulated conductor" to which the hypothesis of Section -28-4 


Benjamin Franklin seems to have been the first to notice that there can be no charge 
inside an insulated metal сап. In 1755 he wrote to a friend; \ $ 


I electrified а silver pint cann, on an electric stand, and then lowered into ita 
cork-ball, of about an inch diameter, hanging by a silk string, till the cork touched. 


out, it was not found to be electrified by that touch, as it would have been by touch- - 
ing the outside. The fact is singular. You require the reason; I do not kabit 98 
чИ д т - e 7 PE Ж 
About ten years later Franklin recommen: ed this "singular fact” attention. 
Of his friend Joseph Priestley (1733-1804). In 1767 (about twenty years before 
Coulomb's experiments) Priestley checked Franklin's observation ad, with rem: k- 
Able insight, realized thst the inverse square law of force followed from it, 
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(a) (5) 


Fig. 28-8 Example 2. A spherically symmetric charge distribution, showing two Gauss- 
inn surfaces. "The density of charge, as the shading suggests, varies with distance from 
the center but not with direction. 


tribution of charge, the electric field has the value that-it would have if the charge 
were concentrated at its center. < This reminds us that a sphere of mass т behaves 
gravitationally, for outside points, as if the mass were concentrated at its center. At 
the root of this similarity lies the fact that both Coulomb’s law and the law of gravita- 
tion are inverse square laws. The gravitational case was proved in detail in Section 
16-6; the proof using Gauss's law in the electrostatic case is certainly much simpler. 

Figure 28-8) shows a spherical Gaussian surface of radius ғ drawn inside the charge 
distribution. Gauss’s law (Eq. 28-4) gives j 


1 
ef E-dS = eB) = 4 
or ==, 


in which g^ is that part of q contained within the sphere of radius r. The part of q 
that lies outside this sphere makes no contribution to E at radius т. "This corresponds, 
in the gravitational ease (Section 16-6), to the fact tliat a spherical shell of matter 
exerts no gravitational force on a body inside it. 

An interesting special case of а spherically symmetric charge distribution is a uni- 
form sphere of charge. For such a sphere, which would be suggested by uniform 
shading in Fig. 28-8, the charge density p would have a constant value for all points 
within a sphere of radius Е and would be zero for all points outside this sphere. For 
points inside such a uniform sphere of charge we can put j 
er rR 


O 


where frR? is the volume of the spherical charge distribution, The expression for: E 
then becomes ў \ ©: : Ж, 


| | | E m QUAE (28-6) | 
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{ This equation becomes zero, as it should, for = 0. Note that Ens. 28-5 and 28-6 
( give the same result, as they inust, for points on the surface of the charge distribution 
(that is, ifr = R). Note that Eq. 28-6 does not apply to the charge distribution of 


Fig. 28-85 because the charge density, suggested by the shading, i« not constant in 
that case, 


Example 3. The Thomson atom model. At one time the positive charge in the 
atom was thought to be distributed uniformly throughout a sphere with a radius of 
about 1.0 X 10719 meter, that is, throughout the entire atom. Calculate the electric 

| field strength at the surface of a gold atom (Z = 79) on this (erroneous) assump- 
i tion. Neglect the effect of the electrons. ; 

The positive charge of the atom is Ze or (79)(1.6 X 107* соц). Equation 28-5 
yields, for E at the surface, 


lL 4 
red. 


\ 
| | = (9.0 X 10* nt-m*/coul*)(79)(1.6 x 107? coul) 
| (1.0 X 107" meter)? $ 


| = 11: 10" nt/coul. 
| 


Figure 28-9 is a plot of E as a function of distance from the center of the atom, иви, 
Eqs. 28-5 and 28-6, We see that E has its maximum value on the surface and de- 
creases linearly to zero at the center (see Eq. 28-6). Outside the sphere E decreases 
ив the inverse square of the distance (see Eq. 28-5). | 


Example 4. The Rutherford, or nuclear, atom. We shall see in Section 28-7 that 
the positive charge of the atom is not spread uniformly throughout the atom (see 
E Example 3) but is concentrated in a small region (the nucleus) at the center of the 
atom. For gold the radius of the nucleus is about 6.9 X 10—" meter. What is the 
electric field strength at the nuclear surface? Again neglect effects associated with 
the atomie electrons. М / 
The problem is the same as that of Example 3, except that the radius is much 
smaller. This will make the electric field strength at the surface larger, in proportion © 
to the ratio of the squares of the radii. Thus x ‹ 


E 


Y (1.0 X 107? meter)? 
ү. 18 ‘ 
Е 1 х 10 nt/eoul) Gg x 10-8; X 10ê meter)? | 
= 23 X 10? nt/coul. AES ) 
This is an enormous electric field, much stronger than could be produced and main- 
tained in the laboratory. It is about 10° times as large as the field calculated in 
Example 3. } Ў \ 


m 
кю 


Fig. 28-9 -Example3. The electric. 
field due to the positive charge ina 
gold atom, according to the (erro- | 
neous) Thomson model ° 
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` Fig. 28-10 Example 5. An infinite rod of charge, showing a cylindrical Gaussian surface. 


Example 5. Line of charge. Figure 28-10 shows a section of an infinite rod of 
charge, the linear charge density X (that is, the charge per unit length, measured in 
coul/meter) being constant for all points on the line, Find an expression for E at a 
distance r from the line. 

From symmetry, E due to а uniform linear charge can only be radially directed. 
As a Gaussian surface we choose a circular cylinder of radius r and length h, closed at 
each end by plane caps normal to the axis. E is constant over the cylindrical surface 
and the flux of E through this surface is E(2zrh) where 2rrh is the area of the surface. 
There is no flux through the circular caps because E here lies in the surface at every 
point. > 
The charge enclosed by the Gaussian surface of Fig. 28-10 is АЛ. Gauss’s law 
(Eq. 28-4), 


«фЕ-а8 =q; 
then becomes eoE(2mrh) = M, 
X , 
whence Born (28-7) 


1 

The direction of E is radially outward for a line of positive charge. 

Note how much simpler the solution using Gauss’s law is than that using integration 

y methods, as in Example 6, Chapter 27. Note too that the solution using Gauss's law 

is possible only if we choose our Gaussian surface to take full advantage of the radial 
symmetry of the electric field set up by a long line of charge. We are free to choose 
any surface, such as a cube or a sphere, for a Gaussian surface. Even though 
Gauss’s law holds for all such surfaces, they are not all useful for the problem at 
hand; only the cylindrical surface of Fig. 28-10 is appropriate in this case. 

Gauss’s law has the property that it provides a useful technique for calculation only 
in problems that have a certain degree of symmetry, but in these problems the solu- 
tions are strikingly simple, 


Example 6. А sheet of charge. Figure 28-11 shows a portion of a thin, nonconduct- 
ing, infinite sheet of charge, the surface charge density o (that is, the charge-per unit 
area, measured in coul/meter?) being constant. What is E at a distance r in front of 
the plane? i 

A convenient Gaussian surface is a “pill box" of eross-sectional area A and height 
2r, arranged to pierce the plane as shown From symmetry, E points at right angles 
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Fig. 28-11 Example 6. Ап infinite 
sheet of charge pierced by a cylindri- 
cal Gaussian surface. The cross 
section of the cylinder need not be 
circular, as shown, but can have an 
arbitrary shape. 


to the end caps and away from the plane. Since E does not pierce the cylindrical 
surface, there is no contribution to the flux from this source. Thus Gauss's law, 


«ФЕ :48 = 0 
becomes «(ЕА + EA) = сА 
where gA is the enclosed charge. This gives 
т 
үф 2 
2eo у! eo 


Note that E js the same for all points on each side of the plane; compare Fig. 27-2. 
Although an infinite sheet of charge cannot exist physically, this derivation is still 
useful in that Eq. 28-8 yields substantially correct results for real (not infinite) dharge 
sheets if we consider only points not near the edges whose distance from the sheet is 
small compared to the dimensions of the sheet. 


Example 7, » A charged conductor. Figure 28-12 shows a conductor carrying ‹ on its | 


surface a charge whose surface charge density at any point is c; in general с will vary 
from point to point. What is E for points a short distance Abou the surface? 


X * 


Fig. 28-12 Example 7. A charged insulated conductor 


face need not be circular, as shown, but сап have эп arbi- 
trary shape. AD Й 


showing a Gaussian surface. The cross section of the sur- - 
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The direction of Wyr points close to the surface is at right angles to the surface, 
pointing away from the surface if the charge is positive. If E were not normal to the 
surface, it would have a component lying in the surface, Such a component would 
act on the charge ¢arniers in the conductor and set up surface currents. Since there 
are no such currents under the assumed electrostatic conditions, E must be normal 
to the surface. $ 

The magnitude of E can be found from Gauss'- law using a small flat “pill box’? of 
cross section A as a Gaussian surface. Since E equals zero everywhere inside the 
conductor (see Section 28-4), the only contribution to Фк is through the plane cap. 
of area A that lies outside the conductor. Gauss's law 


t GE:dS = д 


becomes Е (EA) = cA 


where cA is the net charge within the Gaussian surface, This yields 


mI. (28-9) 
€0 ү 


Ccmparison with Eq. 28-8 shows that the electric field is twice as great near s 
conductor carrying a charge whose surface charge density is с as that near a noncon- 
ducting sheet with the same surface charge density. The student should compare 
the Gaussian surfaces in Figs. 28-11 and 28-19 carefully, In Fig. 28-11 lines of force 
leave the surface through each end cap, an electric field existing on both sides of the 
sheet. In Fig. 28-12 the lines of force leave only through the outside end cap, the 
inner end cap being inside the conductor where no electric field exists. If we assume 
the same surjace charge density and cross-sectional area A for the two Gaussian 
surfaces, the enclosed charge (= oA) will be the same. Since, from Gauss’s law 
the flux Фк must then be the same in each сазе, it follows that E (= Фь/А\ rust 
be twice as large in Fig. 28-12 as in Fig: 28-11. It is helpful to note that in Fig. 
28-11 half the flux emerges from one side of the surface and. half from the other 
whereas in Fig, 28-12 all the flux emerges from the outside surface. 4 


28-7 The Nuclear Model of the Atom 


Ernest Rutherford (1871-1937) was first Jed, in 1911, to assume that the 
atomic nucleus existed when he tried to interpret some experiments carried 
out at the University. of Manchester by his collaborators Н. Geiger and E. 
Marsden.* The results of Examples 3 and 4 played an important part in 
Ruthérford’s analysis of these experiments. | 

"These workers, at Rutherford's suggestion, allowed a beam of a-particles T 
to strike and be deflected by a thin film of a heavy element such as gold. 
They counted the number of particles deflected through various angles ¢: 
Figure 28-13 shows the experimental setup schematically. Figure 28-14 
shows the paths taken by typical a-particles as they réatter from a gold 
atom; the angles $ through which the a-particles are deflected range from 
0 to 180° as the character of the collision varies from "grazing" to “head-on, 


Ф 


“See “The Birth of the Nuclear Atom," E. N. da C. Andrade, Scientific American, 
November 1956. See also Example 5, Chapter 10. RSEN 

1 a-Particles are helium nuclei that: are emitted spontaneously by some radioactive 
materials sach as radium. They move with speeds of the order of óne-thirtieth that of 
\ ght when so emitted. 


Fig. 28-13 Experimental arrangement for studying the scattering. of TUR | Parti: 
cles from radioactive source S are allowed to fall on a thin metal “target” Ty particles 
scatteréd Nod че target. ае an (adjustable) angle ¢ are counted | by detector potu 


t 


5 
RON 


The electrons in the gold atom, being so: light, WAR mu no effect on the 
motion of an oncoming a-particle; the electrons are themselves: strongly de- 
flected, Tut аз a swarm of insects would be by a stone nd үшын it 


of de atom. 


“Incident 
нү: 


deis of the inciden Жынды Же 
m Andrade, Scientific 
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At the time of these experiments most physicists believed in the so-called 
"plum pudding" model of the atom that had been suggested by J. J. Thom- 
son (1856-1940). In this view (see Example 3) the positive charge of the 
atom was thought to be spread out through the whole atom, that is, through 
à spherical volume of radius about 107? meter. The electrons were thought 
to vibrate about fixed centers inside this sphere, 

Rutherford showed that this model of the atom was not consistent, with 
the a-scattering experiments and proposed instead the nuclear model of the 
atom that we now accept. Here the positive charge is confined to a very 
much smaller sphere whose radius is about 10“ meter (the nucleus). The 
electrons move around this nucleus and oceupy a roughly spherical volume 
of radius about 10—10 meter. This brilliant. deduction by Rutherford laid 
the foundation for modern atomic and nuclear physics. 

The feature of the a-scattering experiments that attracted Riktherford's 
attention at once was that a few o-particles are deflected through very large 
angles, up to 180°. To scientists accustomed to thinking in terris of the 
“plum pudding” model, this was a very surprising result. In Rutherford’s 
words: “It was quite the most incredible event that ever happened to me in 
my life. It was almost as incredible as if you had fired a 15-inch shell at a 
piece of tissue paper and it eame back and hit you." 

The a-particle must pass through a region in which the electric field 
strength is very high indeed in order to be deflected so strongly.* Example 
3 shows that, in Thomson’s model, the maximum electric field strength is 
1.1 X 10'* nt/coul. Compare this with the value calculated in Example 4 
for a point on the surface of a gold nucleus (2.3 X 10?! nt/coul). Thus the 
deflecting force acting on an a-particle can be up to 108 times as great if the 
positive charge of the atom is compressed into a small enough region (the 
nucleus) at the center of the atoms. Rutherford made his hypothesis about 
the existence of nuclei only after a much more detailed mathematical analysis 
than that given here. з ; 


QUESTIONS 


1. A point charge is placed at the center of a spherical Gaussian surface. Is Bg changed 
(а) if the surface is replaced bya cube of the same volume, (b) if the sphere is replaced by а 
cube of one-tenth the volume, (c) if the charge is moved off-center in the original sphere, 
still remaining inside, (d) if the charge is moved just outside the original sphere, (e) if a 
second charge is placed near, and outside, the original sphere, and (f) if a second charge is 
placed inside the Gaussian surface? i 

2. By analogy with Фк, how would you define the flux Ф, of a gravitational field? What 
is the flux of the earth’s gravitational field through the boundaries of a room, assumed to 
contain no matter? < s 

3. In Gauss's law, 


ofE-as ae 


is E the electric field intensity attributable to the charge q? 


* The chance that a big deflection can result from the combined effects of many small 
deflections can be shown to be very small. N : 


7 рер ни 
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4. Show that Eq. 18-3 illustrates what might be called Gauss's law for incompressible 
fluids, or 
Ф, = fras =0: 


5. A surface encloses an electric dipole. What ean you say about Фе for this surface? 

6. Suppose that a Gaussian surface encloses no net charge. Does Gauss's law require 
that E equal zero for all pointa on the surface? Is the converse of this statement true, that 
is, if E equals zero everywhere on the surface, docs Gauss's law require that there be no net 
n inside? 

. Would Gauss's law hold if the exponent in Coulomb's law were not exactly two? 

8, Does Gauss's law, as applied in Section 28-4, require that all the conduction electrons 
in an insulated conductor reside on the surface? 

9. In Section 28-4 we assumed that E equals zero everywhere inside а conductor. — 
However, there are certainly very large electric fields inside the conductor, at points close 
to the electrons or to the nuclei. Does this invalidate the proof of Section 28-4? 

10. It ів sometimes said that excess charge resides entirely on the outer surface of a 
conductor because like charges repel and try to get as far ce! as possible from one an- 
other. Comment on this plausibility argument. 

11. Is Gauss's law useful in calculating the field due to three equal charges located at 
the corners of an equilateral triangle? Explain. 

12. The use of line, surface, and volume densities of charge to calculate the charge 
contained in an element of a charged object implies a continuous distribution of charge, 
whereas, in fact, charge on the microscopic scale is discontinuous. How, then, is this pro- 
cedure justified? 

13. Is E necessarily zero inside a charged rubber balloon if the balloon is (a) spherical or 
(b) sausage-shaped? For each shape assume the charge to be distributed uniformly over 
the surface. ~ ^ 

14. A spherieal rubber balloon carries a charge that is uniformly distributed over its 
surface. How does E vary for points (a) inside the balloon, (b) at the suras of the balloon, 
and (c) outside the balloon, as the balloon is blown up? 

15. As you penetrate a uniform sphere of charge, E should decrease because less charge 
lies inside а sphere drawn through the observation point. On the other hand, E should 
increase because you are closer to the Ss of this charge. Which effect predominates 
and why? | 

16. Given a spherically symmetric charge distribution (not of uniform density of charge), : 
is E necessarily a maximum at the surface? Comment оп various possibilities. Ser 

17. An atom is normally electrically neutral. Why then should an a-particle be de- E 
flected by the atom under any cireumstances? x 

18. If an a-particle, fired at а gold nucleus, is deflected through 135°, can you conclude 
(a) that any force has acted on the a-particle or (b) that any net work has been done on it? 


7 


PROBLEMS 


1. Calculate Фк through a hemisphere of radius R. Тһе field of E is uniform and ia aa 
7 parallel to the axis of the hemisphere. 

2. In Example 1 compute Фк for the cylinder if it is turned so that its axis is рер оа: $ 
lar to the electric field: Do not use Gauss's law. 5 

8. A plane surface of area A is inclined so that its normal makes an angle 8 with a uni- 
form field of E. Calculate Фк for this surface. 1 

4. A point charge of 1.0 X 107 coul is at the center of a cubical Gadssian surface 0.50 
meter on edge. What i is Фр for the surface? 


٤ 
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5. Charge on an originally uncharged insulated conductor is separated by holding a 
positively charged rod nearby, as in’ Fig. 28-15. What can you learn from Gauss's law 
about the flux for the five Gaussian surfaces shown? The induced negative charge on the 
* conductor is equal to the positive 

charge on the rod. 

6. "Gauss's law for gravitation” 

is 
1 8 18 

073096997" 
where m is the enclosed mass and 
6 is the universal gravitation 
constant (Section 16-3). Derive 
Newton's law of gravitation from 
this. 

7. Figure 28-16 shows a point 
charge of 1.0 X 107*eoul at the 
center of a spherical cavity of radius 3.0 em in в piece of metal. Use Gauss'a Cw to find 
the electric field at point a, halfway from the center to the surface, and at point, 

8. An uncharged spherical thm metallic 
shell has a point charge q at its center, Give 
expressions forthe electric field (a) inside the 
shell, and (b) outside the shell, using Gauss's 
law. (с) Has the shell any effect*on the field 
due to 4? (d) Has the presence of g any effect 
on the shell? (e) If a second point charge is 
held outside the shell, does this outside charge 
experience a force? (f) Does the inside 
charge experience a force? (у) Is there a con- 
tradiction with Newton's third law here? А 

9. Two large nonconducting sheets of pos- 
itive charge face each other as in Fig. 28-17. 
What is E at points (a) to the left of the sheets, 
(b) between them, and (c) to the right of the 
sheets? Assume the same surface charge den- 
sity т for each sheet. Consider only points Fig. 28-16 
not near the edges whose distance from the 
sheets is small com "to the dimensions of the sheet. (Hint: E at any point is the 
vector sum of the M electric field strengths set up by each sheet.) 


t * 


| 
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10. Two large metal plates face each other as in Fig. 28-18 and carry charges with 
surface charge density +e and —e, respectively, on their inner surfaces What is E at 
points а) to the left of the sheets, 0) between them, and (e) to the right of the shewta, Con. 
sider only pointe not sear the edges whow distance from the abeots i» small comphred 
to the dimensions of the sheet 

11 Two large metal plates of area 1.0 moter? (асе each other, They are 5.0 em apart 
мий carry вада! and opposite changes on their inner surfacen. И E between the plates i 
55 nt /eoul, what is the Charge on the plates? Хек ес! ей е effects. See Problem 10. 

12. A thin-walled metal sphere hia а radius of 25 cw and carries а charge of 20 х 10 +t 
coul. Find E for a point (a) inside the sphere, (b) just outside the sphere, and (е) 3.0 meters 
from the center of the sphere 

13. А 100-ev electron is fired directly toward а large metal plate that has a suríace 
charge density of —2.0 X 10°* coul metor. From what distance must the electron be 
fired if it is to just fail to strike tho plate? 

14. Charge is distributed uniformly throughout an infinitely long cylinder of radius & 
Show that Æ at a distance r from the cylinder 
axis (r < К) is given by 


pr 


pj 


E 
where 5 ie the density of charge (eoul/meter?) 
What result do you expect for r > АТ“ 

15. Figure 28-19 shows à spherical non- 
ondueting shell of charge of uniform density 

soul/meter). "Plot E for distances r from 
the center of the shell ranging from zero to 
80 em, Assume that p = 10 X 107* coul/ 
meter’, a = 10 em, and = 20 em. 

16. Figure 28-20 shows з section through 
а jong, thin-walled metal tube of radius Ё, 
carrying a charge per unit length А on its 
surface. Derive expressions for E for var- " 
ious distances ғ from the tube axis, consider- Fig. 28-19 
ing both r > R and r < R. Plot your re- 
sults for the range r = OtoF = бет, assuming that А = 20 X 107 coul/meter and 
R = 3.0 em. ; 

17. Figure 28-21 shows a section through two long concentric cylinders of radii a and b. 
The cylinders carry equal and opposite charges per unit length А. Using Gauss's law, 
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prove (a) that E = 0 for r > band forr < a and (b) that between the cylinders Æ is given 
by ч 
ix 


Pheer =e 


18. In Problem 17 a positron revolves in a circular path of radius r, between and con- 
centric with the cylinders. What must be its kinetic energy К? Assume а =-2.0 em, 
b = 3.0 cm, and ^ = 30 X 10-5 coul /meter. 

19. Along conducting cylinder carrying a total charge +g is surrounded by a conducting 
cylindrical shell of total charge = U hs shown in cross section in Fig. 28-22. Use Gauss’s 


Fig. 28-22 
law to find (a) the electric field strength at points outside the conducting shell, (6) the 
distribution of the charge on the conducting shell, and (c) the electric field strength in the 
region between the cylinders. List the assumptions made in arriving at your answers. 

20. A thin metallic spherical shell of radius а carries a charge да. Concentric with it is 
another thin metallic spherical shell of radius b (b > а) carrying a charge qs.. Use Gauss's 
law to find the electric field strength at radial points r where (a) r < а; (b) a < r < b; (с) 
r > b. (d) Discuss the criterion one would use to determine how the charges are distributed 
on the inner and outer surfaces of each shell. 

21. A small sphere whose mass m is 1.0 X 103 gm carries a charge g of 2.0 X 107 coul. 
It hangs from a silk thread which makes an angle of 30° with a large, charged conducting 
sheet as in Fig. 28-23. Calculate the surface charge density о for the sheet. 


Fig. 28-23 
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22. Equation 28-9 (E = s/a) gives the electric бе at pointe near a charged conducting 
surface. Sbow that this equation leads to а familiar result when applied to a conducting 
sphere of radius r, carrying a charge g. 

23. An a-particle, approaching the surface of a nucleus of gold, is a distance equal to 
one nuclear radius (6.0 X 107" meter) away from that surface, What are the forces on the 
a-particle and its acceleration at that point? The mass of the e-particle, which may be 
treated here as a point, is 6.7 X 1077 kg. 

24. A gold foil used in а Rutherford scattering experiment is 3 X 107*cm thick. 
(a) What fraction of its surface area ix “blocked out" by gold nuclei, assuming а nuclear 
radius of 6.9 X 1075 meter? Assume that no nucleus is screened by any other. (b) 
What fraction of the volume of the foil is occupied by the nuclei? (c) What fills all the 
rest of the space in the foil? : 

25. The electric field componente in Fig. 28-24 are E, = 2, E, = E, = 0, in which 
b = 800 nt/coul-m*. Сеоне ii a Shi a Urt the aho atdi) haha 
the eube. Assume that а = 10 cm. Е 


y 


“matter of convenience which is used їп a given problem. 4 
‚ To find the electric potential difference between two points A and B in an 


electric potential at A. 


Electric Potential 


CHAPTER 29 


29-1 Electric Potential 


The electric field around a charged rod can be described not only by a 
(vector) electric field strength E but also by a scalar quantity, the electric 
potential V. These quantities are intimately related, and often it is only a 


electric field, we move a test charge go from A to B, always keeping it in 

equilibrium, and we measure the work W дв that must be done by the вде 
moving the charge. The electric potential difference * is defined from 

W. 7 

Vai Vig ens (25-1) ` 

90 


The work И 45 may be (a) positive, (b) negative, or (c) zero. In these cases. 
the electric potential at B will be (a) higher, (b) lower, or (c) the same as the 


The mks unit of potential difference that follows from Eq. 29-1 is the 
joule/coul. This combination occurs so often that a special unit, the voll, - 
is used to represent it; that is, 


1 volt = 1 joule/coul. 


/ 


* This definition of potential difference, though conceptually sound and suitable ps 
our present purpose, is rarely carried out in practice because of technical Hines 
Equivalent and more technically feasible methods are usually adopted. 
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Usually point A is chosen to be at a lange (strictly an infinite) distance 
from all charges, and the electric potential V4 at this infinite distance is 
arbitrarily taken as zero. This allows us to define the electric potential at a 
point. Putting V4 = Oin Eq. 29-1 and dropping the subscripts leads to 

Ww 
V=—, (29-2) 
% 

where W is the work that an external agent must do to move the test charge 

aa from infinity to the point in question. The student should keep in mind 
` that potential differences are of fundamental concern and that Eq. 29-2 de- 

pends on the arbitrary assignment of the value zero to the potential V4 at 

the reference position (infinity); this reference potential could equally wel! 

have been chosen as any other value, say —100 volts. Similarly any other 

agreed-upon point could be chosen as а reference position. In many circuit 

problems the earth a eB га ЖЕДЕ) па value 

zero. 
Bearing in mind the assumptions made about the reference position, we 
see from Eq. 20-2 that V near an isolated positive charge is positive because 
positive work must be done by an outside agent to push a (positive) test 
charge in from infinity. Similarly, the potential near an isolated negative 
charge is negative because an outside agent must exert a restraining force on 
(that. is, must do negative work on) a (positive) test charge as it comes in 
from infinity. Electric potential as defined in Eq. 29-2 is a scalar because W 
and go in that equation are scalars. ri 

Both Waa and Vg — V4 in Eq. 29-1 are independent of the path followed 
in moving the test charge from point A to point B. If this were not so, point 
B would not have a unique electric potential (with respect to point A as a 
defined reference position) and the concept of potential would have limited 
usefulness, З 1 

We can easily prove that potential differences are path-independent for the 
special case shown in Fig. 29-1. This figure illustrates the case in which the 
two points A and B are in a field set up by a spherical charge q; the two points 
are further chosen, for simplicity, to lie along a radial line. Although our 


Fig. 29-1 А test charge go is 
moved from A to B ir the field of 
charge q along either of two paths, 
The open arrows show E at three 
points on path II. 
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path-independence proof applies only to this special case, it illustrates the E 
general principles involved. à 
Point A in Fig. 29-1 may be taken as a defined reference point, and we _ 
imagine à positive test charge qo moved.by an external agent from А to B. - 
We consider two paths, path I being a radial line between A and В and path | 
II being a completely arbitrary path between these two points. The open | 
arrows on path II show the electric force per unit charge that would act at 
various points on a test charge qo. 
Path II may be approximated by a broken path made up of alternating _ 
elements of arc and of radius. Since these elements can be arbitrarily small, | 
` the broken path can be made arbitrarily close to the actual path. On path — 
II the external agent does work only along the radial segments because along 
the ares the force Е and the displacement dl are at right angles, F:dl being 
zero in such cases. The sum of the work done on the radial segments that ~ 
make up path II is the same as the work done on path I because each path — 
has the same array of radial segments. Since path II is arbitrary, we have — 
proved that the’ work done is the same for all paths connecting A and B. © 
Although this proof holds only for the special case of Fig. 29-1, the potential - 
difference is path-independent for any two points in any electrostatic field. — 
We discussed path independence in Section 8-2 for the general class of conserv- 
ative forces; electrostatic forces, like gravitational forces, are conservative. ~ 
The locus of points, all of which have the same electric potential, is called — 
an equipolential surface. A family of equipotential surfaces, each surface | 
corresponding to a different value of the potential, can be used to give a _ 
general description of the electric field in a certain region of space. We have 
seen earlier (Section 27-3) that electric lines of force can also be used for this 1 
purpose; in later sections (see, for example, Fig. 29-15) we explore the inti _ 
mate connection between these two ways of describing the electric field. ® 
No work is required to move a test charge between any two points on 
equipotential surface. This follows from Eq. 29-1, 


because W 5 must be zero if V4 = Vg. This is true, because of the path — 
independence of potential difference, even if the path connecting A and 8 
does not lie entirely in the equipoteritial surface. : 
-Figure 29-2 shows an arbitrary family of equipotential surfaces. Тһе 
work to move a charge along paths I and II is zero beeause all these path 
begin and end on the same equipotential surface. The work to move a 
charge along paths I’ and II’ is not zero but is the same for each path becaw 
the initial and the final potentials are identical; paths I’ and II’ connect the 
same pair of equipotential surfaces. 
_ From symmetry, the equipotential surfaces for a spherical charge are 
family of concentric spheres. For a uniform field they are a family of plani 
at right angles to the field. In all cases (including these two examples) t 
equipotential surfaces are at right angles to the lines of force and thus to Ё 


< 
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Fig. 29-2 Portions of four equipotential surfaces. The heavy lines show four paths along 
which а test charge із moved. 


(see Fig. 29-15). If E were not at right angles to the equipotential surface, it 
would have a component lying in that surface. Then work would have to  . 
be done in moving a test charge about on the surface. Work cannot be done ` 
if the surface is an equipotential, so E must be at right angles to the surface. 

There із a strong analogy between electrostatic forces and gravitational forces, 
based on the fact that their fundamental laws are inverse square laws (see Eqs. 
26-3 and 16-1): 


X ов отт. 
Ев е т апа Е, = 8 5 


Thus we can define the gravitational potential V, (compare Eq. 29-2) from 


Ww 
У, = = 
where W is the work required to move а test body of mass т from infinity to the point : 
in question. Gravitational equipotential surfaces can also be constructed; they prove 
to be everywhere at right angles to the gravitational field strength vector g. Fora 
uniform gravitational field, such as that near the surface of the earth, these surfaces 
are horizontal planes. This correlates with the facts that (a) no net work is required 
to move a stone of mass m between two points with the same elevation and (b) the 
same net work is required to move a stone along any path starting on a given hori- 
zontal surface and ending on another. E 4 


29-2 Potential and Field Strength 


Let A and B in Fig. 29-3 be two points in a uniform electric field E, set ир. 
by an arrangement of charges not shown, and let A Ье a distance d inthefield . 
direction from B. Assume that a positive test charge qo is moved, by an 
external agent and without acceleration, from A to B along the straight line 
conneeting them. - 2 

The electric force on the charge is g9E and points down. То move the : 
charge in the way we have described we must counteract. this force by ` 
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applying an external force F of the same magnitude hut. directed upward. 
The work W done by the agent that supplies this force is 


Was = Fd = qsEd. (29-3). 
Substituting this into Eq. 29-1 yields 


w 
Va — V4 = — = Ed. (29-4) 
do | 


This equation shows the connection between potential difference and field 
strength for a simple special case. Note from this equation that another mks - 
unit for E is the volt/meter. The student may wish to prove that a volt/ 
meter is identical with a nt/coul; this latter unit is the one first presented for. c 
Е jn Section 27-2. 

In Fig. 29-3 B has a higher potential than A. This is reasonable because | 
an external agent would have to do positive work to push a positive test 
charge from A to В. Figure 29-3 could be used as it stands to illustrate the _ 
act of lifting a stone from A to B in the uniform gravitational field n near the | 
earth's surface. 

What is the connection between V and E in the more general case in which .— 
the field is not uniform and in which the test body is moved along a path that _ 

` isnot straight, as in Fig. 29-4? The electric field exerts a force goE on the test — 
charge, as shown. To keep the-test charge from accelerating, an external | 
agent must apply a force Е chosen to be exactly equal to —goE for all posi- _ 
tions of the test body. z 

If the external agent causes the test body to move through a displacement 
dl along the path from A to B, the element of work done by the external agent — 


F Fig. 29-3 A test charge сув mi p 4 
а \ from А {о В in a unorm el a 

dl field E by an external agent tha! 

0, exerts а force F on it. 

0 

q,E 
Y Y 
3 E 
і | 
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Fig. 29—4 А tent charge go i 
moved from А to B in а nonuni- 
form electrie field by an external 
agent that exerts a force F on it. 


is F-dl. To find the total work W4 done by the external agent in moving 
the test. charge from А to B, we add up (that is, integrate) the work contri- 
butions for all the infinitesimal segments into which the path is divided. 


This leads to 
Wan =f Fa = -uf Ea. 
A A 


Such an integral is called a line integral. Note that we have substituted —qoE 
foritsequal, F. 
Substituting this expression for W 45 into Eq. 29-1 leads to 


Wan 
Vs — Уд = — = — Е.а. (29-5) 
qo А 


If point А is taken to be infinitely distant and the potential V 4 at infinity is 
taken to be zero, this equation gives the potential V at point B, ог, dropping, 
the subscript B, 


y-- $. E-dl. а (29-6) 


These two equations allow us to calculate the potential difference between 
any two points (or the potential at any point) if E is known at various points 
in the field. X 

> Example 1. In Fig. 29-3 calculate Vg — Ул using Eq. 29-5. Compare the 


result-with that obtained by direct analysis of this special case (Eq. 29-4). 
In moving the test charge the element of path dl always points in the direction of 
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motion; this is upward in Fig. 29-3. The electrie field Е in this figure points down _ 
во that the angle 0 between E and dl is 180°. $ 
Equation 29-5 then becomes 


A ; 
Va- Yao Ја = =f E cos 180° dt = f E dl. 
E is the constant for all parts of the path in this problem and can thus be taken out- ү 
side the integral sign, giving 
Ys уа = Ef. dl = Ed, 
. A 
which agrees with Eq. 29-4, as it must. 


Example 2. In Fig. 29-5 let a test charge qo be moved without acceleration from — ^ 
A to B over the path shown. Compute the potential difference between A and B. 


Fig.29-5 Example 2. А test | 
charge qo is moved along path ACB 
in a uniform electric field by an ex- 3 
ternal agent. 


For the psth AC we have @ = 135° and, from Eq. 29-5, 
E C 
— = — = — zi i 3 
Ve — Ya - ка = fen eos 135 dl = val? 
The i xis is the ааш: of the line AC which is 4/22. Thus 
| Ye: Le vaa = = Ed. 


Points B and C have the same potential because no work is done in moving a charge 
between them, E and dl being at right angles for all points on the line СВ. In other 
words, B and C lie on e same equipotential surface at right angles to the lines of 
force: Thus 

Myra ve ЁЛ, 


This is the same value derived for a direct path.connecting А and В, a result to be 
expected because the dins differenee between two points is path independent. 4 
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29-3 Potential Due to a Point Charge 


Figure 29-6 shows two points A and B near an isolated point charge q. 
For simplicity we assume that А, B, and q lie on a straight line, Let us com- 
pute the potential difference between points A and B, assuming that a test 
charge qo is moved without acceleration along a radial line from А to B. 

In Fig. 29-6 E points to the right and dl, which is always in the direction of 
motion, points to the left. Therefore, in Eq. 29-5, 


E-dl = Е cos 180° dl = —E dl. 


However, as we move a distance dl to the left, we are moving in the direction 
of decreasing r because r is measured from gasan origin. Thus 


dl = —dr. 
Combining yields E-dl = E dr. 


ay E 


E АС 


Fig. 29-6 > A tat йылан moved by an exierant ogent frum А to B ta th let wp 
by в point charge q. i л { 


& 
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Substituting this into Eq. 29-5 gives 


в 
Y» - Ya -f Ea- - [ва 
А. "4 


Combining with Eq. 27-4, 


1 q 
dreo т? 
q 5 dr q [1 -) 
leads to Ve — Va == u-—[---—) 29-7 
2 4 dreo lr 7? 4ке Ar га (29-0 


Choosing reference position А to be at infinity (that is, letting r4 —» oo). 
choosing V4 = Oat this position, and dropping the subscript B leads to 


=. (29—8) 
This equation shows clearly that equipotential surtaces for an isolated point 
charge are spheres concentric with the point charge (see Fig. 29-153). А 
study of the derivation will show that this relation also holds for points ex- 
ternal to spherically symmetric charge distributions. 


4 = Vires = (100 volts)(4x)(8.9 X 10 coul*/nt-m*\(0.10 meter) 
=11x 10-7 coul. 
This charge is comparable to charges that can be produced by friction. 


Example 4. What is the electric potential at the surface of a gold nucleus? The 
radius is 6.6 X 10—!5 meter and the atomie number Z = 79. 

The nucleus, assumed spherically symmetrical, behaves electrically for external 
Points as if it were a point charge. Thus we ean use Eq. 29-8, or, recalling that the 
Proton charge is 1:6 X 10719 coul, 

ya g_ (99 x10 nt-m?/coul*)(79)(1.6 x: 10° coul) 
` mer 6.6 X 10-5 meter : 


= 1.7 X 107 volts. у 4 


29-4 А Group of Point Charges 


.. The potential at any point due to a group of point charges is found by (а) 
calculating the potential V, due to each charge, as if the other charges were 
not present, and (b) adding the quantities so obtained, or (see Eq. 29-8) 


ilg 
у= Хр, pk, (29-9) 
п. Жу n Tn 


“> А. — eee 
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where g, is the value of the nth charge and r, is the distance of this charge 
from the point in question. The sum used to caleulate V isan algebraic sum 
and not a vector sum like the one used to caleulate E for a group of point 
charges (see Eq. 27-5). Herein lies an important computational advantage 
of potential over electric field strength. 

If the charge distribution is continuous, rather than being а collection of 
points, the sum in Eq. 29-9 must be replaced by an integral, or 


1 

y = fav = —— x. (29-10) 
Areo r 

where dq is a differential element of the charge distribution, r is its distance 

from the point at which V is to be calculated, and dV is the poteptial it 

establishes at that point. 

> Example 5. What is the potential at the center of the square of Fig. 29-7? 


Assume that qi = +1.0 X 107* coul, qs  —20 x 107* coul, q = +80 x 107* 
coul, q = 4-2.0 X 10° * соц, and a = 1.0 meter. 


Fig. 29-7 Example 5 


The distance ғ of each charge from Р is a/4/2 or 0.71 meter. From Eq: 29-9 


, 1I @+@+@+ =: 
йа з ур с ета 9 


E (9.0 X 109 nt-m*/coul)(1.0 — 2.0 + 3.0 + 2.0) X 107 coul 


, 0.71 meter 
= 500 volts. 
Is the potential constant within the square? Does any point inside have a negative 
potential? Can you sketeh roughly the intersection of the plane of Fig. 29-7 with 
the equipotential surface corresponding to zero volts? 
Example 6. A charged disk. Find the electric potential for points on the axis of a 


uniformly charged circular disk whose surface charge density is o (see Fig. 29-8). 
Consider a charge element dq consisting of a flat circular strip of radius y and width 


dy. We have 5 
dy = «(2ту)(у), 


where (2y)(dy) is the area of ће strip. All parts of this charge element аге the ваше 
distance r^ (= Vy? +P) from axial point P so that their contribution dV to the — 


à 
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Fig.29-8 Example6. A point ~ 
P on the axis of a uniformly « 
charged circular disk of radius а. .— 


The potential V is found by integrating over all the strips into which the disk can be | 
divided (Eq. 29-10) or P 


y = fav = f + 9y dy 
= Late r). E 


This general result is valid for all values of r. In the special case of r >> a the quan- — 
tity У а? + г? can be approximated as 


Ve Fr =r (1+) = r (1 arr, 


in which the quantity in parentheses їп the second member of this equation has been 
expanded by the binomial theorem (see Appendix J). This equation means that V. 
becomes 


с а? сот? 1 q 
z tu T eue шыт. 


where q (= ста?) is the total charge on the disk. This limiting result is expected 
because the disk behaves like a point charge for r > a. 4. 


29-5 Potential Due to a Dipole 


Two equal charges, q, of opposite sign, separated by a distance 2a, consti- _ 
tute an electric dipole; see Example 3, Chapter 27. The electric dipole ` 
moment p has the magnitude 2aq and points from the negative charge to the EV 
positive charge. Here we derive an expression for the electric potential V | 
at any point of space due to a dipole, provided only that the point is not too 
close to the dipole. es : У 

A point Р is specified by giving the quantities r and б in Fig. 29-9. From 
symmetry, it is clear that, the potential will not change as point P rotates 
about the z axis, r and @ being fixed. Thus we need only find V(r,8) for any 
plane containing this axis; the plane of Fig. 29-9 is such a plane. Applying 3 


ya 
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Eq. 29-9 gives 
I. 33 9 т "1 
ү = У. = Vi У, (±± ,ك‎ 
> ' "s dre Nn) Fs dreo тулу 


which is an exact relationship. 
We now limit consideration to points such that r> 2a. These approxi- 
mate relations then follow from Fig. 29-9: 


r- т, 2 2acos8 and тга т, 


and the potential reduces to 


. (29-11) 


in which p (= 2aq) is the dipole moment. Note that V vanishes everywhere 
in the equatorial plane (@ = 90°). This reflects the fact that it takes no work 
to bring a test charge in from infinity along the perpendicular bisector of the 
dipole. Fora given radius, V has its greatest positive value for @ = 0 and its 
greatest riegative value for 0 = 180°. Note that the potential does not de- 
pend separately on gand 2a but only on their product p. 


It is convenient to call any assembly of charges, for which V at distant points is 
given by Eq. 29-11, an electric dipole. Two point charges separated by a small dis- 
tance behave this way; aswe have just proved, However, other charge configurations 
also obey Eq. 29-11. Suppose that by measurement at points outside an imaginary 
box (Fig. 20-10) we find а pattern of lines of force that can be described quantitatively 
by Eq. 29-11. We then declare that the object inside the box is an electric dipole, 
that its axis is the line ze’, and that its dipole moment p points vertically upward. 

Many molecules have electric dipole moments. That for НО in its vapor state is 
6.1 X 10—? coul-m. Figure 29-11 із a representation of this molecule, showing the 
three nuclei and the surrounding electron cloud. The dipole moment p is represented 


Fig. 29-9 A point P in the field of an electric dipole. 
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Fig. 29-10 If ап object inside the 
spherical box sets up the electric 


field shown (described quantita 
tively by Eq. 29-11), it is an electric 
dipole. 


by the arrow on the axis of symmetry of the molecule. In this molecule the effecti 
center of positive charge does not coincide with the effective center of negative charge. 
It is precisely because of this separation that the dipole moment exists. 

Atoms, and many molecules, do not have permanent dipole moments, However, 
dipole moments may be induced by placing any atom or molecule in an external 
electric field.. The action of the field (Fig. 29-12) is t6 separate the centers of positive 
and of negative charge. We say that the atom becomes polarized and acquires an 
induced electric dipole moment. Induced dipole moments disappear wheri the electric 
field is' removed. 

Electric dipoles are important in situations other than atomic and molecular ones. 
Radio and radar antennas are often in the form of a metal wire or rod in which elec- 
trons surge back and forth periodically. At a certain time one end of the wire or rod 
will be negative and-the other end positive. Half a cycle later the polarity of the ends 
is exactly reversed. This is an oscillating electric dipole. It is so named because its 
dipole moment changes in a periodic way with time. 


Fig. 29-11 А schematic repre- 
sentation of a water molecule, 
showing the three nuclei, the elec- 
tron cloud, and the orientation of 
the dipole monient. 
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Fig. 29-12 (а) An atom, al 


ing the nucleus and the ele 


мі Ге center of negative 
harge coincides with the center 
{ positive charge, that 1s, with 
the nu b) И an external 


field E is 


cloud is 


(d, the ele 


so that the cen 


ter of negative charge, marked 
by the dot. and tbe center of posi 
tive char acide 

An electric dipole appears 


» longer 


> Example 7. An electric quadrupole. An electric quadrupole, of which Fig. 27-21 
is an example, consists of two electric dipoles во arranged that they almost, but not 
quite, cancel each other in their electric effects at distant points.* Calculate V(r) 
for points on the axis of this quadrupole 


Applying Eq. 29-9 to Fig. 27-21 yields 


T bx UL pg 4 s) 
y 4те Nr — a r r+a 


Assuming that r > а allows us to put а = 0 in the sum and difference terms in the 
denominator, yiélding 


where Q (= 2qa*) is the electric quadrupole moment of the charge assembly of Fig. 
27-21. Note that V varies (а) as 1/r for a point charge (see Eq. 29-8), (b) as 1/r* for 
a dipole (sec Eq. 29-11), and (c) as 1/r* for а quadrupole. 

Note too that (а) a dipole is two equal and opposite charges that do not coincide in 
space so that their electric effects at distant points do not quite cancel, and (b) а 


* See Problem 18, Chapter 27. 
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quadrupole is two equal and opposite dipoles that do not coincide in space so tha 
their electric effects at distant points again do not quite cancel. This pattern can be 
extended to define higher orders of charge distribution sueh as octupoles. 

The potential at points at distances from an arbitrary charge distribution (continu-- 
ous or discrete) that are large compared with the size of the distribution can always be 
written as the sum of separate potential distributions due to (a) a single charge _ 


29-6 Electric Potential Energy * 


If we raise a stone from the earth’s surface, the work that we do against 
the earth's gravitational attraction is stored as potential energy in the system ^ 
earth + stone. If we release the stone, the stored potent'al energy change 
steadily into kinetic energy as the stone drops. After the stone comes to rest _ 
on the earth, this kinetic energy, equal in magnitude just before the time of 
contact to the originally stored potential energy, is transformed into heat | 
energy in the system earth + stone. S 

A similar situation exists in electrostatics. Consider two charges qı and qs 
a distance r apart, as in Fig: 29-13. If we increase the separation between 

4, ds 
9— ———— —e 
: Fig. 29—13 


them, an externa! agent must do work that will be positive if the charges are 1 
opposite in sign and negative otherwise. The energy represented by this _ 
work can be thought of as stored in the system q, + qs as electric potential ^ 
energy. This energy, like all varieties of potential energy, can be trans- 
formed into other forms. If q, and qz, for example, are charges of opposite _ 
sign and we release them, they will accelerate toward each other, transform: 
ing the stored potential energy into kinetic energy of the accelerating masses. 
The analogy to the earth + stone system is exact, save for the fact that | 
electric forces may be either attractive or repulsive whereas gravitational | 
forces are always attractive. $ 
We define the electric potential energy of a system of point charges as the У 
work required to assemble this system of charges by bringing them in from ап 
infinite distance. -We assume that the charges are all at rest when they are 
infinitely separated, that is, they have no initial kinetic energy. я 
In Fig. 29-13.let us imagine go removed to infinity and at rest. The 3 


* In mechanies the concept of potential energy (of compressed springs, falling masses, 
etc.) is more commonly used than the concept of potential. In electrostatics the reverse is’ 
true, electric potential being perhaps a more common concept than electric potential 
energy. In what follows the student must be careful not to confuse these quite different 
quantities, potential and potential energy. А * 


vay 
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lectric potential at the original site of qa, caused by qı, is given by Eq. 20-8, 


If q, із moved in from infinity to the original distance r, the work required is, 
from the definition of electric potential, that is, from Eq. 29-2, 


W = Vas. : (29-12) 


Combining these two equations and recalling that this work W is precisely 
the electric potential energy U of the system qı + qa yields 
1 
от а. (29-13) 
Ame пз 
The subscript of ғ emphasizes that the distance involved is that between the 
point charges q; and qa. 

For systems containing more than two charges the procedure is to compute 
the potential energy for every pair of charges separately and to add the 
results algebraically. This procedure rests on a physical picture in whic : (a) 
charge q, is brought into position, (b) qz is brought from infinity to its , osi- 
tion near qı, (с) qs is brought from infinity to its position near q, and gs, etc 

The potential energy of continuous charge distributions (an ellipsoid of charge, 
for example) can be found by dividing the distribution into infinitesimal elements dg. 
treating each such element as а point charge, and using the procedures of the preced- 
ing paragraph, with the summation process replaced by an integration. We have 
not considered such problems in this text. 
> Example 8. Two protons in a nucleus of U™* are 6.0 X 107: meter apart. 
What is their mutual electric potential energy? 

From Eq. 29-13 
U- 1 me _ (9.0 X 10° nt-m*/coul*)(1.6 X 10—19 coul)? 

4те т 6.0 X 1076 meter 


= 38 X 107" joule = 2.4 X 10* ev. 


Example 9. Three charges are arranged as in Fig. 29-14. What is their mutual 
potential energy? Assume that д = 1.0 X 1077 coul and a = 10 cm. . 
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"The total energy of the configuration is the sum of the energies of each pair of 
^ particles, From Eq. 29-13, 
U = Ui + Un + Uns 


L [EAD , croceo , cran] 
a 


4тє а 


_ (9.0 + 10° nt-m?/coul*)(10)(1.0 X 10-7 coul)? x 


—9. 73 joule. 
0.10 meter O ioe 


s 
в 
ee РУТ Т ОРУ ҮЧҮ ЧҮҮ, 


The fact that the total energy is negative means that negative work would have to be : 
done to assemble this structure, starting with the three charges separated and at rest _ 
at infinity. Expressed otherwise, 9.0 X 107 joule of work must be done to dismantle 
this structure, removing the charges to an infinite separation from one another. , 

When, as is common practice, infinity is taken as the zero of electric potential, a = 
positive potential energy (as in Example 8) corresponds to repulsive electric forces and 
в negative potential energy (as in this example) to attractive electric forces. If the 
protons in Example 8 were not held in place by attractive (nonelectrical) nuclear 
forces, they would move away from each other. -If the three particles in this example 
were released from their fixed positions, in which they are held by external forces, 
-they would move toward each other. 4 


29-7 Calculation of E from V 


We have stated that V and E are equivalent descriptions and have deter- 
mined (Eq. 29-6) how to calculate V from E. - Let us now consider how to 
calculate E if V is known throughout a certain region. 

This problem has already been solved graphically. If E is known at every 
point in space, the lines of force can be drawn; then 2 family of equipotentials 
can be sketched in by drawing surfaces at right angles. These equipotentials 
describe the behavior of V. Conversely, if V is given as a function of posi- 
tion, a set of equipotential surfaces can be drawn. The lines of force can 
then be found by drawing lines at right angles, thus describing the behavior 

of E. It is the mathematical equivalent of this second graphical process that — 
~ уе seek here. Figure 29-15 shows some examples of lines of force and of the x 
corresponding equipotential surfaces. 

Figure 29-16 shows the intersection with the plane of the figure of a family 
of equipotential surfaces. The figure shows that E at a typical point P is at 
right angles to the equipotential surface through Р, asit must be. 

Let us move a test charge go from Р along the path marked Al to the 
equipotential surface marked V -- AV. The work that must be done by the 
agent exerting the force Е (see Eq. 29-1) is qoAV. 

From another point of view we can calculate the work from * 


Tee ee ree T TRENT ee ee ae roy T 


PEA ST I EY PENIS Tee БМ 


AW = К.А], 


“We assume that the equipotentials are so close together that F is constant for all 
parts of the path Al. In the limit of a differential path (dl) there will be no difficulty. 
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where F is the force that must be exerted on the charge to overcome exactly 
the electrical force q9E.. Since Е and qE have opposite signs and are equal in 
magnitude, 


AW = —qoE-Al = —qoE cos (x — 0) Al = qok cos А]. 
These two expressions for the work must be equal, which gives 
qo AV = qoE cos 06. Al * 


AV 
or E cos 8 = Sm (29-14) 


Now E cos 0 is the component of E іп the direction —1 in Fig. 29-16; the 
quantity — E cos 0, which we call Er, would then be the component of E in 
the +1 direction. In the differential limit Eq. 29—14 can then be written as = 


I2 3 | (29-15) 


In words, this equation says: If we travel through an electric field along а 

straight line and measure V as we go, the rate of change of V with distance 

that we observe, when changed in sign, is the component of E in that direc- 

tion. The minus sign implies that E points in the direction of decreasing V, 

as in Fig. 29-16. It is particularly clear from Eq. 29-15 that appropriate 
- units for E are the volts/meter. | 


There will be one direction 1 for which the quantity dV/dlis a maximum. From 
m. 29-15, E; will also be a maximum for this direction and will in fact be E itself. 
i ; 


pus 


dV › E NY 
7 r=- (2). Quat e 
e maximum value of dV /dl at a given point is called the potential gradient at that 
int. The direction 1 for which dV/dl has its maximum value is always at righ“ 
singles to the equipotential surface, corresponding to 0 = 0 in Fig. 29-16. 
If we take the direction 1 to be, in turn, the directions of the т, y, and z axes, we. _ 
сап find the three components of E at any point, from Eq. 29-15. - 


pa Tn g--U: pat oan 


Thus if V is known for all points of space, that is, if the function V(x, y, 2) is known 
the components of E, and thus E itself, can be found by taking derivatives.* a 


* The symbol 3V /ðz is а partial derivative. Tt implies that in taking this derivative of the, 
function V(z, y, 2) the quantity zis ta be viewed as a variableand y and 2 are to be rudi 


as constants. Similar considerations hold for 0V /ау апа aV/az. — - bu 
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(с) 


Fig. 29-15 Equipotential surfaces (dashed lines) and lines of force (solid lines) for (a) a 
point charge, (b) a uniform electric field, and (c) an electric dipole. In all figures there is a 
constant difference of potential AV between adjacent equipotential surfaces. Thus from 
Eq. 29-14, written, for the case of 0 = 180° as Al = —AV/E, the surfaces will be relatively 
close together where E is relatively large and relatively far apart where E is small. Simi- 
larly (see Section 27-3) the lines of force are relatively close together where E is large and 
far apart where E is small. See discussion and figures of Section 18-7 for other examples. 
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Fig. 29-16 А test charge yo is 
moved from опе equipoten\ial 
surface to another along an arthi- 
trarily selected direction marked 1 


> Example 10. Calculate E(r) for a point charge q, using Eq. 29-16 and assuming 
that V(r) is given as (see Eq. 29-8) 


ETE 
ЁТ 4тє T 


From symmetry, E must be directed radially outward for a (positive) point charge. 
Consider à point P in the field a distance r from the charge. It is clear that GV /dl at P 
has its greatest value if the direction J is identified with that of r. Thus, from Eq. 
29-16, 


dV d/ílq 


AUR" deum d rr 


1 


il 


“5G )- at 


This result agrees exactly with Eq. 27—4, as it must. 


Example 11. E for a dipole. Figure 29-17 shows a (distant) point P in the field 
of a dipole located at the origin of an ry-axis system. V is given by Eq. 29-11, or 


. ll Pes, 
n 


Calculate E as a function of position. 

From symmetry, E, for points in the plane of Fig. 29—17, lies in this plane. Thus 
it can be expressed in terms of its components E; and E,. Let us first express the 
potential function in rectangular coordinates rather than polar coordinates, making 
use of 


= (12 yh m ШЕ 
т = ) +y’) and oe Gr pr 


| 
| 
| 
1 
5 
4 


A 


The result is 


Vos ус 
dre @ + 9) 
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We find Е, from Eq. 29-17, recalling that x is to be treated as n constant in this 
calculation: 


E = -Wa p GU Y) - ye yy 
: ду drea (£4 75! 


«d PA 
4ке (x? + у) 


Note that putting x = 0 describes points along the dipole axis (that is, the y axis), 
and the expression for E, reduces to 
2p 1 


Е, =<. 


4те у? 


This result agrees exactly with that found in Chapter 27 (see Problem 10), for, from 
symmetry, Е, equals zero on the dipole axis, z 
Putting у = 0 in the expression for E, describes points in the median plane of the 

dipole and yields 
к ento 
is 4те 2° 


which agrees exactly with the result found in Chapter 27 (see Example 3), for, again 
from symmetry, E, equals zero in the median plane. The minus sign in this equation 
indicates that E points in the negative y direction (see Fig. 29-10). 

The component Е, is also found from Eq. 29-17, recalling that y is to be taken as 
a constant during this calculation: ~ А 


Е. = – 90 = — PL (gat + M22) 


SE) NC; em 
4тєө (z + y*)* 


As expected, LE, varies both on th dipole axis ( = 0) and inthe median plane ` 
(у = 0); see Fig. 29-10. я 


Fig. 29-17 Showing a point P 
in the field of an electric dipole p. 
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29-8 An Insulated Conductor 


We proved in Section 28-4, using Gauss's law, that after a steady state is 
reached an excess charge q placed on an insulated conductor will move to its 
outer surface. We now assert that this charge q will distribute itself on this 
surface so that all points of the conductor, including those on the surface and 
those inside, have the same potential. 

Consider any two points A and B in or on the conductor. If they were not 
at the same potential, the charge carriers in the conductor near the point of 
lower potential would tend to move toward the point of higher potential. We 
have assumed, however, that a steady-state situation, in which such currents — 
do not exist, has been reached; thus all points, both on the surface and inside 


| سے 
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f 0 m i Fig. 29-18 (a) The potential and‏ 
E 1 2 (b) the electric field strength, for‏ 
r, meter points near a conducting spherical‏ 
(a) б shell of 1.0 meter radius carrying |‏ 


a charge of +1.0 X 107° coul. 
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it, must have the same potential. Since the surface of the conductor is an 
equipotential surface, E for points on the surface must be at right angles to 
the surface. 

We saw in Section 28-4 that а charge placed on an insulated conductor will 
spread over the surface until E equals zero for all points inside. We now have 
an alternative way of saying the same thing; the charge will move until all 
points of the conductor (surface points and interior points) are brought to the 
same potential, for if V is constant in the conductor then E is zero evéry- 
where in the conductor (E, = —dV/dl). 

Figure 29-18a is a plot of potential against radial distance for an isolated 
spherical condueting shell of 1.0-meter radius carrying a positive charge of 
1.0 X 107* coul. For points outside the shell V(r) can be calculated from 
Eq. 29-8 because the charge q behaves, for such points, as if it were concen- 
trated at the center of the sphere. Equation 29-8 is correct right up to the 
surface of the shell. Now let us push the test charge through the surface, 
assuming that there is a small hole, and into the interior. No extra work is 
needed because no electrical forces act on the test charge once it is inside the 
shell. Thus the potential everywhere inside is the same as that on the sur- 
face, as Fig. 29-18a shows. 

Figure 29—18 shows the electric field strength for this same sphere. Note 
that Ё equals zero inside. The lower of these curves can be derived from the 
upper by differentiation with respect to r, using Eq. 29-16; the upper can be 
derived from the lower by integration with respect to т, using Eq. 29-6. . 

Figure 29-18 holds without change if the conductor is а solid sphere rather 
than a spherical shell as we have assumed. It is constructive to compare 
Fig. 29-18b (conducting shell or sphere) with Fig. 28-9, which holds for a 
nonconducting sphere. The student should try to understand the difference 
between these two figures, bearing in mind that in the first the charge lies on 
the surface whereas in the second it was assumed to have been spread uni- 
formly throughout the volume of the sphere. 

Finally we note that, as a general rule, the charge density tends to be high 
on isolated conducting surfaces whose radii of curvature are small, and con- 
versely. For example, the charge density tends to be relatively high on 
sharp points and relatively low on plane regions on a conducting surface. 
The electric field strength E at points immediately above a charged surface 
is proportional to the charge density c во that E may also reach very high 
values near sharp points. Glow discharges from sharp points during thunder- : 
storms are a familiar example. The lightning rod acts in this way to —— — 
neutralize charged clouds and thus prevent lightning strokes. à 

We can examine the qualitative relationship between ¢ and the curvature of the 
surface in a particular case by considering two spheres of different radii connected 
by a very long fine wire; see Fig. 29-19. Suppose that this entire assembly is raised 
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Fig. 29-19 Two spheres connected by a long fine wire. 


to some arbitrary potential V. The (equal) potentials of the two spheres are, from _ 
Eq. 29-8,* 


Ducum ДЕГ Y 
4те К. Areo R: 
which yields Sm, (20-18) 
q R 


E 


where qı is the charge on the sphere of radius Ё and qs is the charge on the sphere of 
radius Rz. 
"The surface charge densities for each sphere are given by 


A 


9 DET. el 
ET АтВ\? an A 4тЁ;? 
Кк > «m R? 2 
решш gives RS 
Combining with Eq. 29-18 yields 
а. Rs 
с Ri 


which is consistent with our qualitative statement above. Note that the larger sphere 
has the larger total charge but the smaller charge density. 


The fact that о, and thus E, can become very large near sharp points is 
important in the design of high-voltage equipment. Corona discharge can 
result from such points if the conducting, object is raised to high potential and 
surrounded by air. Normally air is thought of as a nonconductor. However, 
it contains a small number of ions produced, for example, by the cosmic rays. 
A positively charged conductor will attract negative ions from the surround- 
ing air and thus will slowly neutralize itself. і 


* Equation 29-8 holds only for an isolated point charge or spherically symmetric charge 
distribution. The spheres must be assumed to be so far apart that the charge on either 
_ fone has a negtigible-effect on the distribution of charge on the other. 


Nm. К, Сут чел. OR 
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If the charged conductor has sharp points, the value of E in the air near the 
points сап be very high. If the value is high enough, the ions, as they are 
drawn toward the coriductor, will receive such large accelerations that, by 
collision with air molecules, they will produce vast additional numbers of 
ions. The air is thus made much more conducting, and the discharge of the 
conductor by this corona discharge may be very rapid indeed. The air 
surrounding sharp conducting points may even glow visibly because of light 
emitted from the air molecules during these collisions, 


29-9 The Electrostatic Generator 


The electrostatic generator was conceived by Lord Kelvin in 1890 and put 


into useful practice in essentially its modern form by К. J. Van de Graaff ir, 


1931. It is a device for producing electric potential differences of the order qf 


several millions of volts, Its chief application in phywtes is the use of this 
potential difference to accelerate charged particles to high érergies." Beams 
of energetic particles made in this way can be used in many different “atom- 
smashing” experiments, The technique is to fet а charged particle “fall” 
through a potential difference V, gaining energy as it does so; 

Let a particle of (positive) charge q move in *v vacuum under the influence 
of an electric field fram one position A {о another position В whose electric 
potential is lower by V. The electrie potential energy of the system is re- 
duced by qV because this is the work that an external agent would have to do 
fò restore the system to its original condition. This decrease in potential 
energy appears as kinetic energy of the particle, or 

f К = qV. х (29-19) 
К is in joules if q is in coulombs and V in volts. If the particle із an elec- 
tron or a proton, q will be the quantum of charge e. 

If we adopt the quantum of charge е as a unit in place of the coulomb, we 
arrive at another unit for energy, the electron volt, which is used 
in atomic and nuclear physics. By substituting into Eq. 29-19, TUM: 


1 electron volt = (1 quantum of charge)(1 volt) _ 
= (1.60 X 107? coul)(1.00 volt) 
= 1.60 X 107™ joule. 


The electron volt сап be used interchangeably with any other energy unit. 
Thus a 10-gm object moving at 1000 cm/sec can be said to have a kinetic 


energy of 3.1 Х.10! ev. Most physicists would prefer to express this result — 


as 0.50 joule, the electron volt being inconveniently small. In atomic and 
nuclear problems, however, the electron volt (ev) and its multiples the Mev. 


(= 10° ev), the Bev (= 10° ev) and ће Gev (=: HO Ө Ad usualunits | i 


of choice. 


T 
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> Example 12. The electrostatic generator. Figure 29—20, which illustrates the 
basic operating principle of the electrostatie generator, shows a small sphere of radius 
r placed inside a large spherical shell of radius R. The two spheres carry charges q 
and Q, respectively. Calculate their potential difference. 

The potential of the large sphere is caused in part by its own charge and in part 
because it lies in the field set up by the charge q on the small sphere. From Eq. 29-8, 


ESO 2) 
aru tn 
The potential of the small sphere is caused in part by its own charge and in part 
, because it is inside the large sphere; see Fig. 29-18a. From Eq. 29-8, 
LUE cf 2) 
Ps P - 4те ( at R 
The potential difference is £ 
ENS E (> эш z) i 
3 RT wor R 
Thus, assuming q is positive, the inner sphere will always be higher in potential than 
the outer sphere. If the spheres are connected by a fine wire, the charge q will flow 
entirely to the outer sphere, regardless of the charge Q that may already be present. 


Silk thread 


Fig. 29-20 Example 12. A small 
eharged sphere of radius r is suspended 
inside a charged spherical shell whose 
outer surface has radius-R. 


Insulator 
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2-50 hp 1,800 
rpm motors 


Fig. 29-21 Ар electrostatic generator at MIT capable of producing 9-Mev protons, The | i 
proton beam is accelerated vertically downward, being deflected into a horizontal plane 
by the analyzing magnet shown at the bottom. (Courtesy of J. G. Trump.) А 
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From another point of view, we note that since the spheres when electrically con- - 
nected form a single conductor at electrostatic equilibrium there can be only a single _ 
potential. This means that V, — Ук = 0, which сап occur only if о = 0. 

In actual electrostatic generators charge is carried into the shell on rapidly moving? 
belts made of insulating material. Charge is "sprayed" onto the belts outside the 
shell by corona discharge from a series of sharp metallic points connected to a source - 

‚ of moderately high potential difference. Charge is removed from the belts.inside the 
shell by a similar series of points connected to the shell. Electrostatic generators can 
be built commercially to accelerate protons to energies up to 10 Mev, using a single _ 
acceleration. Figure 20-21 shows a schematic diagram of an electrostatic generator 
at MIT that can produce 9-Mev protons. 

Generators can be built in which the accelerated particles are subject to successive 
accelerations. An electrostatic generator at the University of Pittsburgh subjects _ 
particles to three successive accelerations. 


QUESTIONS 


1. Are we free to call the potential of the earth +100 volts instead of ‘zero? Whar effect 
would such an assumption have on measured values of (a) potentials and (b) potential " 
differences? | 
. 2. What would happen to а person оп an insulated stand if his potential was increased 
by 10,000 volts? 

3. Do electrons tend to go to regions of high potential or of low potential? 

4. Suppose that the earth has a net charge that is not zero. Is it still possible to adopt 
the earth as a standard reference point of potential and to assign the potential V = 0 to it? - 

5. Does the potential of a positively charged insulated conductor have to be positive? . 
Give an example to prove your point. 

6. Can two different equipotential surfaces intersect? 

7. Tf E equals zero at a given point, must V equal zero for that point? Give some ex- 
amples to prove your answer. Е 

8. Н you know E at а given point, can you calculate V at that point? If not, what - 

- further information do you need? 

9. If V equals a constant throughout a given region of space, what can you say about _ 
Ein that region? . j > 

10. In Section 16-6 we saw that the gravitational field strength is zero inside a spherical | 
shell of matter. The electrical field strength is zero not only inside an isolated charged 
spherical conductor but inside an isolated conductor of any shape. Is the gravitational 
field strength inside, say, a eubical shell of matter zero? If not, in what respect is the 
analogy not complete? T 

11. How can you insure that the electric potential in а given region of space will have 
aconstant value? . — — i у 

12. An isolated conducting spherical shell carries a negative charge. What will happen | 

. if a positively charged metal object is placed in contact with thé shell interior? Assume — 
that the positive charge is (a) less than, (b) equal to, and (c) greater than the negative — 
charge in magnitude.  - $ Я 

13. Ап uncharged metal sphere suspended by а silk thread is placed in а uniform ex- 
ternal electric field E. What is the magnitude of the electric field for points inside the 
sphere? Is your answer changed if the sphere carries a charge? 

14. A charge is placed on an insulated conductor in the form of a perfect cube. What 
will be the relative charge density at various points on the cube (surfaces, edges, corners); 
what will happen to the charge if the cube is in air? | 
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PROBLEMS 


1. An infinite charged sheet has a surface charge density е of 1.0 X 107? coul/meter*. 
How far apart are the equipotential surfaces whose potentials differ by 5.0 volta? 

2. A charge q is distributed uniformly throughout a noneonducting spherical volume of 
radius AK. (a) Show that the potential a distance а Irom the center, where a < K, 18 
given by 

y q(3R* — а?) 
“wer? 
(b) In it reasonable that, according to this expression, V is not zero at the center of the 
sphere? 

3. A charge of 107* coul can be produced by simple rubbing. To what potential would 
such a charge raise an insulated conducting sphere of 10-cm radius? 

4. Consider a point charge with ¢ = 1.5 X 107—®#сош. (a) What is the radius of an 
equipotential surface having a potential of 30 volte? (6) Are surfaces whose potentials 
differ by 4 constant amount (say 1.0 volt) evenly spaced in radius? 

5. In Fig. 29-22, locate the points (а) where У = 0 and (b) where Е = 0. Consider 
only points on the axis and choosed = 1,0 meter. 


| веран 


+9 А 


Fig. 29-22 


6. In Fig. 29-22 (see Problem 5) sketch qualitatively (a) the lines of foree and (b) the 
intersections of the equipotential surfaces with the plane of the figure. (Hint: Consider 
the behavior close to each point charge and nt considerable distances from the pair of © 
charges.) 

7. In Fig. 29-23 derive an expression for V4 — Vp. DON ONE ту O НЕ: 
expected answer when d = 0? Wheng = 0? 

‘ 


—A‏ — — وىه دة 
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(a)‏ 
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(b) e‏ 30- 9+ 
Fig. 29—23 г Fig. 29-24 ANA‏ 


8. A point charge has q = --1.0 X 10-5 coul. Consider point 4 which i is 20 meters | 
distant and point B which is 1.0 meter distant in a direction diametrically opposite, a asin 
Fig. 29-24a. (a) What is the potential: difference V4 — Ув? © Paperi рели. A and В 
are located asin Fig.29-24b. ` 

9. Calculate the dipole moment of а water molecule under the ДОЛЛ that io 5 
electrons in the molecule circulate symmetrically about the oxygen atom, that the OH 
distance is 0.96 X 1078 em, and that the angle between the two он! bonds is 104°, Сот- 
раге with the value quoted on p. 719; see Fig. 29-11. ў e 
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I0. For the charge configuration of Fig. 29-25, show that V(r) for points on the vertical 
axis, assuming r > a, is given by 


Is this an expected result? (Hint: The charge configuration can be viewed as the sum of 
an isolated charge and a dipole.) 


-4 
` Fig. 29—25 


. 11. In a typical lightning flash the potential difference between discharge points is 
- about 10° volts and the quantity of charge transferred is about 30 coul. How much ice 
would it melt at 0°C if all the energy released could be used for this purpose? 

12. Calculate (а) the electric potential established by the nucleus of a hydrogen atom 
at the mean: distance of the circulating electron (r = 5.3 X 107 meter), (b) the electric 
potential energy of the atom when the electron is at this radius, and (c) the kinetic energy 
of the electron, assuming it to be moving in a circular orbit of this radius centered on the 
nucleus. (d) How much energy is required to ionize the hydrogen atom? ° Express all 
energles in electron volts. 

13. What is the electric potential energy of the charge configuration of Fig. Au Use 
the numerical values of Example 5. 

14. (a) A spherical drop of water carrying a charge of 3 X 107 coul has а potential of 
500 volts at its surface. What is the radius of -the drop? (b) Jf two such drops, of the 
same charge and radius, combine to form a single spherical drop, what is the potential at 
the surface of the new drop so formed? 

15. If the earth had a net charge equivalent to 1 electron/meter? of surface area, (а) 
what would the earth's potentia be? (b) What would the electric field due to the earth 
be just outside its surface? 

16. Figure 29-26 shows an idealized representation of а U?* nucleus (Z = 92) on the 
verge of fission. Calculate (a) the repulsive force acting on each fragment and (b) the 
mutual electric potential energy of the two fragments. Assume that the fragments are 


Fig. 29—26 
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equal in size and charge, spherical, and just touching. The radius of the initially spherical 
U% nucleus is 8.0 X 10715 meter. Меште that the material out of which nuclei are 
made has a constant density. 3 n 

17. In the Millikan oil drop iment (see Fig. 27-24) an electric field of 1.92 x 10* 
nt/coul is maintained at Mea am two plates separated by 1.50cm. Find the 
potential difference betweym the plates. 

18. (a) Show that the electric potential at a point on the axis of a ring of charge of 
radius а, computed directly from Eq. 29-10, is given by 


(b) From. chis result derive an expression for E at axial points; compare with the direct 
calculation of E in Example 5, Chapter 27. 


19. In Example 6 the potential at an axial point for a charged disk was shown to be 
Y y. (Ма + - 9. » 


From this result show that E for axial points is given by 


E= = 


osa) 


Does this expression for E reduce to an expected result for (a) r > a and (b)forr = 0 

20. (a) Starting from Eq. 29-11, find the magnitude E, of the radial component: the 
electric field due to a dipole. (b) For what values of 0 is E, zero? ‚ x 

21. Can a conducting sphere 10 em in radius hold a charge of 4 X 10— coul ip air 
without breakdown? The dielectric strength (minimum field required to produce bj eak- 
down) of air at 1 atm is 3 X 10° volts/meter. 

22. A Geiger counter has a metal cylinder 2.0.em in diameter nlong whose axis is 
stretched a wire 0.005 in. in diameter. If 850 volts are applied between them, what is the 
electric field strength at the surface of (a) the wire and (b) the cylinder? 

23. Two metal spheres are 3.0 ст in radius and carry charges of +1.0 X 10-5 coul and 
—3.0 X 10~* соці, respectively, assumed to be uniformly distributed. If their centers 
are 2.0 meters apart, calculate (а) the potential of the point halfway between their centers 
and (5) the potential of each sphere. А , 

24. In Fig, 29-19 let Ri = 1.0 cm and №; = 2.0 cm. Before the spheres are connected 
by the fine wire, a charge of 2.0 X 107 coul is placed on the smaller sphere, the larger 
sphere being uncharged. Calculate (a) the charge, (b) the charge density, and (c) the 
potential for eath sphere after they are connected. 

25. The metal object in Fig. 29-27 is a figure of revolution about the horizontal axis. 
If it is charged negatively, sketch roughly a few equipotentials and lines of force. Use 
physical reasoning rather than mathematical analysis. f ў 


Fig. 29-27 
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26. Devise an arrangement of three point charges, separated by finite distances, that 
has zero electrie potential energy. 

27. Derive an expression for the work required to put the four charges together as 
indicated in Fig. 29-28. 


+9 = —4 
a a УП 

79 2 +9 
Fig. 29—28 4 
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28. A gold nucleus contains a positive charge equal to that of 79 protons. An a-particle 3 

(Z = 2) has a kinetic energy К at points far from this charge and is traveling directly | 

toward the charge. The particle just touches the surface of the charge (assumed spherical) 3 

and is reversed in direction. Calculate К, assuming a nuclear radius of 5.0 x 10-15 _ 

meter. The actual a-particle energy used in the experiments of Rutherford and his col _ 

laborators was 5.0 Mev. What do you conclude? P 
29. What is the potential gradient, in volts/meter, at a distance of 1071 meter from 

the center of the gold nucleus? What is the gradient at the nuclear surface? | 


30. For the spheres of Fig. 29-19, what is the ratio of electric field strengths at the sur- 
face? 

31. (a) Through what potential difference must an electron fall, according to Newtonian 
mechanics, to acquire a speed v equal to the speed c of light? (b) Newtonian mechanics 
fails asv — c. Therefore, using the correct relativistic expression for the kinetic energy 


К [ 1 ae :] 


in place of the Newtonian expression K = 2°, determine the actual electron speed ac- 
quired in falling through the potential difference computed in (a). Express this speed 
as an appropriate fraction of the speed of light. i 

32. Two insulated concentric conducting spheres of radii R, and Ж» carry charges 91 
and ge, respectively. Derive expressions for E(r) and V(r), where т is the distance from 
the center of the spheres. Plot E(r) and V(r) from т = 0 tor = 4.0 meters for № = 0.50 
meter, R: = 1.0 meter, qı = +2.0 X 107 coul, and ф = +1.0 X 107° coul. Compare 
with Fig. 29-18. 

33. Let the potential difference between the shell of an electrostatic generator and the 
point at whieh charges are sprayed onto the moving belt be 3.0 X 109 volts. If the belt 
transfers charge to the shell at the rate of 3.0 X 10~* coul/sec, what power must be pro- 
vided to drive the belt, considering only electrical forces? 

34. (a) How much charge is required to raise an isolated metallic sphere of 1.0-meter 
radius to a potential of 1.0 10° volts? Repeat for a sphere of 1.0-cm radius. (b) Why 
use a large sphere in an electrostatic generator since the same potential can be achieved 
for a smaller charge with a small sphere? 

35. An alpha particle is accelerated through a potential difference’ of one million volts 
in an electrostatic generator. (а) What kinetic energy does it acquire? (b) What kinetic 
energy would a proton acquire under these same circumstances? (c) Which particle would — 
acquire the greater speed, starting from rest? Ў s 1 
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CHAPTER 30 


30-1 Capacitance 


In Section 29-3 we showed that the potential of а charged conducting 
sphere, assumed to be completely isolated with no other bodies (conducting 
or nonconducting) nearby, is given by 

PEE eer СО (80-0) 
4те R 
in which q is the charge on the sphere and Д is the sphere radius. The sub- 
script on V indicates that we assume the charge to be positive. We represent 
this potential in Fig. 30-1 by the line marked V,’. The line marked Va 
in that figure represents the potential of an infinitely. distant reference posi- 
tion; it has been assigned the value zero, following the usual convention. 


Vy 
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Fig. 30-1 The potential difference between two conductors that carry constant, equal, 
and opposite charges is reduced as the conductors are brought closer together. 
741 
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Let us now imagine a second sphere of radius R, carrying a negative charge 
—q and located a large distance (>R) from the first sphere so that each may 
still be considered to be electrically isolated. The potential of the second 
sphere is given by 

1 q 


Spe eee А 30-2 
- 4х%Ё К ) 


and this quantity also is represented in Fig. 30-1. 
The potential difference V’ between the two spheres is 
1 24 
dre R 


This shows that V', the potential difference, and g, the magnitude of the 
charge on either sphere, are proportional to each other. We may rewrite {һе 
equation as 


y'z yj E 


E 


q = (2reR)V' = C'y', (30-3) 


in which the proportionality constant in parentheses is called the capacitance 
of the two spheres and assigned the symbol С”. 

‚ Let us move the two spheres close together. The presence of each will now 
spoil the spherical symmetry of the lines of force emanating from the other. 
Lines from a given sphere, which, for large sphere separations, radiated uni- 
formly in all directions to infinity, now terminate, in part, on the other 
sphere. Under these conditions Eqs. 30-1 and 30-2 no longer apply, since 
they were derived (see Section 29-3) on the assumption that spherical 
symmetry existed, permitting the useful application of Gauss’s law. 

A positive charge brought near to an isolated object serves to raise the 
potential of that object and a negative charge serves to lower it, as the 
student can see by considering the work required to move a positive test 
charge from infinity to points near such charges. Thus the potential of the 
positively charged sphere will be lowered by the presence nearby of the nega- 
tively charged sphere, from V4’ to some lower value V,. Similarly the 
potential of the negative sphere will be raised from V_’ to a higher value V_. 
These new potentials are shown in Fig. 30-1, the potential changes for each 
sphere being suggested by the vertical arrows. A 

From Fig. 30-1, although the charges on the spheres have not changed, it is 
clear that the potential difference between the spheres has been considerably 


reduced. Put another way, the capacitance of the system of two spheres (see 
Eq. 30-3), defined from 3 


, 730-4) 


has been made considerably larger than its initial-value 0” by bringing the 
. spheres closer together. 

It is also possible to use Eq. 30-4 to define the capacitance of a single iso- 
lated conductor such as а sphere. In such. cases опе may imagine that the 
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second "'plate," carrying an equal and opposite charge, is a conducting sphere 
of very large—essentially infinite—radius centered about the conductor. 
The potential of this infinitely distant sphere, according to the usual conven- 
tion for potential measurements, is zero. The capacitance of an isolated 
sphere of radius А is given from Eqs. 30-4 and 30-1 as 


C= $ dre. 


The mks unit of capacitance that follows from Eq. 30-4 is the coul/volt. 
A special unit, the farad, is used to represent it. It is named in honor of 
Michael Faraday who, among other contributions, developed the concept of 
capacitance. Thus 

1 farad = 1 coul/volt. 


The submultiples of the farad, the microfarad (1 uf = 107° farad) and the 
micromicrofarad (1 ppf = 10~" farad), are more convenient units in practice. 

An analogy can be made between a capacitor carrying a charge q and a rigid con- 
tainer of volume U containing u moles of an ideal gas. 2 

The gas pressure p is directly proportional to д for a fixed temperature, according 
to the ideal gas law (Eq. 23-2) 

= (zr) 
и ЕТ р. 


q = (OV. 
Comparison shows that the capacitance C of the capacitor, assuming & fixed tem- 
perature, is analogous to the volume U of the container. 

Note that any amount of charge can be put on the capacitor, and any mass of gas 
сап be put in the container, up to certain limits. These correspond to electrical 
breakdown (“arcing over") for the capacitor and to rupture of the walls for the con- 
tainer. ; 1 

Figure 30-2 shows a more general case of two nearby conductors, which are 
now permitted to be of any shape, carrying equal and opposite charges. Such 
an arrangement is called a capacitor, the conductors being called plates. The 
equal and opposite charges might be established by connecting the plates 
momentarily to opposite poles of a battery. The capacitance C of any 
capacitor is defined from Eq. 304 in which we remind the student that Vis 

` the potential difference between the plates and q is the magnitude of the charge 
on either plate; q must not be taken as the net charge of the capacitor, which is 
zero. The capatitance of a capacitor depends on the geometry of each plate, 
their spatial relationship to each other, and the medium in which the plates 
areimmersed. For the present, we take this medium to be a vacuum. 

Capacitors are very useful devices, of great interest to physicists and 
engineers. For example: 

1. In this book we stress the importance of fields to the understanding of 
natural phenomena. A capacitor can be used to establish desired electric 


field configurations for various purposes. In Section 27-5 we described the 
deflection of an electron beam in a uniform field set up by a capacitor, al- 


For the capacitor (Eq. 30-4) 
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“Fig. 30-2 Two insulated conductors carrying equal and opposite charges form a capacitor. 


though we did not use this term in that section. In later sections we discuss 
the behavior of dielectric materials when placed in an electric field (provided 
conveniently by a capacitor) and we shall see how the laws of electromagne- 
tism сап be generalized to take the presence of dielectric bodies more readily 
into account. З 

2. A second important concept stressed in this book is energy. By ana- 
lyzing à charged capacitor we show that electric energy may be considered to 
be stored in the electrie field between the plates and indeed in any electric 
field, however generated. Because capacitors can confine strong electric 
- fields to small volumes, they can serve as useful devices for storing energy. 
In many electron synchrotrons, which are cyclotron-like devices for accele- 
rating electrons, energy accumulated and stored in a large bank of capacitors 
over a relatively long period of time is made available intermittently to 
accelerate the electrons by discharging the capacitor in a much shorter time. 
Many reseatehes and devices in plasma physies also make use of bursts of 
energy stored in this way. 

3. The electronic age could not exist without capacitors. "They are used, in 
conjunction with other devices, to reduce voltage fluctuations in electronic 
power supplies, to transmit pulsed signals, to generate or detect electro- 
magnetic oscillations at radio frequencies, and to provide time delays. In 
most of these applications the potential difference between. the plates will not 
be constant, as we assume in this chapter, but will vary with time, often in a 
sinusoidal or a pulsed fashion. In later chapters we consider some aspects 
of the capacitor used as a circuit element, 


I 
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30-2 Calculating Capacitance 


Figure 30-3 shows a parallel-plate capacitor formed of two parallel con- 
ducting plates of area A separated by a distance d. If we connect each plate 
to the terminal of a battery, a charge +g will appear on one plate and a 
charge —q on the other. If d is small compared with the plate dimensions, 
the electrie field strength E between the plates will be uniform, which means 
that the lines of force will be parallel and evenly spaced. The laws of electro- 
magnetism (see Problem 20, Chapter 35) require that there be some "fring 
ing" of the lines at the edges of the plates, but for small enough d it can be 
neglected for our present purpose. 

We can calculate the capacitance of this device using Gauss's law. Figure 
30-3 shows (dashed lines) a Gaussian surface of height h closed by plane caps 
of area A that are the shape and size of the capacitor plates. The flux of E is 
zero for the part of the Gaussian surface that lies inside the top capacitor 
plate because the electric field inside a conductor carrying a static charge is 
zero. The flux of E through the wall of the Gaussian surface is zero because, 
to the extent that the fringing of the lines of force can be neglected, E lies in 
the wall. 

This leaves only the face of the Gaussian surface that lies between the 
plates. Here Е is constant and the flux Фк issimply ZA’ Gauss’s law gives 


[2:522] E «БА =q. : (30-5) 


'The work required to carry a test charge qo {тош one plate to the, other can 
be expressed either as qoV (see Eq. 29-1) or as the product of a force qo 
times a distance d or goEd. These expressions must be equal, or 


-V = Ed. (30-6) 


More formally, Eq. 30-6 is a special case of the general relation (Eq: 29-5; 
see also Example 1; Chapter 29) 


- - fea 


where V is the difference in potential between the plates. The integral may 


Gaussian 


area A. The dashed line represents a 


Fig. 30-3 A purallel- itor with plates of 
З idee Е d bottom сарв are the same shape and 


Gaussian surface 'vhose height is h and whose top an 
Size as the capacitor plates. 
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be taken over any path that starts on Опе plate and ends on the other because. 
each plate is ап equipotential surface and the eléctrostatie force is path 
independent. Although the simplest path between the plates is a perpen. 
dicular straight line, Eq. 30-6 follows no matter what path of integration. 
we choose. 

If we substitute Eqs. 30-5 and 30-6 into the relation C = q/V, we obtain 


тенин. (80-7) 


Equation 30-7 holds only for capacitors of the parallel-plate type; different 
formulas hold for capacitors of different geometry. 

In Section 26-4 we stated that € Which we first met in connection with 
Coulomb's law, was not measured in terms of that law because of experi- 
mental difficulties. Equation 30-7 suggests that e, might be measured by 
building à capacitor of accurately -known plate area and plate spacing and 
determining its capacitance experimentally by measuring q and V in the 
relation C = g/V. Thus Eq. 30-7 can be solved for єр and a numerical value 
found in terms of the measured quantities A, d, and С; ey has been measured - 
accurately in this way. . 


> Example 1. The parallel plates of an air-filled capacitor are everywhere 1.0 mm 
apart. What must the plate area be if the capacitance is to be 1.0 farad? 
From Eq. 30-7 : 


dC (10 X 10-5 meter)(1.0 farad) 
€o „8-9 X 10^? coul?/nt-m? 


This is the area of a square sheet more than 6 miles on edge; the farad is indeed a large 2 
unit. 


Example 2. A: cylindrical capacitor. А cylindrical capacitor consists of two _ 
coaxial cylinders (Fig. 30-4) of radius а and b and length I. What is the capacitance 
of this device? Assume that the capacitor is very long (that is, that >> b) so that 
fringing of the lines of force at the ends can be ignored for the purpose of calculating 
the capacitance. x 


А = = 1.1 X 108 meter?, 


Fig.30-4 Example 2. А cross section 
of a cylindrical capacitor. The dashed 
cirdle is a cross section of a cylindrical 
Gaussian surface of radius r and length l. 


куу у т 


о сме  ЭӨОЭЮ Ю3БЮһз3 ° 
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Аз а Gaussian surface construct a coaxial cylinder of radius r and length |, closed 
by plane caps. Gauss’s law 
«фЕ.а8 =q 
gives €E(2z7)(0) =q, 
the flux being entirely through the cylindrical surface and not through the end caps. 
Solving for E yields 
Rian EA 
2reorl | 
The potential difference between the plates is given by Eq. 29-5 [note that E anc 
dl (— dr) point in opposite directions] or 
b n 
= c EIS B be d ый шы AT 
or ЈЕ а =f Eà Dred ғ rel a 
Finally, the capacitance is given by 
22.2 — 
V  In(b/a) 
Like the relation for the parallel-plate capacitor (Eq. 30-7), this relation also depend: 
only on geometrical factors. 


Example 3. Capacitors in parallel. Figure 30-5 shows three capacitors connected 
in parallel. What single capacitance C is equivalent to this combination? “Equiva- , 
lent" means that if the parallel combination and the single capacitance were each 
іп а box with wires a and 5 connected to terminals, it would not be possible to dis- 
tinguish the two by electrical measurements external to the box. 


* 


Fig. 30-5 Example 3. Three Я y 


capacitors in parallel. j 7 С, Ca «| € 
b - 2 


The potential difference across each capacitor in Fig. 30-5 will be the same. This 
follows because all of the upper plates are connected together and to terminal а, 
Whereas all of the lower plates are connected together апа {о termihal b. Applying 
the relation g = CV to each capacitor yields 


= CV; qr = CoV; and = CV. 
The total charge q on the combination is ` з 
q= d + Ф + 9 
= (+ Oa + OY. 


The equivalent capacitance C is 
C-$-60t6. 


result can.easily be extended to any number of parallel-connected гаш 
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Example 4. Capacitors in series. Figure 30-6 shows three capacitors connected in 
series. What single capacitance C is “equivalent” (see Example 3) to this combina- 
tion? 

For capacitors connected as shown, the magnitude т of the charge on each plate 
must be the same. This is true because the net charge on the part of the circuit en- 
closed by the dashed line in Fig. 30-6 must be zero; that is, the charge present on 
these plates initially is zero and connecting a battery between a and b will only 
produce a charge separation, the net charge on these plates still being zero. Assu ming 
that neither C; nor C? "sparks over,”-there is no way for charge to enter or leave the 
region enclosed by the dashed line. 


Fig. 30-6 Example 4. Three capacitors in 
series. 1 


Applying the relation g = CV to each capacitor yields 
Yi = g/Cy Ve = 0/05; апа Vs = 4/03. 
The potential difference for the series combination is 


V = Vic У + Уз 


1 1 1 
"(stata 
The equivalent capacitance 
; Cate 3 ; 
VAL SACS ИМЕП 
атата 
1 1 1 1 
ог 


СОЕ 
Тһе equivalent series capacitance is always less than the smallest capacitance in the 
chain. І Р 


30-3 Parallel-Plate Capacitor with Dielectric 


Equation 30-7 holds only for a parallel-plate capacitor with its plates in a 
vacuum. Michael Faraday, in 1837, first investigated the effect ot filling the 
space between the plates with a dielectric, say mica or oil. In Faraday’s 
words: 


The question may be stated thus: suppose A an electrified plate of metal sus- 
pended in air, and B and C two exactly similar plates, placed parallel to and on 
each side of A at equal distances and insulated; A will then induce equally toward 
B and C [that is, equal charges will appear on these plates], If in this position of 
the plates some other dielectric than air, as shell-lac, be introduced between A and 
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(6) С 


Fig. 30-7 (a) Battery B supplies the same potential difference to each capacitor; the one 
on the right has the higher charge. (b) Both capacitors carry the same charge; the one on. 
the right has the lower potential difference, as indicated by the meter readings. 


C, will the induction between them remain the same? Will the relation of C and В 
to A be unaltered, notwithstanding the difference of the dielectrics interposed 


between them? 


Faraday answered this question by constructing two identical eapacitors, 
in one of which he placed a dielectric, the other containing air at normal 
pressure. When both capacitors were charged to the same potential difference, 
Faraday found by experiment that the charge on the one containing the dielectric 
was greater than that on the other; see Fig. 30-7а. 


Faraday measured the relative charges on the plates of the two capacitors by | 
touching а metal ball (fitted with an insulating handle) to the plates, thus sampling ` 
the charge quantitatively. He then put this ball in a Coulomb torsion balance and 
measured the force of Coulomb repulsion on a secor. ! (standard) charged ball mounted 


on the balance arm. 


Since q is larger, for the same V, if a dielectric is present, it follows from the 
relation С = q/V that the capacitance of a capacitor increases if a dielectric is 
placed between the plates. The ratio of the capacitance with the dielectric * to 
that without is called the dielectric constant x of the material; see Table 30-1. 

Instead of maintaining the two capacitors at the same potential difference, 
we can place the same charge on them, as in Fig. 30-75. Experiment then 
shows that the potential difference Vz between the plates of the right-hand 
capacitor is smaller than that for the left-hand capacitor by the factor 1/к, or 


Va == Vo/k. 


We are led once again to conclude, from the relation С = g/V, that the effect 
of the dielectric is to increase the capacitance by a factor x. 


* Assumed to fill completely the space between the plates. 
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Table 30-1 

Properties оғ SOME DIELECTRICS 

Dielectric 

Dielectric Strength * 

Material Constant — (kv/mm) 
Vacuum 1.00000 _ © 
S Air : 1.00054 0.8 
Water : 78 5 
Рарег 3.5 14 
Ruby mica 5.4 160 
Amber 24 90 
Porcelain 6.5 4 
Fused quartz 3.8 8 
Pyrex glass 4.5 18 
Bakelite 48 12 
Polyethylene 23 50 
Polystyrene 2.6 25 
Teflon 2.1 60 
Neoprene 6.9 12 
Pyranol oil 4.5 12 
Titanium dioxide 100 6 


* This is the maximum potential gradient that may exist in the dielectric without. 
the occurrence of electrical breakdown. Dielectrics are often placed between con- 
ducting plates to permit a higher potential difference to be applied between them — 

_than would be possible with air as the dielectric. 


ў 


For a parallel-plate capacitor we ean write, as an experimental result, 
KegA 
d 


Equation 30-7 is a special case of this relation found by putting « = 1, cor- Ў 
responding to а vacuum between the plates. Experiment shows that the 4 
capacitance of all types of capacitor is increased by the factor к if the space — 
between the plates is filled with a dielectric. Thus the capacitance of any _ 
capacitor can be written as 4 


C= (30-8) 3 


Cen lie = 


where L depends on the geometry and has the dimensions of a length. Fora 3 
parallel-plate capacitor (see Eq. 30-7) L is A/d; for a cylindrical capacitor ^ 
(see Example 2) it is 2arl/In (b/a). 


30-4 Dielectrics—An Atomic View 


We now seek to understand, in atomie terms, what happens when a di- 1 
electric is placed in an electric field. There are two possibilities. The mole- 4 
cules of some dielectrics, like water, have permanent electric dipole moments. — 
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In such materials (сеа polar) the electric dipole moments р tend to align 
themselves with an external electric field, as in Fig. 30-8; see also Section 
27-6. Because the molequles are in constant thermal agitation, the degree of 
alignment will not be ge:nplete but will increase as the applied electric field is 
increased or as the teynperaturé is decreased. 

Whether or not the molecules have permanent electric dipole moments, 
they acquire them by induction when placed in an electric field. In Section 
29-5 we saw that the external electric field tends to Separate the negative and 
the positive charge in the atom or molecule. This induced electric dipole 
moment is present only when the electric field is present. It is proportional 
to the electric field (for normal field strengths) and is created already lined up 
with the electric field as Fig. 29-12 Suggests. ^ 

Let us use a parallel-plate capacitor, carrying a fixed charge q and not 
connected to,a battery (see Fig. 30-76), to provide a uniform external electric 
field Ey into which we place a dielectric slab. The over-all effect of alignment 
and induction is to separate the center of positive charge of the entire slab 
slightly from the center of negative charge. The slab, as a whole, although 
remaining clectrically neutral, becomes polarized, as Fig. 30-9b suggests. 
The net effect is a pile-up of positive charge on the right face of the slab and of 
negative charge on the left face ; within the slab no excess charge appears in 
any given volume element. Since the slab as a whole remains neutral, the 
Positive induced surface charge must be equal in magnitude to the negative 
induced surface charge. Note that in this process electrons in the dielectric 


2 | 


j 


SS) HEN 
() 02 еә: 


> 
242: : ds heir random 
Ма. 30-8 (a) Molecules with a permanent electric dipole moment, showing tj е А 
orientation in the absence of an external electric field. (b) An electric field ij ee 
Producing partial alignment of the dipoles. Thermal agitation prevents comple 
ment. a 
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(а) 


Fig. 30-9 (a) A dielectric slab, showing the random distribution of plus and minus 

charges. (b) An external field Eo, established by putting the slab between the plates of а 
parallel-plate eapacitor (not shown), separates the center of plus charge in the slab slightly 
from the center of minus charge, resulting in the appearance of surface charges. No nel 
charge exists in any volume element, located in the interior of the slab. (c) The surface 
charges set up a field E' which opposes the external field Ey associated with the charges on .— 
the capacitor plates. The resultant field E (= Eo + E’) in the dielectric is thus less than и 
En. 


} 


are displaced from their equilibrium positions by distances that are con- P 
siderably less than an atomie diameter. There is no transfer of charge over 
macroscopie distances such as occurs when a current is set up in а conductor. _ 
Figure 30-9c shows that the induced surface charges will always appear 
in such а way that the electric field set up by them (E^) opposes the external 
electric field Ey. The resultant field in the dielectric E is the vector sum of 
E, and E’. It points in the same direction as Eo but is smaller. . Л f a dielectric 
is placed in am electric field, induced surface charges appear which tend to { 
weaken the original field within the dielectric. : E 
This weakening of the electric field reveals itself in Fig. 30-7b as a reduc- 
tion in potential difference between the plates of a charged isolated capacitor 
when a dielectric is introduced between the plates. The relation V = Hd 
for a parallel-plate capacitor (see Eq. 30-6) holds whether or not dielectric is 
present and shows that the reduction in V described in Fig. 30-70 is directly 
connected to the reduction in E. described in Fig. 30-9. More specifically, if a 
dielectric slab is introduced into a charged parallel-plate capacitor, then 


Ec at o (30-9) 


where the symbols on the left refer to Fig. 30-9 and the symbols V, and Va 

refer to Fig. 30-75.* : 
Induced surface charge is the explanation of the most elementary fact. of 

static electricity, namely, that à eharged rod will attract uncharged bits of 
* Equation 30-9 does not hold if the battery remain’ connected while the dielectric 


slab is introduced. ‘In this case V (hence #) could not change. Instead, the charge g on 
the capacitor\plates would increase by a factor к, ав Fig. 30-7 suggests, 


Sec. 30-5 DIELECTRICS AND GAUSS'S LAW 753 


Fig. 30-10 А charged rod attracts an uncharged piece of paper because unbalanced 
forces act on the induced surface charges. 


paper, ete. Figure 30-10 shows a bit of paper in the field of a charged rod. 
Surface charges арреаг оп the paper as shown. The negatively charged end 
of the paper will be pulled toward the rod and the positively charged end will 
be repelled. These two forces do not have the same ‘magnitude because the 
negative end, being closer to the rod. is in a stronger field and experiences a 
stronger force. The net effect is an attraction. A dielectric body in a uni- 
form electric field will not experience a net force. 


30-5 Dielectrics and Gauss’s Law 


So far our use of Gauss’s law has been confined to situations in which no di- 
electric was present. Now let us apply this law to a parallel-plate capacitor 
filled with a dielectric of dielectric constant к. 

Figure 30-11 shows the capacitor both with and without the dielectric. It 
is assumed that the charge q on the plates is the same in each case. Gaussian 
surfaces have been drawn after the fashion of Fig. 30-3. 


A, ШШЩ 
AR In Pant RE A A 22 АЕ 


ДРАГИ 
А 


Gaussian surface I 
Eo 


A О 22ГА ГГ 
АА ы 


(0) 


Fig. 30-11 A parallel-plate capacitor (a) without and (b) with a dielectric. The charge q 


on the plates is assumed to be the same in each ense. : ‘ 


| Ў 
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If no dielectric is present (Fig. 30-11a), Gauss's law (see Eq. 30-5) gives 


фЕ-а8 = BoA =q 


or m cts (30-10) 
А 


If the dielectric is present (Fig. 30-115), Gauss's law gives 
| «фе-аз = «HA = 0 g 


Or - j Е = — – ——, (30-11) 


in which —q’, the induced surface charge, must be distinguished from q, the so- 
called free charge on the plates. These two charges, both of which lie within 
the Gaussian surface, are opposite in sign; g — q’ is the net charge within the 
Gaussian surface. 

Equation 30-9 shows that in Fig. 30-11 


Ep 
K 


Combining this with Eq. 89—10, we have 


E 


E 
с у бше | (30312) 
к кєА 
Inserting this in Eq. 30-11 yields 
(4 
REE ЕН (80-132) 
KeA . eA eA 
| i 
or ness (1 = 31 (30-13) 
K 


This shows correctly that the induced surface charge g' is always less in 

magnitude than the free charge q and is equal to zero if no dielectric is present, 

that.is, if к = 1. : 
Now we write Gauss's law for the case of Fig. 30-11b in the form 


co fE-ds = Л. (30-14) 


q — q' again being the net charge within the Gaussian surface., Substituting 
from Eq. 30-180 for q' leads, after some rearrangement, to 


efas = (30-15) 


NON 


a و‎ 
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This important relation, although derived for a parallel-plate capacitor, iè 
true generally ànd is the form in which Gauss's law is usually written when 
dielectrics are present. Note the following: 


1. The flux integral now contains a factor x. 

2. The charge q contained within the Gaussian surface is taken to be the 
free charge only. Induced surface charge is deliberately ignored on the right 
side of this equation, having been taken into account by the introduction of x 
on the left side. Equations 30-14 and 30-15 are completely equivalent for- 
mulations. Р 
> Example 5. Figure 30-12 shows a dielectric slab of thickness b and dielectric 
constant x placed between the plates of а parallel-plate capacitor of plate area А and 
separation d. A potential difference Vo is applied with no dielectric present. The 
battery is then disconnected and the dielectric slab inserted. Assume that А = 100 
em’, d = 1.0 cm, b = 0.50 em, к = 7.0, and Vo = 100 volts and (a) calculate the 
capacitance Co before the slab is inserted. 


+9 
— — — — — سے‎ =g ‚ 
iE à 
- ^ 
2 . +q 
2 О ЕРА 
РРР а 


Fig. 30-12 Example 5. A parallel-pláte capacitor containing а dielectric slab. 


From Eq. 30—7, Co is found: ER 


eA (8.9 X 107? coul?/nt-m(10^* meter?) ¢ 
= = 8.9 up. 
d 10-? meter, 


Co = 


(b) Calculate the free charge 9. 
From Eq. 30-4, : 


q = CoVo = (8.9 X 107 farad)(100 volts) = 8.9. X 10" coul. 


Because of the technique used to charge the capacitor, the free charge remains un- 
changed as the slab is ОША: If the charging battery had not been disconnected 
this would not be the case. — i px 
(с) Calculate the electric field strength in the дар, _ 
Applying. Gauss’s law in the form given in Eq. 30- 
Fig. 30-12 (upper plate) yields 


15 to the Gaussian surface 


ePKE‘dS = «ЕА = q, 
= 8.9-X 10- оошо олат = = 1.0 X10 volts/mete 
eA (8.9 X 10-12 couP/nt-m*)(10-7 meter ) 
Note that we put к = 1 here because the surface over which we evaluate flux integr 
does not pass through any dielectric, Note too that Ho remains unchanged when the 


or Ey = 
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slab is introduced; this derivation takes по specific account of the presence of the 
dielectric. : : 
(d) Caleulate the electric field strength in the dielectric. 
Applying Eq. 30-15 to the Gaussian surface of Fig. 30-12 (lower plate) yields 


«фкЕ-45 = exHA = q. 

Note that к appears here because the surface cuts th rough the dielectric and that only - 

the free charge q appears on the right. Thus we have 

E 9 . Eo 10 X I0' volts/meter 
KEoA КОЛ 70 


(e) Calculate the potential difference D etwcen the plates. E 
: Applying Eq. 29-5 to a Straight perpendicular path from the lower plate (L) to 


U U U 
Ү=—| Ed=-f E 180° d =| Ба = Ed ь ЕВ. 
|; Ј cos 18 А 0( ) + 
Numerically 
V = (10 10* volts/meter)(5 х 10-3 meter) 

; : + (0.14-X 104 volts/meter)(5 x 10-3 meter) = 57 volts, 
This contrasts with the original applied potential difference of 100 volts; compare Fig. | 
30-76. > 

(f) Caleulate the capacitance with the slab in place. 
From Eq. 30-4, 


à 6—9 89 Х 10719 coul 
у xn Qd 57 volts 


When the dielectric slab is introduced, the potential difference drops from 100 to 57 | 
volts and the capacitance rises from 8.9 to 16 uuf, a factor of 1.8. If the dielectric 3 
slab had filled the capacitor, the capacitance would have risen by a factor of «(= 7.0) E. 
to 62 upf, 4 


= 16 puf. 


30-6 Three Electric Vectors 


For all situations that we encounter in this book our discussion of the behavior of _ 
dielectrics in an electric field is adequate. However, the problems that we treat аге 
simple ones, such as that of a rectangular slab placed at right angles to a uniform ex- — 
ternal electric. field. For more difficult problems, such as that of finding E at the А 
center of a dielectric ellipsoid placed in a (possibly nonuniform) external electric 9 
field, it greatly simplifies the labor and leads to deeper insight if we introduce a new E 


magnetism will have some familiarity with the concepts. b. 
Let us rewrite Eq. 30-13a, which applies to a parallel-plate capacitor containing a 
dielectric, as | 


ael) (0-15). | 


The quantity in parentheses (see Eq. 30-12) is simply the electric field strength Û in 
the dielectric. "The last term in Eq. 30-16 is the induced surface charge per unit area. 
We call it the electric polarization Р, or ; 


Fa (30-17) 
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Fig. 30-13. (а) Showing D, «Е, and P in the dielectrie (upper right) and in the gap 
(upper left) for a parallel-plate capacitor. (b) Showing samples of the lines associated with 
D (free charge), «E (all charges), and Р (polarization charge). 


The name is suitable because the induced surface charge д appears when the dielectric 
is polarized. 

The electric polarization P can be defined in an equivalent way by multiplying the 
numerator and denominator in Eq, 30-17 by d, the thickness of the dielectric slab in 
Fig. 30-11, 

J 4 ` 
pn : (30-18) 


The numerator is the product qd of the magnitude of the (equal and opposite) 
polarization charges by their separation. It is thus the induced electric dipole mo- 
ment of the dielectrie slab. Since the denominator Ad is the volume of the slab, we - 
see that the electric polarization can also be defined as the induced electric dipole 
moment per unit volume in the dielectric. This definition suggests that since the 
electric dipole moment is a vector the electric polarization is also a vector, its magni- 
tude being P. The direction of P is from the negative induced charge to the positive 
induced charge, as for any dipole. In Fig. 30-13, which shows а capacitor with а 
dielectric slab filling half the space between the plates, Р points down. _ 


We can now rewrite Eq. 30-16 as 


1-an 2 80-19) 
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- The quantity on the right occurs so ge in electrostatic problems that we give it the — 
special name electric displacement D, 


D-eE-TP (30-20a) 
in which D= F (30-205) 


The name has historical significance only. 
Since E and P are vectors, D must also be опе; so that in the more general case we _ 
have ў 
D = «E + P. (30-21) 


In Fig. 30-13 all three vectors point down and eid has a constant magnitude for _ 

' every point in the dielectric (and also at every point in the air gap) so that the vector - 

nature of Eq. 30-21 is not very important in this case. In more complicated prob- 

lems, however, E, P, and D may vary in magnitude and direction from point to point. 
From their definitions we see the following: 


- 1. D (see Eq. 30-208) is: connected with the free charge only. We can represent the _ 
vector field of D by tines of D, just as we represent the field of E by lines of force. 
Figure 30—13b shows that the lines of D begin and end on the free charges. 

2. P (see;Eq. 30-17) is connected with the polarization charge only. It is also pos- 
sible to represent this vector field by lines. Figure 30-130 shows that the lines of | 
Р begin-and end on the polarization charges. 

3. E is connected with all charges that are actually present, whether free or polari- 
zation. - The lines of E reflect the presence of both kinds of charge, as Fig. 30-130 
shows. Note (Eqs. 30-17 and 30-20) that the units for P-and D (coul/meter?) differ 
from those of E (nt/coul). : 

The electric field vector E, which is what determines tHe force that acts on a suita- ^^ 
bly placed test charge, remains of fundamental interest. D and P are auxiliary vet- | 
tors useful as aids in the solution of problems more complex than that of Fig. 30-13. 

The vectors D and Р бап both be expressed in terms of E alone. A convenient - 
starting point is the identity 


Comparison with Eqs. 30-12 and 30-20b shows that this, extended to vector form, - 
can be written as \ 
ре eB. cov (80-29% 


We can also write the polarization (see Eqs. 30-17 and 30-136) as 


р бү Гү ; 


Since g/A = D, we can rewrite this, using Eq. 30-22 and casting the result into vector 
form, as 
i = єк — IE. (30-23; 


This shows clearly that in а vaeuum (к = 1) the polarization vector P' is zero.* 


* Certain waxes, when polarized in their molten state, retain a permanent polarization. 5 
after solidifying, even though the external polarizing field is removed. — Electrets, manu- 
factured in this way, are the electrostatic analog of permanent magnets in that they | 
possess a gross permanent electric dipole moment. Materials from which electrets can bé _ 
constructed are called ferroelectric. Electrets do not obey Eq. 30-23 iheni ose they have а 
nonvanishing value of P even though E = 0. - 
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Equations 30-22 and 30-23 show that for isotropic materials, to which a single 
dielectric constant к can be assigned, D and P both point in the direction of E at any 
given point. 

The definition of D given by Eq. 30-22 allows us to write Eq. 30—15, that is, Gauss’s 
law in the presence of a dielectric, simply as 


" фр-ав ш ` (00-24) 


where, as before, q represents the free charge only, the induced surface charges being 
excluded. È ; 
> Example 6. In Figure 80-18, using data from Example 5, calculate E, D, and 
Р: (a) in the dielectric and (b).in the air gap. У 

(a) The electric field in the dielectric.is calculated in Example 5 to be 1.48 X 10* 
volts/meter. From Eq. 30-22, . é 


D = KoE s : 
= (7.08.9 X 107 couP/nt-m*)(1.43 X 10° volts/meter) 
= 89 Xx 1078 coul/meter* : iR 

and, from Eq. 30-23, 

Park Di. 
= (89 X 10-12 coul*/nt-m*)(7.0 — 1)(1.43 X 10° volts/meter) 
= 7.5 X 107? coul/meter?. 


(b) The electric field Ey in the air gap is calculated in Example 5 to be 1.00 x 104 
volts/meter. From Eq. 30-22, 


Do = xeoHo / 
= (1)(8.9 X 107? eoul?/nt-m^)(1.00 X 10* volts/meter) 


= 8.9 X 1073 coul/meter? 


and, from Eq. 30-23, recalling that x — 1 in the air gap, 
Pi = «(к — 1)Eo = 0. 


Note that Р vanishes outside the dielectric, D has the same value in the dielectric 
and in the gap, and E has different values in the dielectric and in the gap. The student 
should verify that Eq. 30-21 (D = «Е + P) is correct both in the gap and in the di- 
electric. : : 

It can be shown from Maxwell’s equations that no matter how complex the prob- 
lem the component of D normal to the surface of the dielectric has the same value on 
each side of the surface.. In this problem D itself is normal tó the surface, there being 
no component but the normal one. It can also be shown that the component of E 
tangential to the dielectric surface has the same value on each side of the surface. 
This boundary condition, like the one for D, is trivial in this problem, both tangential 
components being zero. In more complex problems these boundary conditions on D 
and E are very important. Table 30-2 summarizes the properties of the electric 
vectors E, D, and P. ; г 
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Table 30-2 


THREE ELECTRIC VECTORS 


Associated Boundary 
N Symbol К the 
cus ni with Б Condition 
Electrie field strength M E АП charges Tangential component 
continuous 
. Electric displacement D Free charges only | Normal component 
2 continuous 
Polarization P Polarization Vanishes in a 
(electric dipole moment $ charges only vacuum 
per unit volume) É 
Defining equation for E Е = (Е Eq. 27-2 
General relation among the three vectors D- gE +P Eq. 30-21 
Gauss's dew when dielectric media are present $ D-dS =q Eq. 30-24 
(9 = free charge only) 
Empirical relations for certain dielectric D = «e E Eq. 30-22 
- materials * + Р = (x— lek Eq. 30-23 


* Generally true, with « independent of E, except for certain materials called 
ferroelectrics; й on page 758. 


30-7 пөш. Storage in an Electric Field. 


In Section 29-6 we saw that all charge configurations have a certain 
electric potential energy U, equal to the work W (which may be positive or 
negative) that must be done to assemble them from their individual com- 
ponents, originally assumed to be infinitely far apart and at rest. This po- 
tential energy reminds us of the potential energy stored in a compressed 


spring or the gravitational potential energy stored in, say, the earth-moon , - 


system. 

For a simple example, work must be done to separate two equal and 
opposite charges. This energy is stored in the system and can be recovered if 
the charges are allowed to come together again. Similarly, a charged 
capacitor has stored in it an electrical potential energy U equal to the work W 
required to charge it. This energy can be recovered if the capacitor is 
allowed to diseharge. We can visualize the work of charging bv imagining 
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that an external agent, pulls eleetrons from the positive plate and pushes 
them onto the negative plate, thus bringing about the charge separation; 
normally the work of charging is done by a battery, at the expense of its store 
of chemical energy. 

Suppose that at a time t a charge q'(/) has been transferred from one plate 
to the other.. The potential difference V(t) between the plates at that 
moment. will be g "'(0/C. If an extra increment of charge dq’ is transferred, 
the small amount of additional work needed will be 


aW =V q= (5) d. е 


If this process is continued until a total charge д has been transferred, the 
total work will be found from i 


ig ; 
fem oe 30-2 
W= = [ағ - ft pues (30-25) | 
From the relation g = CV we can also write this as 


W (= U) = icv?. (30-26) 


It is reasonable to suppose that the energy stored in a capacitor resides in the 
electric field. As дог V in Eqs. 30-25 and 30-26 increase, for example, so 
does the electric field E; when q and V are zero, sois E. f 

In a parallel-plate capacitor, neglecting fringing, the electric field has the 
same value for all points between the plates. Thus the energy density u, 
which is the stored energy per unit volume, should also be uniform; u (see 
Eq. 30-26) is given by 


where Ad is the volume between the plates. Substituting the relation C' 
= кєуА /d (Eq. 30-8) leads to » 
zn 
"eu Xd = 


However, V/d is the electric field strength E, so that s Ў 
ш = {кв Ё?. : Эзе; (30-27) _ 


Although this equation was derived for the special case of a parallel-plate 
capacitor, it is true in general. If an electric field E exists at any point in 
space, we can think of that point as the ‘site of stored energy in amount, per unit 


volume, of $kegE?.. D Ore d: 
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> Example 7. А capacitor C; is charged to a potential difference Vo. This charging 
battery is then removed and the capacitor is connected as in Fig. 30-14 to an un- 
charged capacitor C2. 

(a) What is the final potential difference V across the combination? 


а, | Fig. 30—14 Example 7. Cı is charged and then 
z - connected to C» by closing switch S. 


The original charge go is now shared by the two capacitors. Thus 
: go = qt 4. 
`. Applying the relation у = CV to each of these terms yields 
S PEE, CV, = CiV 4- CSV 
ў ; 9 = C1 
or V=Vo GO 
` This suggests а way to measure an unknown capacitance (Сз, say) in terms of à known 
one. : Ё 
(b) What is the stored energy before and'after the switch in Fig. 30-14 із thrown? 
The initial stored energy is 
У ^ Uo = 20У. 
The final stored energy is j 
Е VoCi ү Cı 
25 2120р OT ES 
U = OV" + 40V? = KO: + 0») (сото) (єт =) Ue 
Thus U is less than Uo! The “missing” energy appears as heat in the connectihg 
wires as the charges move through them. 


Example 8. A parallel-plate capacitor has plates with area A and separation d. 
A battery-charges the plates to a potential difference Vo. The battery is then dis- 
connected, and a dielectric slab of thickness d is introduced, Calculate the stored 
energy both before and after the slab is introduced and account for any difference. 

The energy Uo before introducing the slab is 


Uo tam CoV о. 
After the slab is in place, we have ; 
С = ROO апа V=Vo/k 


2 2 
and thus U = всу? = & (Z) «iu. 
The energy after the slab is introduced is less by a factor 1/x. The “missing” energy - 
would be apparent to the person who inserted the slab. He would feel a “бир” on the 
slab and would have to restrain it if he wished to insert the slab without acceleration. 
This means that he would have to do negative work on it, or, alternatively, that the 
condenser + slab system would do positive work on him. This positive work is 


W = 00-0 = howe (1 = DI 
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Figure 30-15 shows how the forces that do this work arise, in terms of attraction be- 
tween the free charge on the plates and the induced surface charges that appear on 
the slab when it is introduced between the plates. 


Fig. 30-15 -When we introduce a dielectric slab into a charged capacitor, as shown, forces 
arise which tend to pull the slab into the capacitor, ' 


Example 9. A conducting sphere of radius R, in a vacuum, carries a charge q. 
(a) Compute the total electrostatic energy stored in the surrounding space. 
At any radius т from the center of the sphere (assuming r > R) E is given by 


The energy density at any radius r is found from Eq. 30-27, assuming x — 1, or 


ay ee ede os 
б = ri 


The energy dU that lies in a spherical shell between the radii r and 7 + dr is 
x жск 
dU = (4xr?)(dr)u Bre, r 


where (42r?) (dr) is the volume of the spherical shell. "The total energy U is found by 
integration, or 500 
ipe dr ¢ 


Ra «fusce һ 72 Brok 


Note that this relation follows аў'опсе from ps u = Ф080, where С (вее p. 
651) is the capacitance (= 4тєЁ) of an isolated sphere of radius I. ee 
(b) What is the radius Ko of a spherical surface such that half the stored energy lies 

within it? А ў ^ NECS TUNE 
In the equation just given we put SUME : j 


Lg qe ; 
wih jd 
qu c MU Y 
S lóreR ^ Bre Е x) 


which yields, after some rearrangement, 


Ro = 2R. 
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QUESTIONS 


1, A capacitor is connected across a battery. (a) Why does each plate receive a charge 
of exactly the same magnitude? (b) Is this true even if the plates are of different sizes? 

2. Can there be а potential difference between two adjacent conductors that carry the 
same positive charge? е 

3. The relation с < 1/2 suggests that the charge placed on an 
isolated conduetor concentrates on points and avoids flat surfaces, 
where Ж = =. How do we reconcile this with Fig. 30-3 in which 
the charge is definitely on the flat surface of either plate? 

4. A sheet of aluminum foil of negligible thickness is placed be- 
tween the plates of a capacitor as in Fig. 30-16. What effect has it 

Fig. 30-16 on the capacitance if (a) the foil is electrically insulated and (b) the 
, foilis connected to the upper plate. 

5. Discuss similarities and differences when (a) a dielectric slab and (b) a conducting 
slab are inserted between the plates of a parallel-plate capacitor. Assume the slab thick- 
nesses to be one-half the plate separation. 

6. An oil-filled parallel-plate capacitor has been’ designed to have а capacitance C and 
to operate safely at or below-a certain maximum potential difference Vm without arcing 
over.. However, the designer did not do a good job and the capacitor occasionally arcs 
over. What can be done to redesign the capacitor, keeping C and Vm unchanged and 
using the same dielectric? А 

7. Would you expect the dielectric constant, for substances containing permanent 
molecular electric dipoles, to vary with temperature? 

8. What is your estimate of the amount by which the center of positive charge and the 
center of negative charge are displaced in а situation like that of Fig. 30-90? An intuitive 
guess is all that is called for. 

9. For a given potential difference does a capacitor store more or less charge with a di- 
electric than it does without a dielectric (vacuum)? Explain in terms of the microscopic 
picture of the situation. - 

10. An isolated conducting sphere is given a positive charge. Does its mass increase, 
decrease, or remain the same? 

11. A dielectric slab is inserted in one end of a charged parallel-plate capacitor (the 
plates being horizontal and the charging battery having been disconnected) and then re- 
leased. Describe what happens. Neglect friction, > 

12. A capacitor is charged by using a battery, which is then disconnected. A dielectric 
‘slab is then slipped between the plates. De- 
scribe qualitatively what happens to the charge, 
‘the capacitance, the potential difference, the 
electric field strength, and the stored energy. 

18. While a capacitor remains connected to B 
a battery, a dielectric slab is slipped between 
the plates. Describe qualitatively what hap- 
pens to the charge, the capacitance, the 
potential difference, the electric field strength, ў $ 
and the stored energy. Is work required to Fig. 30-17 
insert the slab? à i 

14. Two identical capacitors are connected as shown in Fig. 30-17. А dielectric slab is 
slipped between the plates of one capacitor, the battery remaining connected. Describe 
qualitatively what happens to the charge, the capacitance, the potential difference, the 
electric field strength, and the stored energy for each capacitor. 

15. Show that the dielectric constant of a conductor can be taken to be infinitely great. 


Ж اال‎ 


De 


————— 
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P ROBLEMS 
1. A potential difference of 300 volts is applied to а 2.0-uf capacitor and an 8.0-4f capaci- 
tor connected in series. (а) What are the charge and the potential difference for each 
capacitor? (b) The charged capacitors are reconnected with their positive plates together 
and their negative plates together, no external voltage being applied. What are the charge 
and the potential difference for each? (c) The charged capacitors in (а) are reconnected 
with plates of opposite sign together. What are the charge and the potential difference for 


each? S : 
2. Calculate the capacitance of ће earth, viewed as a spherical conductor of radius 6400 


km. 

3. A 100-npf capacitor is charged to a potential difference of 50 volts, the charging 
battery then being disconnected. The capacitor is then connected, as in Fig. 30-14, to a 
second capacitor: If the measured potential difference drops to 35 volts, what is the 
capacitance of this second capacitor? 

4. If we solve Eq. 30-7 for є, we see that its mks units are farads/meter. Show that 
these units are equivalent to those obtained earlier for ер, namely coul?/nt-m*. 

5. Figure 30-18 shows two capacitors in series, the rigid center section of length b being 
movable vertically. Show that the equivalent capacitance of the series combination is 
independent of the position of the center section and is given by 


«A 


a—b 


C= 


Fig. 30-18 Fig, 30-19 


6. In Fig. 30-19 a variable air capacitor of the type used in tuning radios is shown. 
Alternate plates are connected together, one group being fixed in position, the other group 
being capable of rotation. Consider a pile of n plates of alternate polarity, each having an 
area A and separated from adjacent plates by a distance d. Show that this capacitor has a 


maximum capacitance of Ge eA f 
P шщ. ` 


7. A spherical capacitor consists of two concentrie spherical shells of radii а and b, 
with b > a. Show that its capacitance is 
С = 4те 


b-a 
8. A capacitor has square plates, each of side a, making an angle of 0 with each other . 
as shown in Fig. 30-20. Show that for small 0 the capacitance is given by 


on 901-9). : 
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(Hint: The capacitor may be divided into differential strips which are effectively in ig 
parallel.) 


Fig. 30-20 


9. Suppose that the two spherical shells of a spherieal capacitor have their radii ap- 
proximately equal. Under these conditions the device approximates a parallel plate 
capacitor with b — a =d. Show that the formula in Problem 7 does indeed reduce to 
Eq. 30-7 in this case. —— 

10. A parallel-plate capacitor has circular plates of 8.0-cm radius and 1.0-mm separation. 
What charge will appear on the plates if a potential difference of 100 volts is applied? 

11. In Fig. 30-21 find the equivalent capacitance of the combination. Assume that 
€, = 10 uf, Co = 5 pf, Cz = 4 uf, and V = 100 volts. Y 

12. In Fig. 30-21 suppose that capacitor Оз breaks down electrically, becoming equiva- 
lent to з conducting path. What changes in'(a) the charge and (b) the potential dif- 
ference occur for capacitor C1? 


Cy Cy 7 
e 
p 
«Cg 
Fig. 30-21 


18, Find the effective capacitance between points т and y in Fig. 30-22. ‘Assume that 
Сз = 10 uf and that the other capacitors are all 4.0 uf. (Hint: Apply a potential difference 
V between z and y and write down all the relationships that involve the charges and poten- 
tial differences for the separate capacitors.) \ 


Cy 
x men - y 
C1 C2 Cs 
bI Cs Y 


Fig. 30—22 


Chap. 30 \ PROBLEMS n 767 


14. 1f you have available several 2.0-uf capacitors, each capable of withstanding 200 
volts without breakdown, how would you assemble a combination having an equivalent 
capacitance of (a) 0.40 uf or of (b) 1.2 uf, each capable of withstanding 1000 volts? 

15. In Fig. 30-23 find the equivalent capacitance of the combination. Assume that 
C, = 10 uf, C = 5 uf, C3 = 4 uf, and V = 100 volts. 


16. In Fig. 30-24 the battery B supplies 12 volts, (a) Find the charge on eash capacitor 
when switch S; is closed and (b) when switch Szi is aldo closed. Take C; = 1 uf, C; = 2 uf, 
©з = Suh iG = 4uf. 


17. A parallel-plate capacitor is filled with two dielectrics as in Fig. 30-25. Show that 
the capacitance is given by 
E “A (= zn s). 
d 2 


Check this formula for all the limiting cases that you can think of. (Hint: Can you justify 
regarding this arrangement as two capacitors in parallel?) 


C= 


Fig. 30-25 Fig. 30-26 Р 
»* 


18. A parallel-plate capacitor is filled with two dielectrics as in Fig. 80—26. Show that, 


the capacitance is given by SA ER ) 


` C-—— 


d Xx + к 
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Check this formula for all the limiting cases that you ean think of. (Hint: Can you justify 
regarding this arrangement as two capacitors in series?) 

19. A dielectric slab of thickness b is inserted between the plates of a parallel-plate 
capacitor of plate separation d. Show that the capacitance is given by 


у, xed 
CS ELS 


- (Hint: Derive the formula following the pattern of Example 5.) Does this formula predict 
the correct numerical result of Example 5? Does the formula seem reasonable for the 
special cases of b = 0, к = 1, and = d? 


20. A slab of copper of thickness b is thrust into a parallel-plate capacitor as shown in 
Fig. 30-27; it is exactly halfway between the plates. What is the capacitance before and 


after the slab is introduced? 


A 
CLES d 


Fig. 30-27 


| 


5 


21. For making a capacitor you have available two plates of copper, a sheet of mica 
(thickness = 0.10 mm, к = 6), a sheet of glass (thickness = 2.0 mm, к = 7), and a slab of 
paraffin (thickness = 1.0 ст, к = 2). To obtain the largest capacitance, which sheet 
(or sheets) should you place between the copper plates? 

_ 22. In Example 5, suppose that the 100-volt battery remains connected during the time 
that the dielectric slab is being introduced. Calculate (a) the charge on-the capacitor 
plates, (b) the electric field in the gap, (c) the electric field in the slab, and (d) the capaci- 
tance. For all of these quantities give the numerical values before and after the slab is 
introduced. Contrast, your results with those of Example 5 by constructing a tabular 
listing. A 

23. A parallel-plate capacitor has a capacitance of 100 ши, a plate area of 100 em*, and a 
mica dielectric. At 50 volts potential difference, calculate (а) E in the mica, (b) the free 
charge on the plates, and (c) the induced surface charge. 

24, Two parallel plates of area 100 cm? are each given equal but opposite charges of 
8.9 X 10-7 соц. Within the dielectric material filling the space between the plates the 
electric field strength is 1.4 x 108 volts/meter. (a) Find the dielectric constant of the 
material. (b) Determine the magitude of the charge induced on each dielectric surface. 

25. Hard rubber has a dielectric constant of 2.8 and a dielectric strength of 18 X 10° 
volts/meter. If it is used as the diel@atric material in a parallel-plate capacitor, what 
minimum area may the plates of the capacitor have in order that the capacitance be 
7.0 X 107° uf and that the capacitor be able to withstand a potential difference of 4000 
volts? 

26. A cylindrical capacitor has radii а and b as in Fig. 30-4. Show that half the stored 
electric potential energy lies within a cylinder whose radius is 


r= Vab. 


5 

9 An isolated metal sphere whose diameter is 10 ет has a potential of 8000 volts. 
What is the energy density at the surface of the sphere? _ 

28. A parallel-plate capacitor has plates of area А and separation d and is charged to & 
potential difference V. The charging battery is then disconnected and the plates are pulled 


TT ae a TR: 
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apart until their separation is 2d.. Derive expressions in terms of A, d, and V for (a) the 
new potential difference, (5) the initial and the final stored energy, and (c) the work re- 
quired to separate the plates. 

29. Show that the plates of a parallel-plate capacitor attract each other with a force 
given by 2 


F =m 


Prove this by calculating the work песеввагу to increase the plate separation from z to 
z + аг. ‹ 

30. In the capacitor, of Example 5 the dielectric slab fills half the space between the 
plates. (а) What per cent of the energy is stored in the air gaps? (b) What per cent is 
stored in the slab? 

31. A parallel-plate air capacitor has a capacitance of 100 «uf. (a) What is the stored 
energy if the applied potential difference is 50 volts? (b) Can you calculate the energy 
density for points between the plates? 

32. For the capacitors of Problem 1, compute the energy stored for the three different 
connections of parts (a), (b), and (c). Compare your answers and explain any differences. 

33. A charge q is placed on the surface of an originally uncharged soap bubble of radius 
Ro. Because of the mutual repulsion of the charged surface, the radius is increased to a 
somewhat larger value R. Show that 


а = [32 х3рРоВ(Е? + RoR + RPS 


in which p is the pressure of the atmosphere. Find g for p = 1.00 atm, Ro = 2.00 cm, 
and R = 2.10 cm. (Hint: The work done by the bubble in pushing back the atmosphere 
must equal the decrease in the stored electric field energy that accompanies the expansion, 
from the conservation of energy principle.) E E 

34. Two capacitors (2.0 uf and 4.0 uf) are connected in parallel across a 300-volt poten- 
tial difference. Calculate the total stored energy in the system. ^ 

35. A parallel-connected bank of 2000 5.0-4f capacitors is used to store electric energy. 
What does it cost to charge this bank to 50,000 volts, assuming a rate of 2¢/kw-hr? 

36. In Fig. 30-21 find (а) the charge, (b) the potential difference, and (с) the stored energy 
for each capacitor. Assume the numerical values.of Problem 11. * 

37. In Fig. 30-23 find (a) the charge, (b) the potential difference, and (c) the stored energy 
for each capacitor. Assume the numerical values of Problem 15. 
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Current and Resistance 


CHAPTER 31 


31-1 Current and Current Density 


The free electrons in an isolated metallic conductor, such as a length of 
copper wire, are in random motion like the molecules of a gas confined to a 
container. They have no net directed motion along the wire. If a hypo- 
thetical plane is passed through the wire, the rate at which electrons pass 
through it from right to left is the same as the rate at which they pass through 
from left to right; the net rate is zero. 

Tf the ends of the wire are connected to a battery, an electric field will be 
set up at every point within the wire. If the potential difference maintained 

. by the battery is 10 volts and if the wire (assumed uniform) is 5 meters long, 
the strength of this field at every point will be 2 volts/meter. This field E 
will act on the electrons and will give them a resultant motion in the direc- 
tion of ~E. We say that an electric current i is established; if a net charge q 
passes through any cross section of the conductor in time ¢ the current, 
assumed constant, is Dot (31-1) 


The appropriate mks units are amperes for 7, coulombs for q, and seconds for 
t. The student will recall (Section 26-4) that Eq. 31-1 is the defining equa- 
tion for the coulomb and that we have not yet given an operational definition 
of the ampere; we do so in Section 34-4. 

If the rate of flow of charge with time is not constent, the current varies 
with time and is given by the differential limit of Eq. 31-1, or 


i = da/dl (31-2) 


In the rest of this chapter we consider only constant currents. 
770 
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The current i is the same for all cross sections of a conductor, even though 
the cross-sectional area may be different at different points. In the same way 
the rate at which water (assumed incompressible) flows past any cross section 
of a pipe is the same even if the cross section varies. The water flows faster 
where the pipe is smaller and slower where it is larger, so that the volume 
rate, measured perhaps in gal/min, remains unchanged. This constancy of 
the electric current follows because charge must be conserved; it does not 
pile up steadily or drain away steadily from any point in the conductor under 
the assumed steady-state conditions. In the language of Section 18-3 there 
are no "sources" or "sinks" of charge. 

The existence of an electric field inside a conductor does not contradict 


` Section 28-4, in which we asserted that E equals zero inside a conductor. In 


that section, which dealt with a state in which all net motion of charge had 
stopped (electrostatics), we assumed that the conductor was insulated and 
that no potential difference was deliberately maintained between any two 
points on it, as by a battery. In this chapter, which deals with charges in 
motion, we relax this restriction. f 

` The electric field that acts’on the electrons in a conductor does not pro- 
duce a net acceleration because the electrons keep colliding with the atoms 
(strictly, ions) that make up the vonductor. This array of ions, coupled 
together by strong spring-like forces of electric origin, is ealled the lattice 
(see Fig. 21-5). The over-all effect of these collisions is to transfer kinetic 
energy from the accelerating electrons into vibrational energy of the lattice. 
The electrons acquire-a constant average drift speed va in the direction ~E. 
The analogy is to a marble rolling down a long flight of stairs and not to.a 
marble falling freely from the same height. In the first case the acceleration 
caused by the (gravitational) field is effectively canceled by the decelerating 
effects of collisions with the stair treads so that, under proper conditions, the 
marble rolls down the stairs with zero average acceleration, that is, at con- 
stant average speed. 

Although in metals the charge carriers are electrons, in electrolytes or in 
gaseous conductors they may also be positive or negative ions or both. А 
convention for labeling the directions of eurrents is needed because charges 
of opposite sign move in opposite directions in a given field. A positive 
charge moving in one direction is equivalent in nearly all external effects to а 
negative charge moving in the opposite direction. Hence, for simplicity and 
algebraic consistency, we assume that all charge carriers are positive and we 
draw the current arrows in the direction that such charges would move.. If the 
charge carriers are negative, they simply move opposite to the direction of 
the current arrow (see Fig. 31-1), When we encounter a case (as in the Hall 
effect; see Section 33-5) in which the sign of the. charge carriers makes a 
difference in the external effects, we will disregard the convention and take 
the actual situation into account. Я 

Current 7 is a characteristic of a particular conductor. It is a macroscopic 
quantity, like the mass of an object, the volume of an object, or the length 
cf a rod. A related microscopic quantity is the current density j. Itisa 
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Fig.31-1 Electrons drift in a direction opposite to the electric field in a conduetor. 


vector and is characteristic of a point inside a conductor rather than of the 
conductor as a whole. If the current is distributed uniformly across a con- 
ductor of cross-sectional area A, the magnitude of the current density for 
all points on that cross section is 


j = i/A4. (31-3) 


The vector j at any point is oriented in the direction that a positive charge 
carrier would move at that point. hag electron at that point would move in 
the direction —j. 

The general relationship between j and is that, for a particular surface in 
a conductor, 7 is the flux of the vector j over that surface, or 


i= f 3-48, | \ (31-4) 


where: dS із an element of surface area and thétintegral is taken over the 
surface in question. Equation 31-3- (written as = ЈА) is a special case of 
this relationship i in which the surface of integration is a cross section of the 
conductor and in which j is constant over this surface and at right angles 
to it. However, Eq. 31-4 may be applied to any surface through which we 


wish to know the current. Equation 31-4 shows clearly that 7 is a scalar be- * 


case the integrand j-dS is a scalar. 


The arrow often associated with the current in a wire does not indicate that current 


is а vector but merely shows the sense of charge flow. . Positive charge carriers either _ 


move in a certain direction along the wire or in the opposite direction, these two possi- 


bilities being represented by + or — in algebraic equations. Note that (a) the current 
. ina wire remains unchanged if the wire is bent, tied into a knot, or otherwise distorted, { 


and (b) the arrows representing the sense of currents do not in any way obey the laws 
of vector addition. 


The drift speed v4 of charge carriers in а conductor can be computed from 
the current density j. Figure 31-1 shows the conduction electrons in a wire 
moving to the right at an assumed constant drift speed v4.. The number of 
couduetion electrons in the wire is nAl where n is the number of conduction 
electrons per unit. volume and Al is the volume of the wire. A charge of 
magnitude, 

q = (пА!)е 
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passes out of the wire, through its right end, in a time? given by 
The current 7 is given by 


Solving for vg and recalling that j = 2/4 (Eq. 31-3) yields 
i j 
0а = —— =—: 31-5 
deine abre (31-5) 


> Example 1. An aluminum wire whose diameter is 0.10 in. is welded end to end 
to a copper wire with a diameter of 0.064 in. The composite wire carries a steady 
current of 10 amp. What is the current density in each wire? 

The current is distributed uniformly over the cross section of each conductor, ex- 
cept near the junction, which means that the current density may be taken as con- 
stant for all points within each wire. The'cross-sectional area of the aluminum wire is 
0.0079 in. Thus, from Eq. 31-3, 


Mg _ + __10amp 
141 774 7 0.0079 in. 


The cross-sectional area of the copper wire is 0.0032 in.* Thus 


= 1300 amp/in.? 


= 3100 amp/in.? 


The fact that the wires are of different materials does not enter into consideration 
here. : 


Example 2. What is v4 for the copper wire in Example 1? х 

We can write the current density for the copper wire аз 480 amp/cm*. То compute 
n we start from the fact that there is one free electron per atom in copper. The num- 
ber of atoms per unit volume is dNo/M where d is the density, No is Avogadro’s 
number, and M is the atomic weight. The number of free electrons per unit volume 
is then г 


dNo (9.0 gm/em!)(6.0 X 10° atoms/mole)(1 electron/atom) 


"= 64 gm/mole 


= 8.4 X 10” electrons/cm?. 


Finally, vg is, from Eq. 31-5, 
j 480 amp/em*? А 
ште (8.4 X 10” electrons/cm?)(1.6 X 107 coul/electron) 


= 3.6 X 107? cm/sec. 


It takes 28 see for the electrons in this wire to drift 1.0 cm. Would you have guessed 
that va was so low? The drift speed of electrons must not be confused with the speed 
at which changes in the electric field configuration travel along wires, a speed which 
approaches that of light. When pressure is applied to one end of a long water-filled 
tube, a pressure wave travels rapidly along the tube. The speed at which water moves 
through the tube is much lower, however. Е 4 
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31-2 Resistance, Resistivity, and Conductivity 


If the same potential difference is applied between the ends of a rod of | 
copper and of a rod of wood, very different currents result. The characteristie? 
of the conductor that enters here is its resistance. We define the resistance of | 
a conductor (often called a resistor; symbol МУМУ) between two points by 
applying a potential difference V between those points, measuring the 
current i, and apane; 1 


R=V/i. (31-6) 


If V isin volts and î in amperes, the resistance Æ will be in ohms. 

The flow of charge through a conductor is often compared with the flow of 
water through a pipe, which occurs because there is a difference in pressure 
between the ends of the pipe, established perhaps by a pump. This pressure” 

."difference can be compared with the potential difference established between 
the ends of a resistor by a battery. The flow of water (ft/sec, say) is come: 
pared with the current (coul/sec or amp). The rate of flow of water for ai 
given pressure difference is determined by the nature of the pipe. Is it long” 
or short? Is it narrow or wide? Is it empty or filled, perhaps with gravel? 
These characteristics of the pipe are analogous to the resistance of a con- 
ductor. N 


Primary standards of resistance, kept at the National Bureau of Standards, ave 
spools of wire whose resistances have been accurately measured. Because resistanve™ 
varies with temperature, these standards, when.used, are placed in an oil bath at & 
controlled temperature. They are made of a special alloy, ealled manganin, for which? 
the change of resistance with temperature is very small. ‘They are carefully anneal 
to eliminate strains, which also affect the resistance. These primary standard resis 
tors are used chiefly to calibrate secondary standards for other laboratories. 

Operationally, the primary resistance standards are not measured by using Eq. 
31-6 but are measured in an indirect way which involves magnetic fields. Equation 
31-6 is, in fact, used to measure V, by setting up an accurately known current i (using: 
a current balance; see Section 34-4) in an accurately known resistance R. This opera= 
tional procedure for potential difference is the one normally used in place of the сой 
ceptual definition introduced in Section 29-1, in which one measures the work per 
unit charge required to move a test charge between two points. 4 


Related to resistance is the resistivity p, which is а characteristic of a maz 
terial rather than of a particular specimen of a material; it is defined, for iso 
tropic materials, * from 

j 2 E 2 
p= (31-7) 

J К 

The resistivity of copper is 1.7 X 10 * ohm-m; that of fused quartz is about 
10!9 ohm-m. Few physical properties are measurable over such a range of 
values; Table 31-1 lists some values for common metals. Ч E 


* These are materials whose Properties (electrical i in this case) do not vary with direction 
in the material. i 
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Table 31-1 


Properties OF METALS A8 CONDUCTORS 


Resistivity 
(at 20°С), 
ohm-m 


Aluminum 2.8 X 10-* 

Copper 1.7 x107* 1080 
Carbon (amorphous) 3.5 х 10 3500 
Iron 1.0 x 107 1530 
Manganin 44 X 107 910 
Nickel 6.8 x 107* 1450 
Silver 1.6 X 107° 960 
Steel 1.8 X 1077 1510 
Wolfram (tungsten) 3400 


* This quantity, defined from : 
a= m (31-8) 


is the fractional change in resistivity (dp/p) per unit change in temperature. It 
varies with temperature, the values here referring to 20°C. For copper (а = 3.9 X 
1073/C°) the resistivity increases by 0.39 per cent for a temperature increase of 1 С° 
near 20°C. Note that a for carbon is negative, which means that the resistivity de- 
creases with increasing temperature. 


Consider a cylindrical conductor, of cross-sectional area A and length 1, 
carrying a steady current û. Let us apply a potential difference V between 
its ends. If the cylinder cross sections at each end are equipotential surfaces, 
the electric field strength and the current density will be constant for all 
points in the cylinder and will have the values 

y i 
E ; and j "| 


The resistivity p may then be written as 
BV 


peser 


ET aA 
But V /iis the resistance R which leads to 
jos ы 
R- ri М (31-9) 


д 


4 
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V; 2, and R are macroscopic quantities, applying to a particular body or extended 

n. The corresponding microscopic quantities are E, j, and p; they have values at 

eve pais point ina body. The macroscopic quantities are related to each other by Eq. 
31-6 (V = iR) and the microscopic quantities by Eq. 31-7, which can be written in _ 
vector form as E — jp. А 
The macroscopic quantities can be found by integrating over the microscopie - 
quantities, using relations already given, namely 


i= fi-as (81-0) 3 
< b c 1 
апа Vo=- f| Ea. | (29-5) ` 


The integral іп Eq. 31-4 is a surface integral, carried out over any cross section of thé 
conductor. The integral in Eq. 29-5 is a line integral carried out along an arbitrary - 
line drawn along the conductor, connecting any two equipotential surfaces, identified | 
by а апа 5. For a long wire connected to a battery equipotential surface a might be — 
chosen as a cross section of the wire near the positive battery terminal and b might - 
be a cross section near the negative terminal. L 

The resistance of a conductor between a and b can be expressed in microscopie _ 
terms by dividing the two equations, or 


If the conductor is a long cylinder of cross section A and length Гапа if points a and b - 
are its ends, the foregoing equation for Ё (see Eq. 31—7) reduces to 


which is Eq. 31-9. Р 

The macroscopic quantities V, 7, and E are of primary interest when we are making - 
electrical measurements on real conducting objects. They are the quantities that опе 
reads on meters. The microscopic quantities E, j, and p are of primary importance i 
when we are concerned with the fundamental behavior of matter (rather than of _ 
specimens of matter), as we usually are in the research area ‘of solid state physics. - 
Thus Section 31-4 deals appropriately with an atomic view of the resistivity of a metal — 
and not of the resistance of a metallic specimen. The microscopic quantities are also _ 
important when we are interested in the interior behavior of irregularly shaped con- _ 
ducting objects. 


> Example 3. А rectangular carbon block has dimensions 1.0 em X 1.0 cm X 50 
em. (a) What is the resistance measured between the two square ends? (b) Between ' 
two opposing rectangular faces? The resistivity of carbon at 20°C i is 3.5 X 1056 
ohm-m. 
(a) The area of a square end is 1.0 em? or 1.0 X 10—* meter. Equation 31-9 gives — 
for the resistance between the square ends: 4 


2i (8.5 X 107° ohm-m)(0.50 meter) 
ej 1.0 X 107* meter? 


(b) For the resistance between opposing rectangular faces (area = 5.0 x 1075. 
meter?), we have a 
L _ (8.5 X 10—® ohm-m)(i0-? meter) 


— = ee eee 5 
Bonita 5.0 X 10^? meter? TU do toh. 


R = 0.18 ohm. 


тч NW WE UT 


POS - 


бес. 31-2 RESISTANCE, RESISTIVITY, AND CONDUCTIVITY ` 777 


Thus 2 given conductor can have а number of resistances, depending on how the 
potential difference is applied to it. The ratio of resistances for these two cases is 
2600. We assume in each that the potential difference is applied to the block in such 
а way that the surfaces between which the resistance is desired are equipotential. 
Otherwise Eq. 31-9 would not be valid. я 


Figure 31-2 shows (solid curve) how the resistivity of copper varies with tempera- 
ture. Sometimes, for practical use, such data are expressed in equation form. If we 
are interested in only a limited range of temperatures extending, say, from 0 to 500°C, 
we can fit a straight line to the curve of Fig. 31-2, making it pass through two arbi- 
trarily selected points; see the dashed line. We choose the point labeled То, po in 
the figure as a reference point, To being 0°C in this case and pp being 1.56 X 10-8 t 
ohm-m. The resistivity p at any temperature T' can be found from the empirical 
equation of the dashed straight line in Fig. 31-2, which is 


р = poll + &(Т — To)). (81-10) 
This relation shows correctly that p — po аз Т — To. 
If we solve Eq. 31-10 for @, we obtaii 


-< po T — То 4 
Comparison with Eq. 31-8 shows that a is a mean temperature coefficient of resistivity 
for a selected pair of temperatures rather than the temperature coefficient! of re- 
sistivity at a particular temperature, which is the definition ofa. For most practical 
purposes Eq. 31-10 gives results that are within the acceptable range of accuracy. 


TU - 
200 400 


400 600 «800 . 20 
TE рако ма 


‚Не. 31-2 The resistivity of Met as a funtion of temperature. The dashed line is ar 
Approximation chosen to fi: the eurve et the two circled points. The point, marked To, ро 


is chosen as a reference point, 
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Fig. 31-3 The resistance of mer- 


The curve of Fig. 31-2 does not go to zero at the absolute zero of temperature, eyen 
though it appears to do so, the residual resistivity at this temperature being 0.02 X 
10-5 ohm-m. For many substances the resistance does become zero at some low 
temperature. Figure 31-3 shows the resistance of a specimen of mercury for temper- | 
atures below 6°K, In the space of about 0.05 К° the resistance drops abruptly to an E 
immeasurably low value. This phenomenon, called superconductivity,* was dis _ 
covered by Kamerlingh Onnes in the Netherlands in 1911. The resistance of ma- | 
terials in the superconducting state seems to be truly zero; currents, once established _ 
in elosed superconducting circuits, persist for weeks without diminution, even though- 


сигу disappears below about 4°K, « - 


there is no battery in the circuit. If the temperature is raised slightly above the | 


superconducting point, such eurrents drop rapidly to zero. 


31-3 Ohm's Law 


Let us apply a variable potential difference V between the ends of a 100- z 
foot coil of #18 copper wire. For each applied potential difference, let us 


measure the current 7 and plot it against V asin Fig. 31-4. The straight line _ 


that results means that the resistance of this conductor is the same no matter 


what applied voltage is used to measure it. This important result, which holds 3 | 
for metallic conductors, is known as Ohm’s law. We assume that the tem- | 
perature of the conductor is essentially constant throughout the measure- 3 


ments. 

Many conductors do not obey Ohm'slaw. Figure 31-5, for example, shows 
a V-i plot for a type 2A3 vacuum tube. The plot is not straight and the 
resistance depends on the voltage used to measure it. Also, the current for 
this device is almost vanishingly small if the polarity of the applied potential 
difference is reversed. For metallic conductors the current reverses direc- 
tion when the potential difference is reversed, but its magnitude does not 
change. 

Figure, 31-6 Ыш a typical V plot for another nonohmie device, & 
thermistor. This is a semiconductor (see p. 650) with a large and negative 
temperature coefficient of resistivity a (see Table 31-1) that varies greatly 
with temperature. We note that two different currents through the ther- 
mistor can correspond to the same potential difference between its ends. 


* See Superconductivity" by В. T. Matthias, Scientific Ал, p. 92, November 1 | 
1957. j 


тетү ee CU 


See. 31-3 


Fig. 31-4 The current in а par- 
ticular copper conductor аз a func- 
tion of potential difference. This 
conductor obeys Ohm's law. 


Fig. 31-6 A plot of current as a 
function of potential difference in 


a Western Electric 1-B thermistor. - 


The curve shows how the voltage 
across the thermistor varies as the 


current through it is increased. |. 
The shape of the curve can be ac- - 


counted for in terms of the large 
negative temperature coefficient 
of resistivity of the material of 
which the device is made. — 


i, 1073 amp 
m 
e 


fig. 31-5 The current in а type 
2A3 vacuum tube as a function of 
potential difference. This conduc- 


“tor does not obey Ohm's law. 
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"Thermistors are often used to measure the rate of energy flow in mierowave 
beams by allowing the microwave beam to fall on the thermistor and heat it. 
The relatively small temperature rise so produced results in a relatively large 
change in resistance, which serves as & measure of the microwave power. 
Modern electronies, and therefore much of the character of our present tech- 
nological civilization, depends in а fundamental way on the fact that many 
conductors, such as vacuum tubes, crystal rectifiers, thermistors, and 
transistors, do not obey Ohm’s law. 

We stress that the relationship V = ZR is not a statement of Ohm’s law. A 
conductor obeys this Jaw only if its V — i curve is linear, that is, if R is inde- 
pendent of V andi. The relationship № = V/i remains as the general defini- 
tion of the resistance of a conductor whether or not the conductor obeys 
Ohm'slaw. ‚ү 

The microscopic equivalent of the relationship V = iR is Eq. 31-7, or E 
= јр. А conducting material is said to obey Ohm’s law if a plot of E versus 
J is linear, that is, if the resistivity p is independent of E and j. Ohm's lav 
is a specific property of certain materials and is not a general law of electro- 
magnetism, for example, like Gauss’s law. 

A close analogy exists between the flow of charge because of a potential difference 
and the flow of heat because of a temperature difference. Consider a thin electrically 
conducting slab of thickness Az and area A. Let a potential difference AV be main- 
tained between opposing faces. The current ї is given by Eqs. 31-6 (¢ = V/R) and 
31-9 (R = pl/A), or 

„AV _ AVA, 


Я ВЕСА 
In the limiting case of а slab of thickness dz this becomes 


Vg OR Б fes ў 1-1 
ог Ас (81-11) 


where с (= 1/p) is the conductivity of the material. Since positive charge flows in 
the direction of decreasing V, we introduce a minus sign into Eq. 31-11, that is, 
dq/dt is positive when dV /dz is negative. | 

The analogous heat flow equation (see Section 22-4) is 


= RA, ? (81-12) 


which shows that k, the thermal conductivity, corresponds to с and d7'/dz, the tem- 
perature gradient, corresponds to dV /dz, the potential gradient. There is more than 
a formal mathematical analogy between Eqs. 31-11 and 31-12. Both heat energy 
and charge are carried by the free electrons in a metal; empirically, a good electrical 
conductor (silver, say) is also a good heat conductor and conyersely. 


31-4 Resistivity—an Atomic View 


One can understand why metals obey Оһ’ law on the basis of simple 
classical ideas. If these ideas are modified when necessary by the require- 
ments of quantum pliysics, it is possible to go further and to calculate theo- 
retical values of the resistivity р for various metals. These calculations are — 
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not simple, but when they have been carried out the agreement with the 
experimental value of p has usually been good. 

In a metal the valence electrons are not attached to individual atoms but 
are free to move about within the lattice and are called conduction electrons. 
In copper there is:one such electron per atom, the other 28 remaining bound 
to the copper nuclei to form ionic cores. | 

The speed distribution of conduction electrons can be described correctly 
only in terms of quantum physics. For our purposes, however, it suffices to 
consider only a suitably defined average speed ?; for copper = 1.6 X 10° 
cm/sec. In the absence of an electron field, the directions in which the elec- 
trons move are completely random, like those of the molecules of a gas con- 
fined to a container. x t 

The electrons collide eonstantly with the ionic cores of the conductor, 
that is, they interact with the lattice, often suffering sudden changes in speed 
and direction. These collisions remind us of the collisions of gas molecules 
confined to a container. As in the case of molecular collisions, we can des- 
cribe electron-lattice collisions by a mean free path ^, where À is the average 
distance that an electron travels between collisions. * 


In an ideal metallic crystal at 0°K electron-lattice collisions would not oceur, 
according to the predictions of quantum physics, that is, А — œ as T — 0°K for 
ideal crystals. Collisions take place in actual crystals because (a) the ionic cores at 
any temperature Т are vibrating about their equilibrium positions in a random way, 
(b) impurities, that is, foreign atoms, may be present, and (с) the crystal may contain 
lattice imperfections, such as rows of missing atoms and displaced atoms. On this 
view it is not surprising that the resistivity of a metal can be increased by (a) raising 
its temperature, (b) adding small amounts of impurities, and (c) straining it severely, 
as by drawing it through a die, to increase the nuinber of lattice imperfections. 


When an electric field is applied to a metal, the electrons modify their 
random motion in such a way that they drift slowly, in the opposite direction 
to that of the field, with an average drift speed vg. This drift speed is much 
less than the effective average speed ? mentioned above (see Example 2). 
Figure 31-7 suggests the relationship between these two speeds. The solid 
lines suggest a possible random path followed by an electron in the absence of 
an applied field ; the electron proceeds from z to y, making six collisions on the 
way. The dashed curves show how this same event. might have occurred if 
an electric field E had been applied. Note that the electron drifts steadily to 
the right, ending at y' rather than at у. In preparing Fig. 31-7, it has been 
assumed that the drift speed va is 0.025; actually, it is more like 10—19, во 
that the “drift” exhibited in the figure is greatly exaggerated. 7 

The drift speed vg can be calculated in terms of the applied electric field E 
and of апа A. When a field is applied to an electron in the metal it will 
experience a force e which will impart to it an acceleration a given by 
Newton’s second law, eE 


a=—: 


т 
*It can be shown that collisions between electrons occur only rarely and have little 
effect on the resistivity. : ; 
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Fig. 31-7 The solid lines show an electron moving from z to y, making six collisions, 
The dashed curves show what the electron path might have been in the presence of an 
electric field Е. Note the steady drift in the direction of —E. 


Consider an electron that has just collided with an ion core. The col- 
lision, in general, will momentarily destroy the tendency to drift and the 
electron will have a truly random direction after the collision. At its next 
collision the electron’s velocity will have changed, on the average, by a(1/v) 
where 1/0 is the mean time between collisions. We call this the drift 


speed va, or 
ic a(*) Eee (31-13) 
mo 


The electron’s motion through the conductor is analogous to the constant rate of 
fall of a stone in water. The gravitational force F, on the stone is opposed by а 
viscous resisting force that is proportional to the velocity, or 


В, = mg = bv, ; 
where b is a viscous coefficient (see Section 15-8). Thus the constant terminal speed 
of the stone is : 
S 1 
v= (5) Fe 


n- (Qo. 


where Fg (= eH) is the electrical foree. Comparison of these equations shows that 
the equivalent “viscous coefficient” for the motion'of an electron in a particular con- 
ductor is \/2ms. If is short, the conductor exhibits a greater "viscous effect” on 
the electron motion, and the drift speed v; is proportionally lower. 


We can rewrite fq. 31-13 as 


We may express v4 in terms of the current density (Eq. 31-5) and combine 


with Eq. 31—13 to obtain 
оаа 


mb 


ы ылады 
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Combining this with Eq. 31-7 (р = E/j) leads finally to 


mb ў ON 
e (31-14) 

Equation 31-14 can be taken as a statement that metals obey Ohm’s law 
if we can show that Ф and ^ do not depend on the applied electric field Е. In 
this case р will not depend on Æ, which (see Section 31-3) is the criterion that 
a material obey Ohm's law. The quantities ? and à depend on the speed dis- 
tribution of the conduction electrons. We have seen that this distribution is 
affected only slightly by the application of even a relatively large electric 
field, since ã is of the order of 10° cm/sec and vg (see Example 1) only of the 
order of 107° cm/sec, а ratig of 1019. We may be sure that whatever the 
values of î and A are (for copper at 20°C, say) in the absence of a field they 
remain essentially unchanged when the field is applied. Thus the right side 
of Eq. 31-14 is independent of E and the material obeys Ohm's law. The 
numerical calculation of û from Eq. 31-14 is hiunpered by the difficulty of 
calculating A, although the calculation has been carried out in a number of 
cases, 


k Example 4. What are (а) the mean time т between collisions and (b) the mean 
free path for free electrons in copper? 
(a) From Eq. 31-14 (see also Example 2), we have 
rN ge md (9.1 X 107?! kg) ME 
T7 $7 mp. (84 X 10°/meter®)(1.6 X 10—19 coul)*(1.7 X 10-* ohm-m) ` 


= 2.5 X 107! sec. 


p 


(b) The mean free path is y 
A = ro = (2.5 X 10—14 sec)(1.6 X 10% em/sec) = 4.0 X 1075 em. 


This is about 200 ionic diameters. 4 


31-5 Energy Transfers in an Electric Circuit j 

Figure 31-8 shows a circuit consisting of a battery B connected to а 
“black box.” A steady current 7 exists in the connecting wires and a steady 
potential difference V; exists between the terminals а and b. The box might 
contain a resistor, a motor, or a storage battery, among other things. 


Fig. 31-8 A battery B sets up a current in а circuit _ 
containing a “black box." 
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Terminal a, connected to the positive battery terminal, is at a higher 
potential than terminal b. If a charge dg moves through the box from a to b, 
this charge will decrease its electric potential energy by dq Vas (see Section 
29-6). The conservation-of-energy principle tells us that this energy is 
transferred in the box from electric potential energy to some other form. 
What that other form will be depends on what is in the box. In a time dt the 
energy dU transferred inside the box is then 


du ada Va id Yu 
We find the rate of energy transfer P by dividing by the time, or 


Bof or que (31-15) 
= — = { a -= 
ЭЗЕЛ S 


If the device in the box is a motor, the energy appears largely as mechanical 
work done by the motor; if the device is a storage battery that is being 
charged, the energy appears largely as stored chemical energy in this second 
battery. 

If the device is a resistor, we assert that the energy appears as heat in the 


- resistor. To see this, consider a stone of mass m that falls through a height h. 


It decreases its gravitational potential energy by mgh. If the stone falls in a- 
vacuum or—for practical purposes—in air, this energy is transformed into 

kinetic energy of the stone. If the stone falls in water, however, its speed 

eventually becomes constant, which means that the kinetic energy no longer 

increases. The potential energy that is steadily being made available as the 

stone falls then appears as thermal energy in the stone and the surrounding 

water. It is the viscous, friction-like drag of the water on the surface of the 

stone that stops the stone from accelerating, and it is at this surface that 

thermal energy appears. 

The course of the electrons through the resistor is much like that of the 
stone through water. The electrons travel with a constant drift speed va and 
thus do not gain kinetic energy. The electric potential energy that they lose 
is transferred to the resistor as heat. On a microscopic scale this can be 
understood in that collisions between the electrons and the lattice (see Fig. 
21-5) increase the amplitude of the thermal vibrations of the lattice; on a 
macroscopic scale this corresponds to a temperature increase. This effect, 
which is thermodynamically irreversible, is called Joule heating. 

For a resistor we can combine Eqs. 31-15 and 31-6 (R = V/1) and obtain 
either 7 : 

Ё P=?R (31-16) 


х у? 
ог Р = po (31-17) 
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Note that Eq. 31-15 applies to electrical energy transfer of all kinds; Eqs. 
31-16 and 31-17 apply only to the transfer of electrical energy to heat euergy 
in a resistor. Equations 31-16 and 31-17 are known as Joule's law. This 
law is a particular way of writing the conservation-of-energy principle for the 
special сазе in which electrical energy is transferred into heat energy. 

The unit of power that follows from Eq. 31-15 is the volt-amp. It can be 


written as бш 
с ENT Үү дш 
1 volt-amp = 1 едр (5 vult X1 dis ађр X 1 sec 


— 1 joule/sec. 


The first conversion factor in parenthesis comes from the definition of the 
volt (Eq. 29-1); the second comes from the definition of the coulomb. The 
joule/sec is such a common unit that it is given a special name of its own, the 
walt; see Section 7-7. Power is not an exclusively electrical concept, of 
course, and we can express in watts the power (= Fev) expended by an agent 
that exerts a force Е while it moves with a velocity v. 
> Example 5. You are given a 20-ft length of heating wire made of the special 
alloy Nichrome; it has a resistance of 24 ohms. Can you obtain more heat by winding 
one coil or by cutting the wire in two and winding two separate coils? In each case 
the coils are to be connected individually across a 110-volt line. 

The power P for the single coil is given by Eq. 31-17: 


y* (uo volts)? 


R JA clims = 500 watts. 


P= 


The power for a coil of half the length is given by 


_ (110 volts)? _ i 
P= аваа О 1000 watts. 


There are two “half-coils,” so that the total power obtained by cutting the wire in 
half is 2000 watts, or four times that for the single coil. This would seem to suggest 


that we could buy a 500-watt heating coil, cut it in half, and rewind it to obtain 
4 


2000 watts. Why is this not a practical idea? 
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QUESTIONS 


1. Name other physical quantities that, like eurrent, are scalars having a sense. repre- 
sented by an arrow in a diagram. 

2. What conclusions сап you draw by applying Eq. 31-4 to a closed surface through 
which a number of wires pass in random directions, carrymg steady currents of different 
sizes? К 
3. A potential difference V is applied to a circular cylinder of carbon by clamping it 
between circular copper electrodes, as in Fig. 31-9. Discuss the difficulty of calculating 
the resistance of the carbon cylinder, using the relation R = pL/A. 


4. How would you measure the resistance of a pretzel-shaped conductor? Give specific 
details to clarify the concept. : 

5. Discuss the difficulties of testing whether the filament of a light bulb obeys Ohm's 
law. к 1 

6. Does the relation У = iR apply to nonohmic resistors? 

7. The temperature coefficient of resistance of a thermistor is negative and varies 
greatly with temperature. account qualitatively for the shape of the curve of i versus V. 
for the thermistor of Fig. 31-6 

. 8. A potential difference Y is applied to а copper wire of diameter d and length l. What 
is the effect on the electron drift speed of (a) doubling V, (b) doubling /, and (c) doubling d? 

9. If the drift speeds of the electrons in a conductor under ordinary circumstances аге 
so slow (see Example 2), why do the lights in a room turn on so quickly after the switch is 
closed? д 

10. Can you think of а way to measure the drift speed for electrons by timing their 
travel along в conductor? , 1 

1). Why are the deshed white lines in Fig. 31-7 curved slightly? 

72, A current i enters the top ol a copper sphere ot radius / and Jeaves at à diametrically 
opposite point. Are all purte of the sphere equally effective in dissipating Joule heat? 

13. What special characteristics must (a) heating wire and (b) fuse wire have? 
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14. Equation 31-16 (P = FR) seems to suggest that the rate of Joule heating in а 
resistor is reduced if the resistance is made less; Eq. 31-17 (P = V?/R) seems to suggest 
just the opposite. How do you reconcile this apparent paradox? 

15. Is the filament resistanee lower or higher in a 500-watt light bulb than in a 100-watt 
bulb? Both bulbs are designed to operate on 110 volts. 

16. Five wires of the same length and diameter are connected in turn between two points 
maintained at constant potential différence. Will heat be developed at the fastest rate in 
the wire of (a) the smallest or (b) the largest resistance? 


PROBLEMS 


1. A current of 5 amp exists їп а 10-ohm resistance for 4 min. (a) How many coulombs 
and (b) how many electrons pass through any cross section of the resistor in this time? 

2. A current is established in a gas discharge tabe when a sufficiently high potential 
difference is applied across the two electrodes in the tube. The gas ionizes; electrons move 
toward the positive terminal and positive ions toward the negative terminal. What are the 
magnitude and sense of the.current in a hydrogen discharge tube in which 3.1 X 10 
electrons and 1.1 X 10 protons move past а cross-sectional area of the tube each second? 

3. A copper wire and an iron wire of the same length have the same potential difference 
applied to them. (a) What must be the ratio of thcir radii if the current is to be the вате? 
(b) Can the current density be made tlie same by suitable choices of the radii? 

4. А current i enters one corner of а square sheet of copper and leaves at the opposite 
corner. Sketch arrows for various points within the square t represent the relative values 
of j. Intuitive guesses rather than détailed mathematical analysis are called for. 

5. The belt of an electrostatic generator is 50 cm wide and travels at 30 meters /sec. 
The belt carries charge into the sphere at a rate corresponding to 107% amp. Compute 
the surface charge density on the belt. 

6. A square aluminum rod is 1.0 meter long and 5.0 mm on edge. (a) What is the resist- 
ance between its ends? (b) What must be the diameter of a circular 1.0-meter copper rod 
if its resistance is to be the same? ` 

7. A wire with a resistance of 6.0 ohms is drawn out so that its new length is three 
times its original length. Find the resistance of the longer wire, assuming that the resis- 
tivity and density of the material are not changed during the drawing process. 

8. A copper wire and an iron wire of equal length І and diameter d are joined and a 
potential difference V is applied between the ends of the composite wire. Calculate (a) 
the electric field strength in each wire, (b) the current density in each wire, and (c) the 
potential difference across each wire. Assume that 1 = 10 meters, d = 2.0 mm, and V = 
100 volts. 

9. A rod of a certain metal is 1.00 meter long and 0.550 em in diameter. The resistance 
between its ends (at 20°C) is 2.87 X 10 * ohm. A round disk is formed of this same ma- 
terial, 2.00 emi in diameter and 1.00 mm thick. (a) What is the resistance between the 
opposing round faces? (д) What ів the material? 

10. Steel trolley-car rail has à cross-sectional area of 7.1 in? What is the resistance of 10 
milés of single track? "Thé resistivity of the steel is 6.0 X 10-7 ohm-m. 

‘11. (a) At what temperature would the resistance of a copper conductor be double its 
resistance at 0°C? (Б) Does this same temperature hold for all copper conductors, regard- 
less of shape or size? 

12. It is desired to make a long cylindrical conductor whose temperature coefficient of 
resistivity at 20°C will be close to zero. (a) If such a conductor is made by assembling 
alternate disks of iron and carbon, what is the ratio of the thickness of a carbon disk to 
that of an iron disk? Assume that the temperature remains essentially the same in each 
disk. (b) What is the ratio of the rate of Joule heating in a carbon disk to that in an iron 


disk? 
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13. When a metal rod is heated, not only its resistance but also its length and its cross 
sectional area change. The relation R = pl/A suggests that all three factors should be 
taken into account in measuring p at various temperatures. If the temperature changes by 
1.0 С°, what per cent changes in К, I, and A occur for a copper conductor. What con- 
clusion do you draw? The coefficient of linear expansion is 1.7 X 10~°/C°. 

14. The copper windings of a motor have a resistance of 50 ohms at 20°С, when the 
motor is idle. After running for several hours the resistance rises to 58 ohms: What is 
the temperature of the windings? 

15. (a) Using data from Fig. 31-5, plot the resistance of the vacuum tube as а unction of 
applied potential difference. (b) Repeat for the thermistor of Fig. 31-6. 

16. A small but measurable current of 10— amp exists in a copper wire whose diameter 
is 0.10 in. Calculate the electron drift speed. 

17. Heat is developed іп a resistor at a rate of 100 watts when the current is 3.0 amp. 
What is the resistance in ohms? ` 

18. A potential difference of 1.0 volt is applied to a 100-ft length of #18 copper wire 
(diameter = 0.040 in.). Calculate (a) the current, (6) the current density, (c) the electrie 
field strength, and (d) the rate of Joule heating. 

19. The National Board'of Fire Underwriters has fixed safe current-carrying capacities 
-for various sizes and types of wire. For #10 rubber-coated copper wire (wire diameter = 
0.10 in.) the maximum safe current is 25 amp. At this current, find (a) the current density, 
(b) the electric field strength, (c) the potential difference for 1000 ft of wire, and (d) the rate 
of Joule heating for 1000 ft of wire. 

20. A 500-watt immersion heater is placed in a pot Shik 2.0 liters of water at 20°C. 
(а) How long will it take to bring the water to boiling temperature, assuming that 809 of 
the available energy is absorbed by the water? (b) How much longer will it take to boil 
half the water away? 

21. A nichrome heater dissipates 500 watts when the applied potential difference is 110 
volts and the wire temperature is 800°C. How much power would it dissipate if the wire 
temperature were held to 200°C by immersion in a bath of cooling oil? The applied poten- 
tial difference remains the same; 2 for nichrome is about 4 X 1074/C°. 


22. A beam of 16-Mev deuterons from a cyclotron falls on a copper block. The beam is _ 4 
equivalent to a current of 15 X 107% amp. (a) At what rate do deuterons strike the block? — 


(b) At what rate is heat produced in the block? 

23. A “500-watt” heating unit is designed to operate from a 115-volt line. . (а) By what 
percentage will its heat output drop if the line voltage drops to 110 volts? Assume no 
change іп resistance. (b) Taking the variation of resistance with temperature into account, 
would the actual heat output drop be larger or smaller than that calculated in (a)? 

24. Show that p, the power per unit volume transformed into Joule heat in a resistor, 
ean be written as 1 
; p=fo or p=E*/p, 


Electromotive Force 
and Circuits 


CHAPTER 32 


32-1 Electromotive Force 


'There exist in nature certain devices such as batteries and electric gene- 
rators which are able to maintain a potential difference between two points 
to which they are attached. Such devices are called seats of electromotive 
force (abbr. emf), In this chapter we do not discuss their internal construc- 
tion or detailed mode of action but confine ourselves to describing their gross 
electrical characteristics and to exploring their usefulness in electric circuits. 

Figure 32-1a shows a seat of emf B, represented by a battery, connected to 
a resistor №. The seat of emf maintains its upper terminal positive and its 
lower terminal negative, as shown by the + and — signs. In the circuit ex- 
ternal to B positive charge carriers would be driven in the direction shown by 
the arrows marked i. In other words, a clockwise current would be set up. 

An emf is represented by an arrow which is placed next to the seat and 
points in the direction in which the seat, acting alone, would cause a positive 
charge carrier to move in the external circuit. A small circle is drawn on the 
tail of an emf arrow so that it will not be confused with a current arrow. 

А seat of emf must be able to do work on charge carriers that enter it. In 
the circuit of Fig. 32-1a, for example, the seat acts to move positive charges 
from a point of low potential (the negative terminal) through the seat to a 
point of high potential (the positive terminal). This reminds us of а pump, 
which ean cause water to move from a place of low gravitational potential to 
a place of high potential. f 

In Fig. 32-1a a charge dq passes through any cross section of the circuit in 
time di. In particular, this charge enters the seat of emf 8 at its low-potential 
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Fig. 32-1 (а) А simpleelectric ^ 
circuit and (b) its gravitational 
analog. 


work dW on the (positive) charge carriers to force them to go to the point of _ 
higher potential. The emf 8 of the seat is defined from E 


& = dW/dg. (32-1) 


The unit of emf is the joule/coul (see Eq. 29-1) which is the volt. We | 
might be inclined to say that а battery has an emf of 1 volt if it maintainsa | 
difference of potential of 1 volt between its terminals. This is true only — 
under certain conditions, which we describe in Section 324. 

If a seat of emf does work on a charge carrier, energy must be transferred 
within the seat. In a battery, for example, ehemical energy is transferred 
into electrical energy. Thus we can describe a seat of emf as a device in 
which chemical, mechanical, or some other form of energy is changed (re- 
versibly) into electrical energy. The chemical energy provided by the 
battery in Fig. 32-1a is stored in the electric and the magnetic * fields that 
surround the circuit. This stored energy does not increase because it is being 1 
drained away, by transfer to Joule heat in the resistor, at the same rate at | 
which it is supplied. Тһе electric and magnetic fields play an intermediary 
role in the energy transfer process, acting as a storage reservoir. 

Figure 32-1b shows a gravitational analog of Fig. 32-1a. In the top figure 
the seat of emf B does work on the charge carriers. This energy, stored 
temporarily as electromagnetic field energy, appears eventually as Joule heat 
in resistor R. In the lower figure the man, in lifting the bowling balls from 


* А current in a wire is surrounded by a magnetic field, and this field, like the electric 
field, can also be viewed as a site of stored energy (see Section 36-4). 
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Fig. 32-2 Two batteries, a resistor, 
and a motor, connected in a single- 
loop circuit. It is given that 8p > 84. 


the floor to the shelf, does work on them. This energy is stored temporarily 
as gravitational field energy. The balls roll slowly and uniformly along the 
shelf, dropping from the right end into a cylinder full of viscous oil. They 
sink to the bottom at constant speed, are removed by a trapdoor mechanism 
not shown, and roll back along the floor to the left. The energy put into the 
system by the man appears eventually as heat in the viscous fluid. The 
energy supplied by the man comes from his own internal (chemical) energy. 
The circulation of charges in Fig. 32-1a will stop eventually if battery B is not 
charged; the circulation of bowling balls in Fig. 32-15 will stop eventually if 
the man does not replenish his store of internal energy by eating. 

Figure 32-2 shows a circuit containing two (ideal) batteries, A and B, a 
resistor R, and an (ideal) electric motor employed in lifting a weight. The 
batteries are connected so that they tend to send charges around the circuit 
' in opposite directions; the.actual direction of the current is determined by B, 
which supplies the larger potential difference. The energy transfers in this 
circuit are 
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The chemical energy in B is being steadily depleted, the energy appearing in 
the three forms shown on the right. Battery A is being “charged” while 
battery B is being discharged. Again, the electric and magnetic fields that 
surround the circuit act as an intermediary. 

It is part of the definition of an emf that the energy transfer process be reversible, 
at least in principle. The student will recall that a reversible process is one that 
passes through equilibrium states; its course can be reversed by making an infinites- 
imal change in the environment of the System; see Section 25-2: A battery, for 
example, can either be on charge or discharge; a generator can be driven mechanically, 
producing electric energy, or it can be operated backward as a motor. The (rever- 

sible) energy transfers here are 


electrical = chemical 
and electrical — mechanical. 
Joule heating is an electric energy transfer that is nof reversible. We can easil y heat 
a conductor by supplying electric energy to it, but it is not possible to set up 4 


current in a closed copper loop by heating the loop uniformly. Because of this lack 
of reversibility, we do not associate an emf with Joule heating. 


32-2 Calculating the Current 


In a time dt an amount of energy given by 7? dé will appear in the resistor .— 
of Fig. 32-1a as Joule heat. During this same time a charge dg (= i dt) will 
have moved through the seat of emf, and the seat will have done work on this 
: charge (see Eq. 32-1) given by 


dW = &dq = &i dt. 


From the conservation of energy principle, the work done by the seat must 

equal the Joule heat, or 

Bi di = PR dt. 

Solving for 4, we obtain erate 
i i= 8/R. (32-2) 


We can also derive Eq. 32-2 by considering that if electric potential is to 
„have any meaning a given point ean have only one value of potential at апу 
given time. If we start at any point in the circuit of Fig. 32-1a and, in imagi- 
nation, go around the circuit in either direction, adding up algebraically the 
changes in potential that we encounter, we must arrive at the same potential 
when we return to our starting point. In other words, the algebraic sum of the 
changes in. potential encountered in a complete traversal of the circuit must be 
zero. 

In Fig. 32-1a let us start at point a, whose potential is V,,* and traverse 
the circuit clockwise, In going through the resistor, there is a change in 
potential of —7R. The minus sign shows that the top of the resistor is higher 


* The actual value of V; depends on assumptions made in the definition of potential 
(as deseribed in Section 29-1), The numerical value of V, is not important because, as in 
most electric circuit situations, we are concerned here with differences of potential. Point 
a in Fig. 32-1a (or any other single point in that figure) could be connected to ground 
(symbol = ) and assigned the potential Va = 0, following a common practice. 
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in potential than the bottom, which must be true, because positive charge 
carriers move of their own accord from high to low potential. As we tra- 
verse the battery from bottom to top, there is an increase of potential 4-6 
“because the battery does (positive) work on the charge carriers, that is, it 
mores them from a point of low potential to one of high potential. Adding 
the‘ulgebraic sum of the changes in potential to the initial potential Va must 
yield the identical value Va, or 


V, —iR +8 = Va. 
We write this as 


—iR + & — 0, 


which is independent of the value of Va and which asserts explicitly that ihe 
algebraic sum of the potential changes for a complete circuit traversal is zero. 
This relation leads directly to Eq. 32-2. 3 

These two ways to find the current in single-loop circuits, based on the 
conservation of energy and on the concept of potential, are completely 
equivalent because potential differences are defined in terms of work and 
energy (Section 29-1). The statement that the sum of the changes in poten- 
да] encountered in making a complete loop is zero is called KirchAoff's second 
rule; for brevity we call it the loop theorem. It must always be borne in mind 
that this theorem is simply a particular way of stating the law of conserva- 
tion of energy for electric circuits. 

To prepare for the study of more complex circuits, let us examine the rules 
for finding potential differences; these rules follow from the previous dis- 

- cussion. They are not meant to be memorized but rather to be so thoroughly 

understood that it becomes trivial to re-derive them on each application. 


1. If a resistor is traversed in the direction of the current, the change in 


potential is — iR; in the opposite direction it is T. : 
2. If a seat of emf is traversed in the direction of the emf, the change in 


potential is 4-6; in the opposite direction it is =8: 


32-3 Other Single-Loop Circuits 

Figure 32-3a shows a circuit which emphasizes that all seats of emf have 
an intrinsic internal resistance 7. This Tesistance cannot be removed—al- 
though we would usually like to do so—because it is an inherent part of the 
device. The figure shows the internal resistance r and the emf separately, | al- 
though, actually, they oecupy the same region of space. 


If we apply the loop theorem, starting at b and going around clockwise, we 
obtain s of Sate 
Vy $ eir- ik= Vs 
or +g ir- ik= 0. 


ions with Fi ich shows 
Th these equations with Fig. 32-20, which s 
ee о ES In writing these equations, note that 


the changes in potential graphically. $ а 
we traversed rand R in the direction of the current and & in the direction of the 


— iin, 
a 
R 
i 
b 
i 
(a) 


l 
| 
1 
e" 
ч 
a 


Potential, volts 


The seat of Qu cns the external _ | 
a b 


resistor 


(5) 


Fig. 32-3 А single-loop circuit. The rectangular block is a seat of emf with internal re- 
sistance r. (b) The same circuit is drawn for convenience as а straight line. Directly 
below are shown the changes in potential that one encounters in traversing the circuit 
clockwise from point b. 


emf. The same equation follows if we start at any other point in the circuit 
or if we traverse the circuit in a counterclockwise direction. Solving for t 
gives & 


R+r 
> Example 1. Resistors in series. Resistors in series are connected so that there 
is only one conducting path through them, as in Fig. 32-4. What is the equivalent 
resistance Ё of this series combination? The equivalent resistance is the single re- 
sistance R which, substituted for the series combination between the terminals ab, 
will leave the current 7 unchanged. 

Applying the loop theorem (going clockwise from а) yields 


—tR; — 185 ¬ 183 +8 = 0 
i= 8 : 
Ri + Re + Ra 


i= 


or 


(32-8). 


m 
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i“ 
a Ri 
Fig. 32-4 Example 1. Three resistors are connected a 
in series between terminals a and b. s 6 Ra | 
b Ез 
}ستيه‎ 
For the equivalent resistance Е 
== 
ог R = № + Ra + Ra (32-4) 
The extension to more than three resistors is clear. 4 


32-4 Potential Differences 

We often want to compute the potential difference between two points in a 
circuit. In Fig. 32-3a for example, what is the relationship between the po- 
tential difference Vas (= Va — V.) between points b and a and the fixed 
cireuit parameters &, т, and R? To find this relationship, let us start from 
point b and traverse the circuit to point a, passing through resistor R against 
the current. If Vyand V, are the potentials at b and a, respectively, we have 


Vs +iR = Va 
because we experience an increase in potential in traversing a resistor against 
the current arrow. We rewrite this relation as 
Vas = Va — Vo = +В, . 
which tells us that Va», the potential difference between points a and b, has 
the magnitude iR and that point a is more positive than point b. Combining 
this last equation with Eq. 32-3 yields 


Va = 8 (32-5) 


R+r 
To sum up: To find the potential difference between any two points in a cir- 
cuit start at one point and traverse the circuit to the other, following any 
path, and add up algebraically the potential changes encountered. This 
algebraic sum will be the potential difference. This procedure is similar to 
that for finding the current in a closed loop, except that here the potential 
differences are added up over part of a loop and not over the whole loop. 

The potential difference between any two points can have only one value; 
thus we must obtain the same answer for all paths that connect these points. 
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lf we consider two points on the side of a hill, the measured difference in 
gravitational potential (that is, in altitude) between them is the same no _ 
matter what path is followed in going from one to the other. In Fig. 32-3a . 

let us calculate Vas, using a path passing through the seat of emf.— We have 


Vyi--F&£—ir- Va 
or (see also Fig. 32-35) 


Vas = Vo — Vy = Ба е. 


` Again, combining with Eq. 32-3 leads to-Eq. 32-5. 


The terminal potential difference of the battery Vav, as Eq. 32-5 shows, is _ 
Jess than & unless the battery has no internal resistance (r = 0) or if it is on 
open cireuit (R= ©); then Vay is equal to & Thus the emf of a device is 
equal to its terminal potential difference when on. open circuit. = 
b Example 2. In Fig. 32-5a let £ and & be 2.0 volts and 4.0 volts, respectively; 


let the resistances rı, rs, and R be 1.0 ohm, 2.0 ohms, and 5.0 ohms, respectively. : 
What is the current? - 


7 $3 5) 
А مک‎ o> C 
إل‎ ra b x R © r1 ЫШ. 
| 1 "i ب‎ l | 
I 1 f | 
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Fig. 32-5 (а) A single-loop circuit. (Б) The same circuit is shown schematically as а 
straight line, the potential differences encountered in traversing the circuit clockwise from 
point a being displayed directly below. In the lower figure the potential of point а was 
assumed to be zero for eonvenience. i 
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Emfs £; and &2 oppose each other, but because 5з is larger it controls the direction 
of the current. Thus ¢ will be counterclockwise. The loop theorem, going clockwise 
from a, yields ; ; : } 

— б» + dro + iR + iri + б: = 0. 

The student should check that the same result is obtained by going around counter- 
clockwise. He should also compare this equation carefully with Fig. 32-55, which 
shows the potential changes graphically. 

Solving for 1 yields 


т &-&& . 4.0 volts — 2.0 volts 
R+rı +rs 50 ohms + 1.0ohm + 2.0 ohms 
= 0.25 amp. : 


It is not necessary to know in advance what the actual direction of the current is. 
To show this, let us assume that the current in Fig. 82-5a is clockwise, an assumption 
that we know is incorrect. The loop theorem then yields (going clockwise from a) 

—&) — tro — iR — ir + 8 = 0 
or nei wm тб Бу: 
R Fri + rs 
Substituting numerical values (see above) yields —0.25 amp for the current. The 
minus sign tells us that the current is in the opposite direction from the one we have 
assumed. 

In more complex circuit problems involving many loops and branches it is often 
impossible to know in advance the correct directions for the currents in all parts of 
the circuit, We can assume directions for the currents at random. Those currents 
for which positive numerical values are obtained will have the correct directions; 
those for which negative values are obtained will be exactly opposite to the assumed 
directions. In all cases the numerical values will be correct. " ] 

Example 3. What is the potential difference (a) between points b and a in Fig. 
32-5a? (b) Between points a and e? Ў 

(a) For points а and b we start at b and traverse the circuit to a, obtaining 

Vas (= У„— Vi) = —йз + & = —(0.25 amp)(2.0 ohms) + 4.0 volts 


= +3.5 volts. 
Thus a is more positive than b and the potential difference (3.5 volts) is less than the 


emf (4.0 volts); see Fig. 32-50. 
(b) For points c and a, we start at c and traverse the circuit to a, obtaining 


Va (= Ve — Ve) = +81 + їз = +20 volts + (0.25 amp)(1.0 ohm) 
= +2,25 volts. 


This tells us that a is at a higher potential than c. 
of 51 (2.25 volts) is larger than the emf (2.0 volts); see Fig. 32-5b. Charge is being 
forced through 8; in a direction opposite to the one in which it would send charge if 
it were acting by itself; if 81 is a storage battery, it is being charged at the expense of 


82. = 
Let us test the first result by proceeding from b to а along a different path, namely, 


through R, ri, and 6:. We have 
Va = iR + dry + 61 = (0.25 amp)(5.0 ohms) 2 
+ (0.25 amp)(1.0 ohm) + 2.0 volts = +3.5 volts, 


which is the same as the earlier result. TERE a | 
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32-5 Multiloop Circuits 

Figure 32-6 shows a circuit containing two loops. For simplicity, we have 
neglected the internal resistances of the batteries. There are two junctions, 
b and d, and three branches connecting these junctions. The branches are 
the left branch bad, the right branch bcd, and the central branch bd. If the 
emfs and the resistances are given, what are the currents in the various 
branches? 

We label the currents in the branches as 7, 72, and їз, as shown. Current 
îı has the same value for any cross section of the left branch from b to d. 
Similarly, i; has the same value every where in the right branch and i; in the 
central branch. The directions of the currents have been chosen arbitrarily. 
The careful reader will note that їз must point in a direction opposite to the 
one we have shown. We have deliberately drawn it in wrong to show how 
the formal mathematical procedures will always indicate this to us. 

The three currents i, i», and із carry charge either toward junction d or 
away from it. Charge does not accumulate at jünction d, nor does it drain 
away from this junction because the circuit is in a steady-state condition. 
Thus charge must be removed from the junction by the currents at the same 
rate that it is brought into it. If we arbitrarily call a current approaching 
the junction positive and the one leaving the junction negative, then 


d + ig — ig = 0. 


This equation suggests a general principle for the solution of multiloop 
circuits: At any junction the algebraic sum of the currents must be zero. This 
junction theorem is also known as Kirchhoff’s first rule. Note that it is simply 
a statement of the conservation of charge. Thus our basic tools for 8olving 
circuits are (a) the conservation of energy (see p. 793) and (b) the conserva- 
tion of charge. 

For the cireuit of Fig. 32-6, the junction theorem yields only one relation- 
ship among the three unknowns. Applying the theorem at junction b leads 
to exactly the same equation, as the student should verify. То solve for 
the three unknowns, we need two more independent equations; they can be 
found from the loop theorem. 

In single-locp circuits there is only one conducting loop around which to 
apply the loop theorem, and the current is the same in all parts of this loop. 


EDI 
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In multiloop circuits there is more than one loop, and the current in general 
will not be the same in all parts of any given loop. 

If we traverse the left loop of Fig. 32-6 in a counterclockwise direction, 
the loop theorem gives 


& — Ry + Ёз = 0. < (32-6) 
The right loop gives 
—13Ёз — izk — & = 0. (32-7) 


These two equations, together with the relation derived earlier with the 
junction theorem, are the three simultaneous equations needed to solve for 
the unknowns 4}, 2, and їз. Doing so yields 


` 5108 + Ёз) = 82s 


ЖЫЛ lites lU саш 32-8a 
à = Rs + Rus + Rika 00 
5\Ёз — &2(Ri + Ез) А : 
Mn Pio: ла ЗЬ SLES 32-8Ь 
а = BR, + Rak + RiRs (250) 
= —8ıR» — 821 (82-8) 


T В.В + Roky + RR. 


The student should supply the missing steps. Equation 32-8c shows that 
no matter what numerical values are given to the emfs and to the resistances 
the current їз will always have а negative value. This means that it, will 
always point up in Fig. 32-6 rather than down, as we deliberately assumed. 
The currents i, and їз may be in either direction, depending on the particular 
numerical values given. $ 

The student should verify that Eqs. 32-8 reduce to sensible conclusions 
in special cases. For Ёз = %, for example, we find 


81 = & 


lo = and їз = 0. 
5 Boi : 


i = 


What do these equations reduce to for Ro = o? 

The loop theorem can be applied to a large loop consisting of the entire 
circuit abcda of Fig. 32-6. This fact might suggest that there are more equa- 
tions than we need, for there are only three unknowns and we already have 
three equations written in terms of them. However, the loop theorem yields 


for this loop . 

-iıR > Ra — 62 + & = 0, 
which is nothing more than the sum of Eqs. 32-6 and 32-7. Thus this large 
loop does not yield another independent equation. It will never be found in 
solving multiloop circuits that there are more independent equations than 


variables. 
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> Example 4. Resistors in parallel. Figure 32-7 shows three resistors connected 
across the same seat of emf. Resistances across which the identical potential dif- 
ference is applied are said to be in parallel. What is the equivalent resistance E of 
this parallel combination? The equivalent resistance is that single resistance which, 
substituted for the parallel combination between terminals ab, would leave the 
current ¢ unchanged. 


4 R i Fig.32-7 Example 4. Three re- 
E E 3  gistors are connected in parallel 
betweeen terminals a and b. 
oO 


The currents in the three branches are 


umi ko cda au 

1 Ri 12 = Rs an = Е; ; 
where V is the potential difference that appears between points a and b. The total 
current 7 is found by applying the junction theorem to junction a, or 


VINE a ERU I 
i-hcTàth- n M. rr) 
If the equivalent resistance is used instead of the parallel combination, we have 


us 
ETUR 

Combining these two equations gives 

(32-9) 


This formula can easily be extended to more than three resistances. Note that the 
equivalent resistance of a parallel combination is less than any of the resistances that 
make it up. : 4 


32-6 Measuring Currents ond Potential Differences 


A meter to measure currents is called an ammeter (or a mailliammeter or micro- 
ammeter, depending on the size of the current to be measured). To determine the: 
current in a wire, it is necessary to break or cut the wire and to insert the ammeter, 
so that the current to be measured passes through the meter (see Fig. 32-8).* ^ 

It is essential that the resistance R4 of the ammeter be small compared to other 
resistances in the circuit. Otherwise the act of inserting the meter will in itself change 


*The meter must be connected so that the direction of current through it (assuming 
positive charge carriers) is into the meter terminal marked +. Otherwise the meter will 
deflect in a direction opposite to that intended. 


fe a mos DOT TEV TO 


| 
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Fig. 32-8 An ammeter (A) is connected to read 
the current ia a circuit, and a voltmeter (V) is con- 
nected to read the potential difference across re- 
sistor Ri. 


the current to be measured. Ап ideal ammeter would have zero resistance. In 
the circuit of Fig. 32-8 the required condition, assuming that the voltmeter is not 
connected, is 

Ra Kr + Rit Hs. 


A meter to measure potential differences is called a voltmeter (or a millivoltmeter 
or microvolimeier). To find the potential difference between two points in a circuit, 


. it is necessary to connect one of the voltmeter terminals to each of the circuit points, ~ 


without breaking the circuit (see Fig. 32-8).* 

It is essential that the resistance of the voltmeter Ry be large compared to any 
circuit resistance across which the voltmeter is connected. Otherwise the meter will 
itself constitute an important circuit element and will alter the cireuit current and 
the potential difference to be measured. Ап ideal voltmeter would have an infinite 
resistance. In Fig, 32-8 the required condition is 


Ry > Rh 


In measuring potential difference in electronic circuits, where the effective circuit 
resistance may be of the order of 10% ohms or higher, it becomes necessary to use а 
vacuum-tube volimeter, which is an eleetron-tube device designed specifically to have an 
extremely high effective resistance between its input terminals, 

32-7 The Potentiometsr 


Figure 32-9 shows the rudiments of a potentiometer, which is a device for measuring 
an unknown emf &s. The currents and emfs.are marked as shown: Applying the 
loop theorem to loop abod yields 


—6. — ir + (io — А = 0, 


where б — i, by application of the junction theorem at a, is the current in 
resistor Е. Solving for i yields 


io — бу, 
R+r 


in which Risa variable resistor. This relation shows that if R is adjusted to have the 
value R; where 


t= 


iR, = 85, (32-10) 


the current i in the branch abcd becomes zero. -To balance the potentiometer in this 
way, R must be adjusted manually until the sensitive meter б reads zero. 


* The voltmeter terminal marked + must be connected to the point of higher potential. 
Otherwise the meter will deflect in a direction opposite to that intended. 
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Но. 32-9 Elements of а potenti- 
ometer 


The emf can be obtained from Eq. 32-10 if the current ù is known. However, it is 
standard practice to replace 8. by a known standard emf &,, and once again to adjust 
‚ Е to, the zero-current condition. This yields, assuming the current io remains un- 
changed, А 
z Ё, = 5,. 


Combining the last two equations yields 


Е, 
8, =&—» (32-11) 
Е, 
3 r , 
which allows us to compare emfs with precision. Note that the internal resistance т 
of the emf plays no role. In practice, potentiometers are conveniently packaged 
units, containing a standard cell which, after calibration at the National Bureau of 
' Standards or elsewhere, serves as a convenient known standard seat of emf 8,. 
Switching-arrangements for replacing the unknown emf by the standard and arrange- 
, ments for ascertaining that the current io remains constant are also incorporated. 


32-8 RC Circuits 


The preceding sections dealt with circuits in which the circuit elements 
were resistors and in which the currents did not vary with time. Here we 
introduce the capacitor as a circuit element, which will lead us to the con- 
cept of time-varying currents. In Fig. 32-10 let switch S be thrown to posi- 
tion a. What current is set up in the single-loop circuit so formed? Let us 
apply conservation of energy principles. 

In time dt a charge dq (= idt) moves through any cross section of the 
circuit. The work done by the seat of emf (= € dq; see Eq. 32-1) must 
equal the energy that appears as Joule heat in the resistor during time 


9 3n N WY 
: R 
Fig. 32-10 An RC circuit. н 
, & [^] 
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dt (= R dt) plus the increase in the amount of energy U that is stored in 
the capacitor [= #0 = d(q’/2C); see Eq. 30-25]. In equation form 


bay = ёва+а(® 


ог êda = PR dt + ^а. 
Dividing by dt yields 
8 qus PR + tu: 
di C dt 


But dg/dt is simply i, so that this equation becomes 
&-4R4 $ & (32-12) 


This equation also follows from the loop theorem, as it must, since the 
loop theorem was derived from the conservation of energy principle. Start- 
ing from point z and traversing the circuit clockwise, we experience an in- 
crease in potential in going through the seat of emf and decreases in potential 
in traversing the resistor and the capacitor, or + 


* q 
DEAE E СОД 
S qr 


which is identical with Eq. 32-12. 
We cannot immediately solve Eq. 32-12 because it contains two SEEDS, 
qand т, which, however, are related by 


. di 
Sit 32-13 
OT ( ) 
Substituting for z into Eq. 32-12 gives 
dq а й 
&=Rh— +=: 32-14 
0 d (32-14) 


Our task now 1s to find the function q(t) that satisfies this differential equa- 
tion. Although this particular equation is not difficult to solve, we choose 
to avoid mathematical complexity by simply presenting the solution, which is 


q = C&(1 — е RC), (82-15) 
We can easily test whether this function q(t) is really a solution of Eq. 32-14 by 


svbstituting it into that equation and seeing whether an identity results. Differ- . 


entiating Eq. 32-15 with DEDI: to time yields 


4 Mi= gem. [22] 


E 


Substituting q (Eq. 32-15) and. а/а (Eq. 32-10) into Eq. 32-14 yields an identity, 
as the student should verify. Thus Eq..32-15 is a solution of а 32-14. — 


у 


бару thon cite PS a. ‘and & = 10 


fq th t t during the e charging осевв and (b) the varia- 
‘tions’ of i with "Phe tim coat C : 


32-15 and 32-18 for a Шо 
case. A a these plots and of the um equations shows that 
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The quantity ЁС in Eqs. 32-15 and 32-16 has the dimensions of time 
(since the exponent must ‘be dimensionless) and is called the capacitative 
time constant of the circuit. It is the time at which the charge on the capaci- 
tor has increased to within a factor of (1 — e^!) (= 63%) of its equilibrium 
value. To show this, we put t = RC in Eq. 32-15 to obtain 


q = C&(1 — e^!) = 0.63C8. 


Since C6 is the equilibrium charge on the capacitor, corresponding tot — =, 
the foregoing statement, follows. 
P Example B. After how many time constants will the energy stored in the capaci- 


tor in Fig. 32-10 reach one-half its equilibrium value? 
The energy is given by Eq. 30-25, or j 


1 
U 7369 


` the equilibrium energy U. being (1/2C)(C8)*. From Eq. 32-15, we can write the 


energy as 
U = zg (CEK — e RO? 


or $ U = U.(1 — ete)? 
Putting U = 4U, yields 
? + -(- e-tlRCy 
and solving this relation for t yields finally 
t = 1.22 RC = 1.22 time constants. К | 


Figure 32-11 shows that if а resistance is included in the circuit the rate of increase 
of the charge of a capacitor toward its final equilibriufn value is delayed in à way 
measured by the time constant RC. With no resistor present (RC = 0), the charge 
would rise immediately to its equilibrium value. Although we have shown that this, 
time delay follows from an application of the loop theorem to RC circuits, it is im- 
portant that the student develop à physical understanding of the causes of the delay. 

When switch S in Fig. 32-10 is closed on a, the resistor experiences instantaneously 
an applied potential difference of 6, and an initial current of &/R is set up. Initially, 
the capacitor experiences no potential -difference because its initial charge is zero, 
the potential difference always being given by q/C. The flow of charge through the 
resistor starts to charge the capacitor, which has several effects: First, the existence 
of а capacitor charge means that there must now be a potential difference (= q/C) 
across the capacitor; this, in turn, means that the potential difference across the 
resistor must decrease by this amount, since the sum of the two potential differences 
must always equal 6. This decrease in the potential difference across R means that 
the charging current is reduced. Thus the charge of the capacitor builds up and the 
charging current decreases until the capacitor is fully charged. At this point the 
full emf € is applied to the capacitor, there being no potential drop (i = 0) across the 
resistor. This is.precisely the reverse of the initial situation. The student should 
review the derivations of Eqs. 32-15 and 32-16 and should study Fig: 32-11 with - 
the qualitative arguments of this paragraph in mind. е 


Assume now that the switch S in Fig. 32-10 has been in position a for a 
time i such that £> RC. The capacitor is then fully charged for all practical 
purposes. The switch S is then thrown to position b. How do the charge of 


the capacitor and the current vary with time? 
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With the switch S closed on 8, there is no emf in the circuit and Eq. 32-12 
for the circuit, with 8 — 0, becomes simply 


у 4 
R+= = 0. 32- 
Rta (82-17) 


Putting? = dq/dt allows us to write, as the differential equation of the circuit _ 
(compare Eq. 32-14), J 
dq q 
R—+—=0. 2— 
dt + © (32-18a) 
The solution is 
Ое ЕО Ee (32-180) 


as the student may readily verify by substitution, qo being the initial charge 
on the capacitor. The capacitative time constant RC appears in this ex- 
pression for capacitor discharge as well as in that for the charging process ' 
(Eq. 32-15). We see that at a time such that і = RC the capacitor charge 
is reduced to qoe 71, which is 37% of the initial charge qo. © 

The current during discharge follows from differentiating Eq. 32-180, or 


; do «nc 
=== = 32-19 
i dt RC \ f k 


The negative sign shows that the current is in the direction opposite to that 
shown in Fig. 32-10. This is as it should be, since the capacitor is dis- 
charging rather than charging. Since qo = C8} we can write Eq. 32-19 as 


& 
— 2 6480, 


Я 


in which 8/5 appears as the initial current, corresponding to ¢ = 0. This - 
is reasonable because the initial potential difference for the fully charged 
capacitor is &. 

The behavior of the RC circuit of Fig. 32-10 during charge and discharge can be 
studied with a cathode-ray oscilloscope. This familiar laboratory device can display 
on its fluorescent screen plots of the variation of potential with time. Figure 32-12 
shows the circuit of Fig. 32-10 with connections made to display (а) the potential 
difference Vc across the capacitor and (b) the potential difference Ve across the 
resistor as functions of time. Vc and Vpare given by 


^ Se Mer Gt 


and Vr = (R)i, 


a 


the former being proportional to the charge and the latter to the current. $ 
Figure 32-13 shows oscillograph plots of Vc and Vp that result when, in effect, 
switch S in Fig. 32-10 is thrown regularly back and forth between positions a and b, 
being left in each position for a time equal to several time constants. Intervals | 
during which the charge is building up are labeled ch and those during which it 18 i 
decaying are labeled dis. | 
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Fig. 32-12 The circuit of Fig. 32-10 with connections made to display the potential 
variations across the resistor and the capacitor on а cathode гау oscilloscope. 


E 
Е ch. E dis EE ПЕТА dis soe) 


Fig. 32-13 In Fig. 32-10 switch S is thrown periodically, by electronic means, between 
positions a and b. The variations with time of the potential differences across (a) the ca- 
pacitor, and (b) the resistor are shown, as displayed on a cathode ray oscilloscope. (c) The 
appearance of the screen when the oscilloscope is connected to display the sum of Vz and 
Ус. (Courtesy E. К. Hege, Rensselaer Polytechnic Institute.) 


808 : ELECTROMOTIVE FORCE AND CIRCUITS Chap. 32 
The "charge" intervals in plot а (вее Eq. 32-15) are represented by 


У = (2) 4 = 8(1 — exu Roy 
and the “discharge” intervals (see Eq. 32-185) by 


y- Ө q = &е-ЧЕС. 


Note that the current, as indicated by plot b, is in opposite directions during the 
charge and discharge intervals, in agreement with Eqs. 32-16 and 32-19. 

In plot ¢ in Fig. 32-13 the oscillograph has-been connected to show the algebraic 
sum of plots а and b. According to the loop theorem this sum should equal & during 
' the charge intervals and should be zero during the discharge intervals, when the 
battery is no longer in the cireuit, that is, 


Va + Ve = & during charge (see Eq. 32-12) 
Үв+ Үс = 0 during discharge (вее Eq. чо 
Plot c is in anise плена. with this expectation. 


QUESTIONS 


1. Does the direction of the emf ees һу a battery depend on the direction of eur- 
rant flow through the battery? 

2. Figure 32-1b shows а gravitational analog of а single-loop electric circuit. Is the 
source of “gravitational emf” in this figure reversible as far as energy exchanges are con- 
cerned? ee 

3. Discuss in detail the statement that the energy method and the loop theorem method 
for solving circuits are perfectly equivalent. 


4. I is possible to generate а 10,000-volt potential difference by rubbing a pocket comb - 


with wool. Why is this large voltage not dangerous when the much lower voltage pro- 
vided by an ordinary electric outlet is very dangerous? 

5. Devise a method for measuring the emf and the internal resistance of a battery. 
* 6. A 25-watt, 110-volt bulb glows at normal brightness when connected across a bank 
of batteries. A 500-watt, LI0-volt bulb glows only dimly-when connected across the same 
bank. Explain. 

7. Under what circumstances can the terminal potential difference of a battery exceed 
its emf? 

8. What is the difference between an emf anda potential difference? 

9. In the flow of incompressible mds what are the analogies to (a) the loop theorem 
and (b) the junction theorem? 

-10. Compare and contrast the kania for the effective values of (a) capacitors and (b) 
resistors, in series and in parallel. 

11. Does the time required for the charge on a capacitor in an RC circuit to build up to a 
given fraction of its equilibrium value depend on the value of the applied emf? 

12. Devise a method whereby an RC ciredit сап be used to measure very high re 
sistance, : N 
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PROBLEMS 


1. A 5.0-amp current is set up in an external circuit by a 6.0-volt storage battery for 
6.0 min. By how much is the chemical energy of the battery reduced? 

2. The current in а simple series circuit is 5 amp. When an additional resistance of 2 
ohms is inserted, the current drops to 4amp. What was the resistance of the original 
circuit? 

3. In Example 2 an ammeter whose resistance is 0.05 ohm is inserted in the circuit. 
What per cent change in the current results because of the presence of the meter? 

4. In Fig. 32-3a put & = 2.0 volts апат = 100 ohms. Plot (a) the current, and (5) the 
potential difference across Ё, as functions of over the range 0 to 500 ohms, Make both hr 
plots on the same graph. (c) Make a third plot by-multiplying-together, for each value of 
R, the two curves plotted. What is the physical significance of this plot? А 

5. (a) In the circuit of Fig. 32-3a show that the power delivered to R as Joule heat is a 
maximum when Ё is equal to the internal resistance r of the battery. (b) Show that this 
maximum power is P = 82/47. Š : 

6. Heat is to be generated in a 0.10-ohm resistor at the rate of 10 watts by connecting it 
to a battery whose emf is 1.5 volts. (a) What is the internal resistance of the battery? : 
(b) What potential difference exists across the resistor? : 

7. (a) In Fig. 32-14 what value must R have if the current in the circuit ів to be 0.001 
amp? Take & 2.0 volts, £4 = 3.0 | = 
volts, and rı = тз = 3.0ohms. (b) What af fez 
is the rate of Joule heating in R? 

8. A wire of resistance 5.0 ohms is con- 
nected to a battery whose emf & is 2.0 
volts and whose internal resistance is 1.0 
ohm. In 2.0 min (a) how much energy 
| is transferred from chemical to electric R 

form? (b) How much energy appears in 
the wire as Joule heat? (c) Account for 
the difference between (a) and (b). Fig. 32-14 
9. In Fig. 32-6 calculate the potential E 
difference between points c and d by as many paths as possible. Assume that 8; = 4.0 
volts, & = 1.0 volt, Rı = Ra = 10 ohms, and Rs = 5 ohms. 
10. In Fig. 32-5 caleulate the potential difference between a and c by considering a path 
\ that contains R and 8. 
| 11. (a) In Fig. 32-15 what is the equivalent resistance of the network shown? (b) What 
| are the currents in each resistor? Put Ri = 100 ohms, Ёз = Ra = 50 ohms, Ry = 75 - 
ohms, and & = 6.0 volts. a 


Fig. 32-15 Fig. 32-16 _ 


12. In Fig. 32-16 imagine an ammeter inserted in the branch containing Rs. (a) What 
will it read, assuming 8 = 5.0 volts, Ri = 2.0 ohms, Ra = 4.0 ohms, and Ёз = 6.0 ohms? . 
(b) The ammeter and the source of emf are now physically interchanged. Show that the 
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ammeter reading remains EA EE This reciprocity relationship holda for any circuit 
that contains only one source of emf. 

13. Two batteries of emf & and internal resistance r are connected in parallel across a 
resistor R as in Fig. 32-20b. (a) For what value of R is the ROWSE delivered to the resistor 
amaximum? (b) What is the maximum power? 

14. By using only two resistance coils—singly, in series, or in parallel—a student is able 
to obtain resistances of 3, 4, 12, and 16 ohms. What are the separate resistances of the 
coils? 

15. The Wheatstone bridge. In Fig. 32-17 Е, is to be adjusted in value until points 
a and b are brought to exactly the same potential.’ (One tests for this condition by mo- 
mentarily connecting a sensitive meter between a and b; if these points are at the same 
potential, the meter will not deflect.) Show that when this adjustment is made the fol- 
lowing relation holds: 

m RR 
8 nm 
Unknown resistors (в) can be measured in terms of standards (Rs) using this device, 
which is called a Wheatstone bridge. 


Fig. 32-17 


16. If points a and b in Fig. 32-17 are connected by a wire of resistance r, show that the 
current in the wire is 
(R: — К.) 


(RFR, + R) + 2RR. 


where € is the emf of the battery. Assume that Ё апа № аге equal (Ry = Ro = R) and 
that Ro equals zero. Is this formula consistent with the result of Problem 15? 

17. Two resistors, Ri and Ro, may be connected either in series or parallel across а 
(resistanceless) battery with emf €. We desire the Joule heating for the parallel combina- 
tion to be five times that for the series combination. If Ry equals 100 ohms, what is R2? 

18. Four 100-watt heating coils are to be connected in all possible series-parallel combi- 
nations and plugged into a 100-volt line. What different rates of heat dissipation are 
possible? 

29. What is the equivalent resistance between the terminal points z'and y of the circuits 
shown in (a) Fig. 32-18а, (b) Fig. 32-180, and (с) Fig. 32-18c? Assume that the re- 
sistance of each resistor i is 10 ohms. 


Chap. 32 PROBLEMS ; 811 


s y 
لم‎ 3 
(5) 


(a) (c) 


Fig. 32-18 


20. In Fig. 32-19 find the current in each resistor and the potential difference between 
a and Ь. Put £, = 6.0 volts, & = 5.0 volts, £x = 4.0 volts, Ri = 100 ohms, and Ra = 50 


ohms. 

8 8 

а (a) 

& 
ы 
: ww 
£5 Єз 
Ry (b) 
/ 

Fig. 32-19 5 Fig. 32-20 


21. You are given two batteries of emf & and internal resistance r. They may be con- 
nected either in series or in parallel and are used to establish a current in a resistor R, as in 
Fig. 32-20. Derive expressions for the current in R for both methods of connection. 
Which connection yields the larger current if (a) R > r and if(b R < r? 

22. (a) In Fig. 32-21 what power appears as Joule heat in Ri? In Rg In Ез? (b) 
What power is supplied by &? Ву 5? (c) Discuss the energy balance in this circuit. As- 
sume that & = 3.0 volts, & = 1.0 volt, Ri = 5.0 ohms, R: = 2.0 ohms, and Ёз = 4.0 
ohms. 4 \ < 

Ёз Re 


Fig. 32-21 
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23. For manual control of the current in a circuit, 
of variable resistors of the sliding contact type, as in 
procedure is used to adj 
bination better than a single-variable resistor? 


Fig. 32-22 


24. Resistancé measurement. - А voltmeter 
Ед) are connected to measure a resistance R, 
Е = V/i, where V is the voltmeter reading and i 


') goes through the voltmeter 80 that the ratio of 


the meter readings (= V/t') gives only an apparent resistance reading R’. Show that 


Rand R’ are related by 


Note that if Ry > R, then R S Ri. 


4 (b) 
\ 2 ih : 
Fig. 32-23 
25. Resistance measurement. И meters are used to measure resistance, ‘they may also 


be connected as they are in Fig. 32-23b. Again the ratio of the meter readings gives only 
n apparent.resistanee R’. Show that R’ is related to R by 


R= R’— Ва, 
in which £4 is the ammeter resistance. 
26. In Fig. 32-8 assume that £ = 5.0 


4.0 ohms. If R4 = 0.10 ohm, what per се 
that the voltmeter is not present. 

_ 27. In Fig. 32-8 assume that & = 5.0 volts, r = 20 ohms, E; = 50 ohms, and В: = 
40 ohms. If R, = 1000 ohms, what per cent error is made in reading the potential dif- 


erences across #1? Ignore the presence of the ammeter. 


Note that if Ra < R, then R & R’, 
volts, r = 2.0 ohms, Ry = 5.0 ohms, and R} = 
nt error is made in reading the current? Assume 
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Fig. 32-22, with Rı = 20R». (a) What 
ust the current to the desired value? (b) Why is the parallel com- 
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28. (a) Find the three currents in Fig. 32-24. (b) Find Уш. Assume that Rı = 1.0 
ohm, Ra = 2.0 ohms, 81 = 2.0 volts, and & = & = 4.0 volts. 


Fig. 32-24 


29. How many time constants must elapse before a capacitor in an RC circuit is charged 
to within 1.0 per cent of its equilibrium charge? 

30. in the circuit of Fig. 32-25 let îı, 12, and т; be the currents through resistors Ri, Rs, 
and Ёз, respectively, and let Vi, V2, Vs, and Vc be the corresponding potential differences 
across the resistors and across the capacitor C. (a) Plot qualitatively as a function of time 
after switeh S is closed the currents and voltages listed above. (b) After being closed for 
a large number of time constants, the switch S is now opened. Plot qualitatively asa 
function of time after the switch is opened the currents and voltages listed above. . 


Ri S 


Ез 
& RS. 


Fig. 32-25 


31. Show that the units of RC are indeed time units, that is, that 1 ohm X 1 farad = 1 
32. Prove that when switch S in Fig. 32-10 is thrown from a to b all the energy stored \ 
in the.capacitor is transformed into Joule heat in the resistor. Assume that the capacitor У 

is fully charged before the switch is thrown. * CN 

33. А 3.0 X 10%-ohm resistor and a 1.0-uf capacitor are connected in а single-loop 
circuit with a seat of emf with & = 4.0 volts. At 1.0 sec after the connection is made, what 
are the rates at which (a) the'charge of the capacitor is increasing, (b) energy is being stored 
in the capacitor, (c) Joule heat is appearing in the resistor, and (d) energy is being delivered 
by the seat of emf? ° e: z 


The Magnetic Field 
ee Ие 


CHAPTER 33 


33-1 The Magnetic Field 


The science of magnetism grew from the observation that certain “stones” 
(magnetite) would attract bits of iron. The word magnetism comes from the 


lineal descendant of these natural magnets. Another “natural magnet” is 
the earth itself, whose orienting action on a magnetic compass needle has 


In 1820 Oersted first discovered that & current in a wire can also produce 
magnetic effects, namely, that it can change the orientation of a compass . 
needle. We pointed out in Section 26-1 how this important discovery linked 
the then separate sciences of Magnetism and electricity. The magnetic ef- 


Fig. 33-1 A permanent magnet. - Lines 
of magnetic induction leave the north pole 
face, marked N, and enter the south pole 
face on the other side of the air gap. 
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Fig. 33-2 A research-type electromagnet showing 
iron frame F, pole faces P, and coils C. The pole 
faces are 12 in. in diameter. (Courtesy Varian 
Associates.) 


fect of a current in а wire can be intensified by forming the wire into a coil of 
many turns and by providing an iron core. Figure 33-2 shows how this is 
done in a large electromagnet of a type commonly used for research involving 
magnetism. 

We define the space around a magnet or a current-carrying conduetor as 
the site of а magnetic field, just as we defined the space near а charged rod 
as the site of an electric field. The basic magnetic field vector B, which we 
define in the following section, is called the magnetic induction: * it can be 
represented by lines of induction, just as the electric field was represented by 
lines of force. As for the electric field (see Section 27-3), the magnetic field 
vector is related to its lines of induction in this way: 


1. The tangent to a line of induction at any point gives the direction of B 


at that point. 
2. The lines of induction are drawn so that the number of lines per unit 


cross-sectional area is proportional to the magnitude of the magnetic field 
vector B. Where the lines are close together B is large and where they are 


far apart B is small. 
As for the electric field, the-field yector В is of fundamental importance, 
the lines of induction simply giving a graphic representation of the way B 


varies throughout a certain region of space. 
The flux Фр for a magnetic field can be defined in exact. analogy with the 


flux Фр for the electric field, namely ` 
dm f B-dS, (33-1) 


in whieh the integral is taken over the surface (closed or open) for which Фв 
is defined. ; X 


d be a more suitable name for В, but it has been usurped 


* Magnetic field strength woul 1 à p 
r vector connected with the magnetic field (see Section 


for historical reasons by anothe 
37-7). 


X AN 
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33-2 The Definition of B 
-This chapter is not concerned with the causes of the magnetic field; we 
seek to determine (a) whether а magnetic field exists at а given point and 
(b) the action of this field on charges moving through it. As for the electric 
field, a particle of charge qo serves as a test body. We assume that there 
is no electric field present, which means that, neglecting gravity, no foree 
will act on the test body if it is placed а! rest at the point in question. : 
Let us fire a positive test charge with arbitrary velocity v through a point 
P. If a sideways deflecting force F acts on it, we assert that a magnetic field їз 
present at P and we define the magnetic induction B of this field in terms of 
F and other megsured quantities. 
If we vary the direction of v through point P, keeping the magnitude of v 
unchanged, we find, in general, that although Е will always remain at right: 
` angles to v its magnitude F will change. For a particular orientation of v 
` (and also for the opposite orientation —v) the foree F becomes zero. We a 
define this direction as the direction of B, the specification of the sense of B _ _ 
(that is, the way jt points along this line) being left to the more complete 
"definition of B that we give below: 
- Having foufid the direction of B, we are now able to orient v so that the 
test.charge moves at,right angles to B. We will find that the force F is now 
а maximum, and we define the magnitude of В from the measured magnitude 
- of this maximum force Ру, or : р" 
ә c4 B=. (33-2) 
E: Ў Gov У 
* Let us regard this definition of В (in which we have specified its magnitude 
. and direction, but not its sense) as preliminary to the complete vector defini- 
tion that we now give: If a positive test charge qo is fired with velocity v through 
a point P and tf a (sideways) force F acts on ihe moving charge, a magnetic 
induction B is present at point P, where B. is the vector that salisfies the relation 


Е = gv xB, - (33-3a) 


v, qo, and Е being measured quantities. The magnitude of thay magnetic 
` deflecting force Е, according to the rules for vector products, is given by * 
"F= quB sing, (33-3) 
in which û is the angle between у and В. ` f 
Figure 33-3 shows the relations among the vectors. We see that F, being 
at right angles to the plane formed by v and B, will always be at right angles › 
to v (and also to B) and thus will always be a sideways force. Equation33-3a — 
is consistent with the observed facts that (a) the magnetic force vanishes as 
v — 0, (b) the magnetic force vanishes if v is either parallel or antiparallel 
to the direction of В (in these cases 6 = 0 or 180° and v x B = 0), and (e) if | 
vis at right angles to B. (8 = 90°), the deflecting force has its maximum - 
value, given by Eq, 33-2, that is, F; = qqvB. 
*The student may wish to review Section 2-4, which deals with vector products. 
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Fig. 33-3 Illustrating Е = qw XB (Eq. 
83~3a) 


This definition of B is similar in spirit, although more complex, than the definition 
of the electric field strength E, which we can cast into this form: If a positive lest 
charge qo їз placed at point P and if an (electric) force Е acts.on the stationary charge,.an 
peer’ p а where E is the vector satisfying the relation 

F = ФЕ, 
qoand F being measured quantities.. In defining E, the only characteristic direction 
to appear is that of the electric force Fg which acts on the positive test body; the 
hug ol pore bo a: In defining B, two characteristic directions 
eei those of v and of the magnetic force Fg; they prove always to be at right 
angles. 

In Fig. 33-4 a positive and a negative electron are created at point Pina . 
bubble chamber. A magnetic field is perpendieular to the chamber, pointing 
out of the plane of the figure (symbol ©).* The relation F = gov xB 
_(Eq..33-3a) shows that the deflecting forces acting on the two particles are 
as indicated in the figure. These deflecting forces would make the tracks 2 
deflect as shown. 

The unit of B that follows from Eq. 33-3 is the (ni/coul)/(meter/see). 
This is given the special name занати; ог tesla. Recalling that a 
coul/sec is an ampere, - ` 


lnt Int 
1 weber/meter* = E: NERA 


coul (meter/sec) - amp-m 
An earlier d for B, still in common use, is the gauss; the relationship is 
4 weber/meter? = 10* gauss. 


The weber is used to measure dg, the flux of B; see Eq. 33-1... 
The fact that the magnetic force is always at right angles to the direction 
of motion means that (for steady magnetie fields) the work done by this 


* The symbol ® indicates а vector into the page, the X being thought of as the fail of 
an arrow; the symbol © indieates a vector out of the page, the dot being thought of as ix 
tip of an arrow. } = 
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Fig. 33-4 A bubble chamber is a device for rendering visible, by means of small bubbles, 
the tracks of charged particles that pass through the chamber. The figure is a photograph 
taken with such a chamber immersed in a field of magnetic induction B and exposed to 
radiations from a large cyclotron-like accelerator. The curved V at point P is formed by 
a positive and a negative electron, which deflect in opposite directions in the magnetic 
field. The spirals S are the tracks of three low-energy electrons. (Courtesy E. O. Lawrence 
Radiation Laboratory, University of California.) 


force on the particle is zero. For an element of the path of the particle of 
length dl, this work dW is Fg-dl; dW is zero because Fg and dl are always 
at right angles. Thus a static magnetic field cannot change the kinetic - 
energy of a moving charge; it can only deflect it sideways. É 
If a charged particle moves through a region in which both an electric field 
and a magnetic field are present, the resultant force is found by combining 
Eqs. 27-2 and 33-34, or 


Е = qyE + gv x B. (33-4) 


This is sometimes called the Lorentz relation in tribute to H. A. Lorentz 
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who did so much to develop and clarify the concepts of the electric and mag- 
netic fields. 
> Example 1. A uniform field of magnetic induction B points horizontally from 
south to north; its magnitude is 1.5 webers/meter*. If a 5.0-Mev proton moves 
vertically downward through this field, what force will act on it? 

The kinetic energy of the proton is 


= (5.0 X 10* ev)(1.6 X 107% joule/ev) = 8.0 x.10-" joule. 
Its speed ean be found from the relation К = 4mv*, or 


14 [2k _ [28.0 X 10—13 joule) _ а 
аа 72175010277 10-7 kg = 3.1 X 107 meters/sec. 


Equation 33-3b gives 
F = q-Bsin6 = (1.6 X 107 coul)(3.1 X 10" meters/sec)(1.5 webers/meter*)(sin 90°) 
-74X10-"nt. 


The student can show that this force is about 4 X 10“ times greater than the weight 
of the proton. 

The relation Е = qv x B shows that the direction of the deflecting force is to the ` 
east. If the particle had been negatively charged, the deflection would have been to’ 
fhe west. This is predicted automatically by Eq. 33-3a if we substitute — e for qr . 4 


33-3 Magnetic Force on a Currerit 


A current is an assembly of moving charges. Because a magnetic field 
exerts a sideways force on a moving charge, we expect that it will also exert a 
sideways force on a wire carrying а current. Figure 33-5 shows a length 1 
of wire carrying a current 7 and placed in a field of magnetic induction B. 
For simplicity we have oriented the wire so that the current density. vector 
j is at right angles to B. 

The current ; in a metal wire is carried by the free (or conduction) elec- 
trons, л being the number of such electrons per unit volume of the wire. 
The magnitude of the average force on one such electron is given ДУ Eq. 
33-30, or, since 0 = 90°, | 


F’ = qqpB sin = evgB 
where v; is the drift speed. From the relation vg = j/ne (Eq. 31-5), S 
P= (2 j ) В= iB 


пе 


Fig. 33-5 А wire carrying а 
current 7 is placed at right ап- 
gles to-a field of magnetic in- 
duction B. 


ГА 
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The length l of the wire contains Al free electrons, Al being the volume of 
the section of wire of cross section A that we are considering. The total force 
on the free electrons in the wire, and thus on the wire itself, is 


В 
F = (nADF' = nal. 
n 


Since jA is the current î in the wire, we have 
s = F-idüB. (33-5) 


The negative charges, which move to the right in the wire of Fig. 33-5, 
are equivalent to positive charges moving to the left, that is, in the direction 
of the current arrow. For such a positive charge the velocity v would point 
to the left and the foree on the wire, given by Eq. 33-3a (F — gov x B) 
points up, out of the page. This same conclusion follows if we consider the = 
actual negative charge carriers for which v points to the right but go has a _ 
negative sign. Thus by measuring the sideways magnetic force on a wire 
carrying a current and placed in a magnetic field we cannot tell whether the — 
current carriers are negative charges moving in a given direction or positive _ 
charges moving in the opposite direction. 

Equation 33-5 holds only if the wire із at right angles to В. We can ex- | 
press the more general situation in vector form as 


F = a xB, 4 (33-6a) 


where I is a (displacement) vector that points along the (straight) wire in 
the direction of the current. Equation 33-6a is equivalent to the relation 
Е = gov x B (Eq. 33-3a); either can be taken' as a defining equation for B. 
"The student should note that the vector 1 in Fig. 33-5 points to the left 
and that the magnetic force Е (= й x B) points up, out of the page. This 
agrees with the conclusion obtained by analyzing the forces that ‘act on the 
individual charge carriers. 

If we consider a differential element of a conductor of length dl, the force 
dF acting on it can be found, by analogy with Eq. 33—6a, from 


‘dF = idl xB. (33-60) .— 


By integrating this formula in an appropriate way we can find the force F 
on а nonlinear conductor. 

> Example 2. А wire bent as shown in Fig. 33-6 carries a current û and is placed 
in a uniform field of magnetic induction B that emerges from the plane of the figure. 


Calculate the force acting on the wire. The magnetic field is represented by lines of 
induction, shown emerging from the page. The dots show that the sense of B is up, 


` out of the page. 


The force on each straight section, from Eq. 33-6a, has the magnitude 
Fı = Fy = dB 


РА 


апа points down as shown by the arrows in the бриге. 
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Fig. 33-6 Example 2. 


A segment of wire of length dl on the arc has a force dF òn it whose magnitude is 
dF'— iB dl = iB(R 40) 


and whose direction is radially toward 0, the center of the arc. Only the downward 
component of this force is effective, the horizontal component being canceled by an 
oppositely directed component associated with the corresponding arc segment on the 
other side of 0. Thus the total force on the semicircle of wire about O points down 
and is 


Fs = far sino = f (BR dê) sind = BR f sin 0 dð = 2iBR. 
The resultant force on the whole wire is 
F = Fı + F: + Ез = 24B + 2iBR = 2iB(l + R). у 
Notice that this force is the same as that acting on a straight wire of length 21 + m 


Figure 33-7 shows the arrangement used by Thomas, Driscoll, and Hipple at the 
National Bureau of Standards to measure the magnetic induction provided by a. 
laboratory magnet such as that of Fig. 33-2. The rectangle is a coil of nine turns 
whose width а and length b are about 10 cm and 70 em, respectively. The lower end 
of the coil is placed in the field of magnetic induction B and the upper end is hung 
from the arm of a balance; B enters the plane of the figure at right angles. 

An accurately known current î of about 0.10 amp is set up in the coil in the direction 
shown, and weights are placed in the right-hand balance pan until the system is 
balanced. The magnetic force F (= il x B; see Eq. 33-6a) on the bottom leg of the 
coil points upward, as shown in the figure. Equation 33-5 also shows that the force 
on each wire at the bottom of the coil is 4B. Since there are nine wires, the total force 
on the bottom leg of the coil is 9/aB. The forces on the vertical sides of the coil 
(= й x B) are sideways; because they are equal and opposite, they cancel and pro- 
duce no effect. z 

After balancing the system, the experimenters reversed the direction of the current, 
which changed the sign of all the magnetic forces acting on the coil, In particular, Е. 
then pointed downward, which caused the rest point of the balance to move. A mass 


Келу се у ша RC 


4 Fig. 33-7 Apparatus used to measure B. The zero point of the balance is observed by 
means of а light beam reflected from the mirror attached to the balance beam. 
i h Í 
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m of about 8.78 gm had to be added to the left balance pan to restore the original rest 
point. The change in force when the current is reversed is 2F, and this must equal 
the weight added to the left baiance pan, or > 


mg = 2(9iaB) = 18iaB. 


This gives 
_ mg _ (8.78 X 107 kg)(9.80 meters/sec?) 5 
= ibai ^ . (180.10 meter (0.10 amp) OAD woken mscr MT 


The Bureau of Standards’ workers made this measurement with much more care than 
these approximate numbers suggest. In one series of measurements, for example, 
they found a magnetic induction of 4697.55 gauss. 


33-4 Torque on a Current Loop 


Figure 33-8 shows a rectangular loop of wire of length а and width b 
placed in a uniform field of induction B, with sides 1 and 3 always normal 
to the field direction The normal nn’ to the plane of the loop makes an 
angle @ with the direction of B. 


Assume the current to be as shown in the figure. Wires must be provided to lead— 
the current into the loop and out of it: If these wires are twisted tightiy together, 
there will be no net magnetic force on the twisted pair because the currents in the 
two wires are in opposite directions. Thus the lead wires may be ignored. Also, 
some way of supporting the loop must be provided. Let us iinagine it to be suspended 
from a long string attached to the loop at its center of mass. In this way the loop 
will be free to turn, through a small angle at least, about any axis through the center 
of mass. : - 


The net force on the loop is the resultant of the forces on the four sides of $ 
the loop. On side 2 the vector 1 points in the direction of.the current and has 
the magnitude b. The angle between 1 and B for side 2 (see Fig. 33-80) is 


Fi Е; 
4 


Fig. 33-8 A rectangular coil carrying a current û is placed in а uniform external magnetic 
field. 
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90* — &. Thus the magnitude of the force on this side is 
Fa = ibB віп (90° — 0) = ibB cos 8. 


From the relation F = й x B (Eq. 33-6a), we find the direction of Е, to be 
out of the plane of Fig. 33-8b. The student can show that the force Е, on 
side 4 has the same magnitude as F but points in the opposite direction. 
Thus Ез and F,, taken together, have no effect on the motion of the loop. 
The net force they provide is zero, and, since they have the same line of 
&ction, the net torque due to these forces is also zero. 

The common magnitude of Е, and Ез is iaB. These forces, too, are op- 
positely directed so that they do not tend to move the coil bodily. As Fig. 
33-8b shows, however, they do not have the same line of action if the coil is 
in the position shown; there is а net torque, which tends to rotate the coil 
clockwise about the line zz. The coil can be supported on a rigid axis that 
lies along xx’, with no loss of its freedom of motion. This torqué can be 
represented in Fig. 33-85 by a vector pointing into the figure at poit x’ or 
in Fig. 33-8a by a vector pointing along the xz’ axis from right to lef’. 

— The magnitude of the torque r’ is found by calculating the torque cnused 
by Е; about axis xz’ and doubling it, for Ез exerts the same torque about this 
axis that Е, does. Thus 


b 
т' = 2(taB) G) (sin 6) = iabB sin 6. 
This torque acts on every turn of the coil. If there are N turns, the torque 
on the entire coil is 
+ = Nr! = NiabB sin 0 = МАВ sin 6, (33-7) 


in which А, the area of the coil, is substituted for ab. 
This equation can be shown to hold for all plane loops of area A, whether 
they are rectangular or not. A torque on a current loop is the basic operating 


. principle of the electric motor and of most electric meters used for measuring 


. current or potential difference. 


\> Example3. А galvanometer. Figure 33-9 shows the rudiments of a galvanometer, 
which is a device used to measure currents; The coil is 2.0 cm high and 1.0 cm wide; 
it has 250 turns and is mounted so that it ean rotate about a vertical axis in a uniform 
radial magnetic field with B = 2000 gauss. A spring Sp provides a countertorque 
that cancels out the magnetic torque, resulting in a steady angular deflection ф cor- 
responding to a given current û in the coil. If a current of 1.0 X 10—* amp produces 
an angular deflection of 30°, what is the torsional constant к of the spring (see Eq. 
15-21)? : 
Equating the magnetie torque to the torque caused by the spring (see Eq. 33-7) 
yields 
T = МАВ sin 0 = кф 

or i 

DE NiAB sind s 
Ф Des Б 

_ (250)(1.0 x 1074 amp)(2.0 X-10— meter?)(0.20 weber/meter?)(sin 90°) 
T RES SOG ES SER уоттуу ERI DECR 


= 3.3 X 10-8 nt-m/deg. 


x 


=—_ | 
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Scale 


Fig. 33-9 Example 3. The 
elements of^a galvanometer, 
showing the сой, the helical 
spring Sp, and pointer P. 


Note that the normal to the plane of the coil (that is, the pointer P) is always at 
right angles to the (radial) magnetic field so that 0 = 90°. < 


. A current loop orienting itself in an external magnetic field reminds us of 
the action of a compass needle in such a field. One face of the loop behaves 
like the north pole of the ñeedle; * the other face behaves like the south pole. 
Compass needles, bar magnets, and current loops can all be regarded as ^ 
magnetic dipoles. We show this here for the current loop, reasoning entirely 
by analogy with electric dipoles. ^ 

A structure is called an electric dipole if (a) when placed in an ezternal 

electric field it experiences a torque given by Eq. 27-11, 


т= pXE, : (33-8) 
where p is the electric dipole moment, and (b) it sets up a field of its own at 
distant points, described qualitatively by the lines of force of Fig. 29-10 
and quantitatively by Eq. 29-11. These two requirements are not in- ` 


dependent; if one is fulfilled, the other follows automatically. 
The magnitude of the torque described by Eq. 33-8 is 


r= рЕ зб, (33-9) 


where @ is the angle between р and Е. Let us,compare this with Eq. 33-7, 
the expression for the torque on a current loop: З 
т = (NiA)B sin 6. . (83-7) 


* The north pole of а compass needle is the end that points toward the geographic 
north. 
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In each case the appropriate field (E or B) appears, as does a term sin 8. 1 
Comparison suggests that N;4 in Eq. 33-7 can be taken as the magnetic — 
dipole moment ıı, corresponding to p in Eq. 33-9, or d 

= МА. (33-10) _ 


Equation 33-7 suggests that we write the torque on a current loop ia vector _ 
form, in analogy with Eq. 33-8, or 


+ =pxB. (33-11) ` 


The magnetic dipole moment of the loop р. must be taken to lie along the axis 
of the loop; its direction is given by the following rule: Let the fingers of the 
right hand curl around the loop in the direction of the current; the extended 
right thumb will then point in the direction of p. The student should cheek 
carefully that, if р is defined by this rule and Eq. 33-10, Eq. 33-11 cor _ 
‚ rectly describes in every. detail the torque acting on a current loop inan. 
external field (see Fig. 33-8). x 
Since a torque acts on a current loop, or other magnetic dipole, when it is 
placed in an external magnetic field, it follows that work (positive or nega- _ 
tive) must be done by an external agent to change the orientation of sucha - 


dipole. Thus a magnetic dipole has potential energy associated with its _ 


orientation in an external magnetic field. This energy may be taken to be 
zero for any arbitrary position of the dipole. By analogy with the assump- 
tion made for electric dipoles in Section 27-6, we assume that the magnetic 
energy U is zero when p and B are at right angles, that is, when 0 = 90°. 
This choice of a zero-energy configuration for U is arbitrary because we are 
interested only in the changes in energy that occur when the dipole is rotated. 

The magnetic potential energy in any position 6 is defined as the work that 
an external agent must do to turn the dipole from its zero-energy pou) 
e = 90°) to the given position 0. Thus 


8 
vef =f MAB sin edt = „В f. sin 0 dð = —yB cos 6, 
90° Joo* 90° 


in which Eq. 33-7 is used to substitute for т. In vector symbolism this rela- | 
tion ean be written as 
i d U = —y:B, х (38-12) 
which is in perfect correspondence with Eq. 27-13, the expression for the - 
energy of an electric dipole in an external electric field, 


U = —p-E. 


2 
> Example 4. А circular coil of N turns has an effective radius a and carries & 
current i. How much work is required to-turn it in an external magnetic field B from 
a position i in which 6 equals zero to one in which 0 equals 180°? Assume that N = 100, 
а = 50 em, i = 0.10 amp, and B — 1.5 webers/meter?. “ 

The work required is the difference in energy between the two positions, or, from 
Eq. 33-12, ‚ 5: 


Ж p Ое 180° — Оо-о = (—иВ cos 180°) — (—&B cos 0) = 2uB. 
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But » = NiA, во that 

W = 2NiAB = 2Ni(xa*)B 
= (2)(100)(0.10 ашр)(к)(5 x 1071 meter)*(1.5 webers/meter!) = 0.24 joule 4 


33-5 The Hall Effect 


In 1879 E. H. Hall devised an experiment that gives the sign of the charge 
carriers in a conductor; see p. 771. Figure 33-10 shows a flat strip of copper, 
carrying а current i in the direction shown. As usual, the direction of the 
current arrow, labeled i, is the direction in which the charge carriers would 
move if they were positive. The current arrow can represent either positive 
charges moving down (as in Fig. 33-10a) or negative charges moving up 
(аз in Fig. 33-106). The Hall effect can be used to decide between these 
two possibilities. 

A field of magnetic induction B is set up at right angles to the strip by 
placing the strip between the polefaces of an electromagnet. This field 
exerts a deflecting force Е on the strip (given by Й х В), which points to the 
right in the figure. Since the sideways force on the strip is due to the side- 
ways forces on the charge carriers (given by qv xB), it follows that these 
carriers, whether they are positive or negative, will tend to drift toward the 
right in Fig. 33-10 as they drift along the strip, producing a transverse Най 
potential difference Vzy between points such as т and y. The sign of the 
charge carriers is determined by the sign of this Hall potential difference, , 
If the carriers are positive, y will be at a higher potential than z; if they are 
negative, y will be at a lower potential than z. Experiment shows that in 
metals the charge carriers are negative. 


ре ин 


ҮР (b) 


Fig. 33-10 A current i is set up in a copper strip placed in a field of magnetic induction eee 
B, assuming (a) positive carriers and (b) negative carriers. : ; 
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To analyze the Hall effect quantitatively, let us use the free-electron model of & — 
metal, the same model used in Section 31-4 to explain resistivity. The charge carriers : 
сап be assumed to move along the conductor with a certain constant drift speed rg. 

The magnetic deflecting force that causes the moving charge carriers to drift toward 
the right edge of the strip is given by qva x B (see Eq. 33-3a). 

The charge carriers do not build up without limit on the right edge of the strip 
because the displacement of charge gives rise to a transverse Hall electric field Eg, 
which acts, inside the conductor, to oppose the sideways drift of the carriers. This 
Hall electric field is another manifestation of the Hall potentiai difference and is 
related to it by « 

/ Eg = У„/4. ч 

Eventually an equilibrium is reached in which the sideways magnetic deflecting 
force on the charge carriers is just canceled by the oppositely directed electric force 
Ен caused by the Hall electric field, or * 


4Ен + qv xB = 0, 
EU EP cc vu RB 133-13) 


This equation shows explicitly that if Eg and B are measured v; can be determined 
both in magnitude and direction; given the direction of va, the sign of the charge — — 
carriers follows at once, as Fig. 33-10 shows. 

The number of charge carriers per unit volume (n) сап also be found from Hall effect 
measurements. If we write Eq. 33-13 in terms of magnitudes, for the case in which 
va and B are at right angles; we obtain Hy = мВ. Combining this with Eq. 31-5 
(va = j/ne) leads to ` 


which can be written 


ü Ён=^В о n=. (33-14) 
The agreement, between experiment and Eq. 33-14 is rather good for monovalent 
metals, as Table 33-1 shows. 


\ 


Table 33-1 


NUMBER or CONDUCTION ELECTRONS PER UNIT VOLUME 


_ | Based on Hall | Calculated, Assuming 
Metal | Effect Data, One Electron/Atom, E 
10°2/em? 102 /em* ES 


Li 37 48 
Na 25 2.6- 
K 15 13 
Cs 0.80 0.85 
Cu 11 8.4 
Ag 74 6.0 
Au © 8.7 5.9 


For nonmonovalent metals, for iron and similar magnetic materials, and for so- . 
called semiconductors such as germanium, the simple interpretation of the Hall effect 
in terms of the free-electron model is not valid. A theoretical interpretation of the 
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Hall effect based on modern quantum physics gives a reasonable agreement with 


experiment in all cases. 


> Example 5. А copper strip 2.0 em wide and 1:0 mm thick is placed in а magnetic 
field with В = 1.5 webers/meter*, as in Fig. 33-10. If a current of 200 amp is set 
up in the strip, what Hall potential difference appears across the strip? 

From Eq. 33-14, 


jB 
i= 
ne 


Væ Me. í 
but Еп = F and р T 


where A is the thickness of the strip. Combining these equations gives 


reet iB d (200 amp)(1.5 webers/meter*) 
>= wh (84 X 10°/meter*\(1.6 X 10-" coul)(1.0 X 10^ meter) 


= 22 X 107* volt = 22uv. 
These potential differences are not large. See p. 681 for the calculation of n. 4 


33-6 Circulating Charges 

Figure 33-11 shows a negatively charged particle introduced with velocity 
v into a uniform field of magnetic induction B. We assume that v is at right 
angles to B and thus lies entirely in the plane of the figure. The relation 
F = qv x B (Eq. 33-3a) shows that the particle will experience a sideways 
deflecting force of magnitude quB. This force will lie in the plane of the 
figure, whieh means that the particle cannot leave this plane. 

This reminds us of а stone held by а rope апа whirled in a horizontal 
circle on а smooth suríace. Here, too, a force of constant magnitude, the 
tension in the rope, acts in a plane and at right angles to the velocity. The . 
charged particle, like the stone, also moves with constant speed in a circular 


Fig. 33-11 A charge —q circu- 
culates at right angles to a uniform 
magnetic field. 
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path. From Newton’s second law we have 3 
m? S mv Я a 
quB = — or r=—, (33-15) 

r qB 


which gives the radius of the path. The three spirals in Fig. 33-4 show rela- 
tively low-energy electrons in a bubble éhamber. The paths are not circles 
because the electrons lose energy by collisions in the chamber as they move. 
The angular velocity (o is given by v/r or, from Eq. 33-15, 
v. qB 
quB O EE 


3 = T m 


The frequency » measured, say, in Tev/sec, is given by 
EID (33-16) 


N ote that v does not depend on the speed of the particle. Fast particles move 
in large circles (Eq. 33-15) and slow ones in small circles, but all require the 


pendulum in the earth’s gravitational field or to the characteristic frequency 
of an oscillating mass-spring system, It is sometimes called the cyclotron 
frequency of the particle in the field because particles circulate at this fre- 
-quency in the cyclotron. 


> Example 6, A 10-ey electron is cireulating in a plane at right angles to a uniform 
field of magnetic induction of 1.0 x 10-4 weber/meter? (= 1.0 gauss). 

(a) Whatis its orbit radius? 

The velocity ofan electron whose kinetic energy is K can be found from 


2 : 1 ur 
; Е pa 

| 

^ "The student Should verify that this yields 1.9 x; 105 meters/sec for v. Then, from 
Eq. 33-15, я 

mv (9.1 X 107" kg)(1:9 x 10° meters/sec) 

z= - x = 0.11 meter = 11 р 
4B (1.6 x 10-® сош) (1.0 X 10-4 weber/meter?) кырр oe 
(b) What is the cyelotronfrequeney? From Eq. 33-16, 
ОВ UGS 107" coul)(1.0 x 10—* weber/nieter?) 
Arm (2r)(9.1 X 10% kg) 

(с) What is the pefiod of revolution T? 

i 1 1 ts 
ЖО 2.8 X 108 rev/sec — 3.6 X 10°" вер, 


Thus an electron requires 0.36 usec to make 1 revolution in a 1.0-gauss field. 

(d) What is the direction of circulation as viewed by an observer sighting along 
the field? i Е 

In Fig. 33-11 the magnetic force qv x B must point radially inward, since it provides 
the centripetal force, Since B points into the plane of the paper, v would have to 


= 2.8 X 10° rev/sec, 


yd 


Sec. 33-7 THE CYCLOTRON 531 


point to the left at the position shown in the figure if the charge q were positive. ^ 
However, the charge is an electron, with q = —e, which means that v must point to 
the right. Thus the charge circulates clockwise as viewed by an observer sighting in 
the direction of B. 


33-7 The Cyclotron 

The cyclotron, first put into operation by Ernest Lawrence (1902-1958) in 
1932, accelerates charged particles, sueh as protons or deuterons,* to high 
energies so that they can be used in atom-smashing experiments. - Figure 
33-12 shows the University of Pittsburgh eyclotron. 


Fig. 33-12 The University of Pittsburgh cyclotron. Note vacuum chamber V, magnet 
frame F, magnetic pole faces P, magnet coils C, and the deuteron beam emerging into the 
air of the laboratory, The rule is 6 ft long. (Courtesy А. J. Allen.) 


In an ion source at the center of the cyclotron molecules of deuterium 
are bombarded with electrons whose energy is high enough (say 100 ev) so 
that many positive ions are formed during the collisions. Many of these ions . 
are free deuterons, which enter the eyclotrom proper through a small hole 
in the wall-of the ion source and are available to be accelerated. 


* Deuterons are the nuclei of heavy hydrogen. 
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The cyclotron uses a modest potential difference for accelerating (say 10° 
volts), but it requires the ion to pass through this potential difference a 
number of times. To reach 10 Mev with 10° volts accelerating potential 
requires 100 passages. A magnetic field is used to bend the ions around so 
that they may pass again and again through the same accelera ting potential, 

Figure 33-13 is a top view of the part of the cyclotron that is inside the 
vacuum tank marked V in Fig. 33-12. The two D-shaped objects, called 
dees, are made of copper sheet and form part of an electric oscillator which 
establishes an accelerating potential difference across the gap between the 
dees. The direction of this potential difference is made to change sign some 
millions of times per second. 3 

The dees are immersed in à magnetic field (B = 1.6 webers/meter”) whose 
direction is out of the plane of Fig. 33-13. The field is set up by a large 
electromagnet, marked F in Fig. 33-12. Finally, the space in which the ions 
move is evacuated to a pressure of about 107° mm-Hg. If this were not 
done, the ions would continually collide with air molecules. 

Suppose that a deuteron, emerging from the ion source, finds the dee that 
it is facing to be negative; it will accelerate toward this dee and will enter it. 
Once inside, it is screened from electrical forces by the metal walls of the 
dees. The magnetic field is not screened by the dees so that the ion bends in 
a circular path whose radius, which depends on the velocity, is given by 
Eq. 33-15, or anu 


After a time to the ion emerges from the dee on the other side of the ion 
source. Let us assume that the accelerating potential has now changed sign. 
Thus the ion again faces a negative dee, is further accelerated, and again 
describes a semicircle, of somewhat larger radius (see Eq. 33-15), in the dee. 


Beam 


“рее” 
Deflector 
plate 


Oscillator 


Fig. 33-13 The elements of a cyclotron showing the ion source S and the dees, The de- 
flector plate, held at a suitable Negative potential, deflects the particles out of the dee 
system, . 
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The time of passage through this dee, however, is still ty. This follows because 
the period of revolution T of am ion circulating in a magnetic field does not 
depend on the speed of the ion; see Eq. 33-16. This process goes on until 
the ion reaches the outer edge of one dee where it is pulled out of the system 
by a negatively charged deflector plate. 

The key to the operation of the cyclotron is that the characteristic fre- 
quency » at which the ion circulates in the field niust be equal to the fixed 
frequency vo of the electric oscillator. or 

y = yg. 


This resonance condition says that if the energy of the circulating ion is-to 
inerease energy must be led to it at a frequency vo that is equal to the 
natural frequency v at which the ion circulates in the field. In the same 
way we feed energy to а swing by pushing it at а frequency equal to the 
natural frequency of oscillation of the swing. 

From Eq. 33-16 (v = 4В/2тт), we can rewrite the resonance equation as 


x7" (33-17) 


Once we have selected an ion to be accelerated, g/m is fixed; usually the 
oscillator is designed-to work at a single frequency ро. We then “tune” the 
cyclotron by varying B until Eq. 33-17 is satisfied and an accelerated beam 
appears. 

The energy of the particles produced in the cyclotron depends on the radius 
R of the dees. From Eq. 33-15 (r = mv/qB), the velocity of a particle cir- 
culating at this radius is given by 


The kinetic energy is then 


* : (33-18) 


> Example 7. The University of Pittsburgh cyclotron has an oscillator frequency 
of 12 X 10° cycles/sec and a dee radius of 21 in. (а) What value of magnetic induc- 
tion B is needed to accelerate deuterons? 
From Eq. 33-17, vo = qB/2rm, so that * 
Qrvom _ (9т)(12 X 108/sec)(3.3 X 10-2? kg) 
LING 1.6 X 1071? coul 


Note that the deuteron has the same charge as the proton but uer closely) twice the 
mass. 

(b) What deuteron ue results? 

From Eq. 33-18, 


= 1.6 webers/meter’. 


K GBR? _ (1.6 X 10—? coul)*(1.6 ERT x 0.0254 meter)? 
= om (2)(3.3 X 10—27 kg) 
lev : 
- -1; ыз сузл мы Сы : 
(2.8 x 10-1? joule) (z бо. x) - 17 Mev 4 


The cyclotron fails to operate at high energies beeause one of its assumptions, that 
the frequency of rotation of an ion circulating in a magnetic field is independent of its 
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speed, is true only for speeds much less than that of light. As the particle 
increases, we must use the relativistic mass m in Eq. 33-16. The relativistie n 
increases with velocity (Eq. 8-20) so that at high enough speeds v decreases with 
velocity. Thus the ions get out of Step with the electric oscillator, and event 
the energy of the circulating ion Stops increasing. i 
Another difficulty associated with the acceleration of particles to high energies is 
that the size of the magnet that would be required to guide such particles in a circular 
path is very large. For a 30-Bev proton, for example, in a field of 15,000 gauss the 
radius of eurvature їз 65 meters, А magnet of the cyclotron type of this size (about 
430 ft in diameter) would be prohibitively expensive. Incidentally, a 30-Bev proton 
has a speed equal to 0.99998 that of light. 
Both the relativistic and the economic limitations have been removed by tech- 
‚ niques that can be understood in terms of Eq. 33-17 in which m is now taken to be 
the relativistic mass, given by Eq. 8-13, or 


mo 


VI = (0/0). 


û being the speed of the particle and c being that of light. 

As the particle speed increases, the relativistic mass m also increases. To maintain 
the equality in Eq. 33-17, and thus insure resonance, one may decrease the oscilla- 
tor frequency vo as the particle (assumed to be a proton) accelerates in such a way 
that the product vom remains constant. Accelerators that use this technique are 
called. synchrocyclotrons. : S 

}_ To remove the magnet cost limitation one can vary both B and уо in a cyelic 
fashion in such а way that not only is Eq. 33-17 satisfied at all times but the particle 
orbit radius remains constant during the acceleration process, This permits the 
use of an annular (or ring-shaped) magnet, rather than the conventional cyclotron 
typ, at great saving in cost. With the two variables B and vo at our disposal, it 1s 
possible to preserve ‘wo equalities during the acceleration process, one being Eq. 
33-17 and the other being the relation : 


v = wR} = (2rvo) Ro 


in whith Ro icio desired (fixed) orbit radius. Accelerators that use this tech- 
nique are called synchrotrons. Table 33-2 shows some characteristics of the accel- 


n= 


Table 33-2 ac 
Tue CERN PROTON SYNCHROTRON 


Orbit diameter 560 ft 
Vacuum chamber cross section 5.5 in. X 2.7 in. 
Maximum magnetic field 1.4 webers/meter? 
- Frequency rangé per cycle ~ 7me/see . 
{BURST N eee 20/min 
— . Maximum píoton energy 28 Bev 
.. Energy gain per cycle ` 54 key 5 
Distynce/ traveled Ly a proton 5 X 10* miles 
- Proton per pulse 3 105 
NM E я $28 X 10° 
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erator built at Geneva, Switzerland, by the European Council for Nuclear Research 
(CERN), and embodying these principles. 


33-8 Thomson's Experiment 


In 1897 J. J. Thomson, working at the Cavendish Laboratory in Cam- 
bridge, measured the ratio of the charge e of the electron to its mass m by 
observing its deflection in combined electric and magnetic fields, The dis- 
covery of the electron is usually said to date from this historie experiment, 
although H. A. Lorentz and P. Zeeman (1865-1943), during the previous 
year, had measured this same quantity for electrons bound in atoms, using 
& method entirely different from Thomson's. 

In Fig. 33-14, which is a modernized version of TThomson's apparatus, 
electrons are emitted from hot filament F and accelerated by an applied 
potential difference V. They then enter a region in which they move at right 
angles to an electric field E and a field of magnetic induction B; E and B 
are themselves at right angles to each other. The beam is made visible as a 
spot of light when it strikes fluorescent screen S. The entire region in which 
the electrons move is highly evacuated so that collisions with air molecules 
will not occur. m. 

The resultant force on a charged particle moving through an electric and а 
magnetic field is given by Eq. 33-4, or 


Е = GE + gov XB. 


Study of Fig. 33-14 shows that the electric field deflects the particle upward * 
and the magnetic field deflects it downward. If these deflecting forces are to 


Fig. 33-14 Electrons from the tied авиан аз ы by s касд dien 
V and pass through a hole in the screen C. - After passing through a region in which per- — 
pendicular aed and а fields are present, gn Mec the fluorescent, 


836 THE MAGNETIC FIELD Chap. 33 
cancel (that is, if F = 0), this equation, for this problem, reduces to 

eH = еВ 
or : Е —»B. (33-19) 


Thus for а given electron speed v the иш for zero deflection сап be 
satisfied by adjusting E or B. 

Thomson’s procedure was (a) note the position of the undeflected beam 
spot, with E and B both equal té zero; (b) apply a fixed electric field E, 
measuring on the fluorescent screen the deflection so caused; and (c) apply a 
magnetie field and adjust its value until the beam deflection is restored to 
Zero. ч 

In Seetion 27-5 we saw that the deflection y of an electron in а purely 
electric field (step b), measured at the far edge of the deflecting plates, is 
given by Eq. 27-9, or, with small changes in notation, 


eB? 


2m? 


y = » 
where v is the electron speed and 1 is the length of the deflecting plates; у is 
not measurable directly, but it may be calculated from the measured dis- 
placement of the spot on the screen if the geometry of the apparatus is 
known. Thus y, E, and | are known; the ratio e/m and the velocity v are 
unknown. We cannot calculate e/m until we have found the velocity, which 
is the purpose of step c above. 

If (step c) the electric force is set equal and opposite to the magnetic force, 
the net force is zero and we can write (Eq. 33-19) 


E 


v= — 


Substituting this equation into the equation for y and sonang for the ratio 
e/m leads to 2 
pas (33-20) 
m BP 

in which all the quantities on the right can be measured. Thomson’s value 
for e/m was 1.7 X 10"! coul/kg, in excellent agreement with the modern 
value of 1.75890 X 101! coul/kg. 


QUESTIONS 


1. Of the three vectors in the equation Е = qv X B, which pairs are always at right 
angles? Which may have any angle between them? 

2. Why do we not simply define the magnetic induction B to point i in the direction of the 
magnetic force that acts on the moving charge? 

3. Imagine that you are sitting in a room with your back to one wall and that ап electron 
beam, traveling horizontally from the back wall toward the front wall, is deflected to your 
right. What is the direction of the field of magnetic induction that exists in the room? 


unii И 
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4. If an electron is not deflected in passing through a certain region of space, can we be 
sure that there is no magnetic field in that region? 

5. If a moving electron is deflected sideways in passing through a certain region of space, 
can we be sure that a magnetic field exists in that region? 

6. A beam of protons is deflected sideways. Could this deflection be caused (a) by an 
electric field? (b) By a magnetic field? (c) If either could be responsible, how would you 
be able to tell which was present? 

7. A conductor, even though it is carrying a current, has zero net charge. Why, then, 
does a magnetic field exert a force on it? 

8. Equation 33-11 (т = p х B) shows that there is no torque оп a current loop in an 
external magnetic field if the angle between the axis of the loop and the field is (a) 0° or 
(b) 180°. Discuss the nature of the equilibrium (that is, is it stable, neutral, or unstable?) 
for these two positions. 

9. In Example 4 we showed that the work required to turn a current loop end-for-end 
in an external magnetic field is 24B. Does this hold no matter what the original orienta- 
tion of the loop was? 

10. Imagine that the room in which you are seated is filled with a uniform magnetic 
field with B pointing vertically upward. A circular loop of wire has its plane horizontal. 
For what direction of current in the loop, as viewed from above, will the loop be in stable 
equilibrium with respect to forces and torques of magnetic origin? 

11. A rectangular current loop is in an arbitrary orientation in an external magnetic 
field. Is any work required to rotate the loop about an axis perpendicular to its plane? 

12. (a) In measuring Hall potential differences, why must we be careful that points т 
and y in Fig. 33-10 are exactly opposite to each other? (b) If one of the contacts is mov- 
able, what procedure might we follow in adjusting it to make sure that the two points are 
properly located? 

18. A uniform magnetic field fills a certain cubical region of space. Can an electron be 
fired into this cube from the outside in such a way that it will travel in a closed circular 
path inside the cube? , 

14. Imagine the room in which you are seated to be filled with a uniform magnetic field 
with B pointing vertically downward. At the center of the room two electrons are 
suddenly projected horizontally with the same speed but in opposite directions. (а) Discuss 
theirmotions. (b) Discuss their motions if one particle is an electron and one a positron. 

15. In Fig. 33-4, why are the low-energy electron tracks spirals? That is, why does the 
radius of curvature change in the constant magnetic field in which the chamber is im- 
mersed? 

16. What are the primary functions of (a) the electric field and (b) the magnetic field 
in the cyclotron? 

17. For Thomson's e/m experiment to work properly (Section 33-8), is it essential that 
the electrons have a fairly constant speed? 


7 PROBLEMS 


1. The electrons in the beam of a television tube have an energy of 12 kev. The tube is 
oriented so that the electrons move horizontally from south to north. The vertical com- 
ponent, of the earth’s magnetic field points down and has В = 5.5 X 107° weber/meter?, 
(а) In what direction will the beam deflect? (b) What is the acceleration of a given elec- 
tron? (c) How far will the beam deflect in moving 20 em through the television tube? 

2. In a nuclear experiment а 1.0-Mev proton moves in a uniform magnetic field in a 
circular path. What energy must (а) an alpha particle and (b) a deuteron have if they are 
to circulate in the same orbit? 

3. A wire 1,0 meter long carries a current of 10 amp and ЕС an angle of 30° with 
a uniform magnetic field with В = 1.5 webers/meter". Calculate the magnitude and di- 
rection of the force on the wire. 2 
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4. A wire of 60 cm length and mass 10 gm is suspended by a pair of flexible leads in а 
magnetic field of induction 0.40 weber/meter* What are the magnitude and direction 
of the current required to remove the tension in the supporting leads? See Fig. 33-15 


` 4— —60 cm ——- 
Fig. 33-15 


. 5. Express magnetic induction В and magnetic flux Ф in terms of the fundamental 
dimensions M, L, T, and Q (mass, length, time, and charge). 

6. A metal Wite of male s alides without friction on two rails spaced a distance d apart, 
> as іп Fig. 33-16. The track lies in а verti- 
eal uniform field of magnetic induction B. - 
A constant current і flows from generator G 
along one rail, across the wire, and back 
down the other гай. Find the velocity 
(speed and direction) of the wire as a 
function of time, assuming it to be at rest 
att = 0. 

7. A U-shaped wire of mass m and length 
` ~ lis immersed with its two ends in mercury 
X |. Fig, 33-16 (Fig. 33-17). The wire is in a homogeneous 

field of magnetic induction B. If а charge, 


that is, a current pulse q = fia, is sent through the wire, the wire will jump up. Cal- 


culate, from the height A that the wire reaches, the size of the charge or current pulse, 
assuming that the time of the current pulse is very small in comparison with the time of 


fight. Make use of the fact that impulse of force equals f Fab which equala mi. (Hint: 
"Ery to relate тй frat) Evaluate g for В = 0.1 weber/meter?, m = 10 gm, l = 20 
em, and h = 3 meters. 


\ x x x xg х x 


5 Fig. 33-17 
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S Figure 33-18 shows a wire ring of radius a at right angles to the general direction of 
s radially symmetrie diverging magnetic field. The magnetic induction at the ring le 
everywhere of the same magnitude B, and ita direction at the ring is everywhere at an 
angle @ with a normal to the plane of the ring. [he twisted lead wires have no affect on 
the problem. Find the magnitude and direction of the force the field exerts on the ring if 
the ring carries a current das shown in the figure. 


Fig. 33-18 


9. A copper rod weighing 0.30 Ib rests on two rails 1.0 ft apart and carries а current of 
50 amp from one rail to the other. The coefficient of starting friction is 0.60. What is the 
smallest magnetic field that would cause the bar to slide and what is its direction? 

10. Figure 33-19 shows a wire of arbitrary shape carrying a current i between pointe а 
and b. The wire lies in a plane at right angles to a uniform field of magnetic induction B. 
Prove that the force on the wire is the same as that on a straight wire carrying a current f 
directly from a to 0, (Hint: Replace the wire by a series of "steps" parallel and perpen- 
dicular to the straight line joining a and b.) 


Fig. 33-19 


11. Figure 33-20 shows a rectangular *wenty-turn loop of wire, 10 ст by 5.0 ст. It 
carries a current of 0.10 amp and is hinged at one side. What torque (direction and magnt- 
tude) acts on the loop if it is mounted with its plane at an angle of 30° to the direction of 
а uniform field of magnetic induction 0.50 weber/meter*? 

12. Prove that the relation т = МАЇВ sin Ө holds for closed loops of arbitrary shape. 
(Hint: Replace the loop of arbitrary shape by an assembly of adjacent long, thin—approx- _ 
imately rectangular—loops which are equivalent to it as far as the distribution of current 


is concerned.) 
13. ~A length L of wire carries a current i. Show that if the wire is formed into a circular — 


coil the maximum mabye йукка МИ беры Мен mper ori 
only and the maximum torque has the 


> re аав. 
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14. Figure 33-21 shows a wooden cylinder with a mass m of 0.25 kg, a radius К, anda 
length i of 0.1 meter with N equal to ten turns of wire wrapped around it longitudinally, 
so that the plane of the wire loop contains the axis of the cylinder. What is the least cur- 
rent through the loop that will prevent the cylinder from rolling down an inclined plane 
whose surface is inclined at an angle # to the horizontal, in the presence of a vertical field 
of magnetic induction 0.5. weber/meter*, if the plane of the windings is parallel to the 
inclined plane? 


Fig. 33-21 Fig. 33-22 


15. A current i, indicated by the crosses in Fig. 33-22, is established in a strip of copper 
of height л and width w. А uniform field of magnetic induction B is applied at right angles 
to the strip. (a) Calculate the drift speed v; for the electrons. (b) What are the magni 
tude and direction of the magnetic force Е acting on the electrons? (с) What would the 
magnitude and direction of a homogeneous electrie field E have to be in order to counter- 
balance the effect of the magnetic field? (d) What is the voltage V necessary between two 
sides of the conductor in order to create this field E? Between which sides of the conductor 
would this voltage have to be applied? (e) If no electric field is applied from the outside, 
the electrons will be pushed somewhat to one side and therefore will give rise to a uniform 
electric field Ey across the conductor until the forces of this electrostatic field Ez balance 
the magnetic forces encountered in part (b). What will be the magnitude and direction of 
the field Eg? Assume that т, the number of conduction electrons per unit volume, is 
1.1 EE and that h ¥ 0.02 meter, w = 0.1 em, i = 50 amp, and В = 2 webers/ 
meter". 

16. (a) Show that the ratio of the Hall electric field Ej to the electric field E responsible 
for the current is 


(6) What is the angle between Ey and E? (c) Evaluate this ratio for the conditions of 
. Example 5. 

17. A proton, а deuteron, and an a-particle, accelerated through the same potential 
difference, enter a region of uniform magnetic field, moving at right angles to B. (a) 
Compare their kinetic energies. (b) If the radius of the proton's circular path is 10 cm, 
what are the radii of the deuteron and the a-particle paths? 

18. A proton, a deuteron, and an e-particle with the same kinetic energies enter a re- 
gion of uniform magnetic field, moving at right angles to B. Compare the radii of their 
circular paths. 

19. An a-particle travels in a circular path of radius 0.45 meter in a magnetic field with 
В = 1.2 webers/meter*. Calculate (a) its speed, (Б) its period of revolution, (c) its kinetic 
energy, and (d) the potential difference through which it would have to be accelerated to 
achieve this energy. : 1 
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4! An electron is accelerated through 15,000 volts and is then allowed to circulate at 
пас angles to а uniform magnetic field with В = 250 gauss. What is its path radius? 

71. Electrons are observed to be ejected in various directions with negligible speed from 
the negative plate of a parallel-plate capacitor when thé plate is illuminated by light of a 
certain wavelength (photoelectric effect). The plates are separated by a distance d and a 
potential difference V is maintained between them. Show that none of these electrons will 
reach the positive plate if a magnetic field is applied at right angles to the electric field 
and the magnetic induction has a value 4 


in which m and’e are the electron mass and charge, respectively. 

22. Show that the radius of curvature of a charged particle moving at right angles to a 
magnetic field is proportional to its momentum, 

23. What is the smallest magnetic field (magnitude and direction) that can be set up i 
At the equator to permit a proton of speed 1.0 X 10" meters/sec to circulate around the 
earth? ч f 

24. A deuteron in a large cyclotron is moving in a magnetic field with B = 1.5 webers/ 
meter? and an orbit radius of 20 meters. Because of а grading collision with a target, 
the deuteron breaks up, with a negligible loss of kinetic energy, into a proton and a neu- 
tron. Discuss the subsequent motions of each. Assume that the deuteron energy is 
shared equally by the proton and neutron at breakup. 

25. A 2-kev positron is projected into a uniform field of induction B of 0.10 weber/meter® 
with its velocity vector making an angle of 89° with B. Convince yourself that the path 
will be a helix, its axis being the direction of B. Find the period, the pitch p, and the radius 
r of the helix; see Fig. 33-23. 


= 


EN КИРЕЛИ, 


Fig. 33-23 E 


26. (a) In a magnetic field with В = 0.50 weber meter?, for what path radius will an - 
eleetron circulate at 0.1 the speed of light? (b) What will its kinetic energy be? — 5 
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^ 27. Time-of-flight Raden at S. A. Goudsmit has devised a method for measuring 
Vancurately the masses of heavy ions by timing their period of circulation in a known 
. magnetic field. A singly charged ion of iodine makes 7 rev in a field of 4.5 X 107? weber/ 
meter? in about 1.29 X 107 sec. What (approximately) is its mass in kilograms? Actu- 
ally, the mass measurements are carried out to much greater accuracy than these approxi- 


mate data suggest. 


- 28. Mass spectrometer. Figure 33-24 shows an arrangement used by Dempster to mea- 


` sure the masses of ions. Anion of mass М and charge +g is produced essentially at rest in 


source S, a chamber in which a gas discharge is taking place. The ion is accelerated by 
potential difference V and allowed to enter a field of magnetic induction B. In the field it 
moyes in a semicircle, striking a photographic plate at distance x from the entry slit and 
pepe ciated, Show that the mass M is given by 


р = а 


Fig. 33-24 


29. Zeeman effect. In Bohr's theory of the hydrogen atom the electron can be thought 
of as moving in a circular orbit of radius r about the proton. Suppose that such an atom 
is placed in a magnetic field, with the plane of the orbit at right angles to B. (а) If the 
electron is circulating clockwise, as viewed by an observer sighting along B, will the angular 
frequency increase or decrease? (b) What if the electron is circulating counterclockwise? 
Assume that the orbit radius does not change. [Hint: The centripetal force is now parti- 
ally electric (Fg) and partially magnetic (Ев) in origin.] 

30. In Problem 29 show that the change in frequency of rotation eaused by the mag- 


netic field is given approximately by z 
E EE 


х 4тт 
Such frequency shifts were actually observed by Zeeman in 1896. (Hint: Caleulate the 
frequency of rotation without the magnetic field and also with it. Subtract, bearing in 
mind that because the effect of the magnetic field is very small some—but not all—terms 
containing B сар be set equal to zero with little error.) ' 


4 


Сһар. 88 PROBLEMS - 843 


31. The University of Pittsburgh cyclotron is normally adjusted to accelerate deuterons. 
(a) What energy of protons could it produee, using the same oscillator frequency as that 
used for deuterons? (b) What magnetic induction would be required? (c) What energy 
of protons could be produced if the magnetic induction was left at the value used for deu- 
terons? (d) What oscillator frequency would then be required? (e) Answer the same 
questions for a-particles. c 

32. Estimate the total path length traversed by а deuteron in the University of Pitts- 
burgh cyclotron during the acceleration process. Assume an accelerating potential be- 
tween the dees of 80,000 volts. 

33. In a synchrocyclotron producing 400-Mev protons, what must the ratio be of the 
oscillator frequency at the beginning of an accelerating cycle to that at the end? Such 
a proton has a speed of 0.70с, where c is the speed of light. 

34. A 10-kev electron moving horizontally enters а region of space in which there is а 
downward-directed electric field of magnitude 100 volts/cm. (a) What are the magnitude 
and direction of the (smallest) field of magnetic induction that will allow the electron to 
continue to move horizontally? Ignore gravitational forces, which are rather small. 
(b) Is it possible for a proton to pass through this combination of fields undeflected? If 
во, under what circumstances? n Se 

35. An electric field of 1500 volts/meter and a magnetic field of 0.40 weber/meter® act 
on a moving electron to produce-no force. (а) Calculate the minimum electron speed v. 
(0) Draw the vectors E, B, and v. 


Ampére's Law 
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CHAPTER 34 


34-1 Ampére's Law 


One class of problems involving magnetic fields, dealt with in Chapter 33, 
concerns the forces exerted by a magnetic field on a moving charge or on a 
current-carrying conductor and the torque exerted on a magnetic dipole. 
A second class concerns the production of a magnetic field by a current- 
carrying conductor or by Moving charges. This chapter deals with prob- 
lems of this second class. 

The discovery that currents produce magnetic effects was made by Oersted 
in 1820. Figure 34-1, which shows a wire surrounded by a number of small 
magnets, illustrates a modification of his experiment. If there is no current 
in the wire, all the magnets are aligned with the earth's magnetic field. 
When a strong current is present, the magnets point so as to suggest that 
the magnetic lines of induction form closed circles around the wire. This 
view is strengthened by the experiment of Fig. 34-2, which shows iron filings 
on a horizontal glass plate, through the center of which a current-carrying 
conductor passes. 

Today we write the quantitative relationship between current i and the 
magnetic field B as 


фв-а л, (34-1) 


which is known as Ampére's law. Ampère, being an advocate of the action- 

at-a-distance point of view, did not formulate his results in terms of fields; 

this was first done by Maxweil. Ampeére's law, including an important ex- 
і 844 
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Fig. 34-1 An array of compass needles near à wire 
carrying a strong current. The black ends of the 

compass needles are their north poles, The dot Ф . 
shows the current emerging from the page. Аз 

usual, the direction of а current is taken as the di- 


A 
md pee D nme CE 


Fig.34-2 Iron filings around a wire carrying a strong current. (Courtesy Physical 
Science Study Committee.) › - 
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tension of it made later by Maxwell, is one of the basic equations of electro 
magnetism (see Table 38-3). 
We can'gain an appreciation of the way Ampére's law developed his 


needle, a small magnetic dipole, tends to line up with an external magnetic 
field, with its north pole pointing in the direction of B. Figure 34-1 makes? 


the restoring torque т that will act on the dipole. т, 0, and B are related by S 
Eq. 33-11 (т = j X B); which can be written in terms of magnitudes as > 


= pb sin д (34-2) - 


and in which ди is the magnitude of the magnetic moment of the dipole, 6 
being the angle between the vectors W and B. Even though we may not 
know the value of и for the compass needle, we may take it to be a constant, 
independent of the position or orientation of the needlé. Thus by measur- 
ing 7 and # in Eq. 34-2 we can obtain a relative measure of В for various 
distances r and for various currents 7 in the wire. The experimental results 

can be described by the proportionality = 


Bat. (34-8) 
n 
We can convert this proportionality into an equality by inserting a propor- 
tionality constant. As for Coulomb’s law, and for similar reasons (see Sec- 
tion 26-4), we do not write this constant simply as k but in a more complex 
form, namely uo/2z; in which Ao is called the permeability constani.* Equa- 
tion 34-3 then becomes : 


qoom (34-4) 
ar : 2rr 
which we choose to write in the form 
: ; (B)(2ar) = шот. (34-5) 


* по has no connection with the dipole moment и that appears in Eq. 34-2. 


- 


Fig. 34-3 A circular path of integration surrounding a wire. The central dot suggests a 
current i in the wire emerging from the page. Note that the angle between В and dl ia 
zero so that B-dl = B di. C 


The left side of Eq. 34-5 can easily be shown to be фВ-@ for a path 


consisting of a cirele of radius r centered on the wire. For all points on this 
circle B has the same (constant) magnitude В and dl, which is always tan- Р 
gent to the path of integration, points in the same direction as B, as Fig. ; 
34-3 shows. Thus WIES 


фв-а A фва © вфа - Bem, 


dl being simply the circumference of the circle. In this special case, 


therefore, we can write the experimentally observed connection between the 
field and the current as "s 


фва ё, а 


which is Ampére's law. А host of other experiments suggests that Big. 34-1 
is true in general * for any magnetie field configuration, for any dssembly 
of currents, and for any path of integration. 2 DIM. 
In applying Ampére’s law in the general case, we construct a closed linear 
path in the magnetic field as shown in Fig. 34-4. This path is divided into 
elements of length dl, and for each element the quantity B-dl is evaluated. . 
Recall that B-dl has the magnitude B dl cos 0 and can be interpreted as the 
product of dl and the component of B (= B cos 0) parallel to Ф. The inte- 


< We must modify Eq. 34-1 if a time-varying electric feld is present within the path 
of integration. In this chapter we assume that if electric fields are present, they are 
constant in magnitude and direction. ын ме з Ў 
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Fig. 34-4 A path of integration in a magnetic field. 


gral is the sum of the quantities В.Й for all path elements in the complete 
loop. The term 7 on the right of Eq. 34-1 is the net current that passes 
through the area bounded by the closed path. 


The permeability constant in Ampére’s law has an assigned value of 
ро = 4r X 10>? weber/amp-meter 


Both this and the permittivity constant (eo) occur in electromagnetic 
formulas when the mks system of units is used. 


The student may wonder why eo in Coulomb’s law is à measured quantity, whereas 
Ho in Ampére’s law is an assigned quantity. The answer is that the ampere, which is 
the mks unit for the current i in Ampére’s law, is defined by a laboratory technique 
(the current balance) that involves forces exerted by magnetic fields and in which this 
Same constant uo appears. In effect, as we show in detail in Section 34-4, the size of 
the current that we agree to define as one ampere is adjusted so that uo may have 
exactly the value assigned to it above. In Coulomb’s law, on the other hand, the 
quantities Е, q, and r are measured in ways in which the constant © plays no role. 
This constant must then take on the particular value that makes the left side of 
Coulomb’s law equal to the right side; no arbitrary assignment is possible. 


¥ 


34-2 B Near a Long Wire 


We have seen that the lines of magnetic induction for a long straight wire 
carrying a current 7 are concentrie circles centered on the wire and that B 
at a distance r from the wire is given by Eq. 34-4: 


SP QUEE Ё (84-4) 
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We may regard this as an experimental result consistent with, and readily 
derivable from, Ampére’s law. 


It is interesting to compare Eq. 34-4 with the expression for the electric field near 
а long line of charge, or 
Желе - (98-7) 


In each case there are multiplying) constants, namely po/2e and 1/2, and factors 
describing the device responsible for the field, namely $ and A. Finally, each field 
varies as 1/т. 

Equation 28-7 may be derived from Gauss's law by relating the electric field at а 
Gaussian surface to the net charge within this surface. The (surface) integral in 
Gauss’s law is evaluated for ù closed cylindrical surface to which the lines*of E are 
everywhere perpendicular. 

Equation 34-4 may be derived from Ampére’s law by relating the magnetic field 
at a path of integration to the net current that pierces this path. The (line) integral 
in Ampére’s law is evaluated for a closed circular path to which the lines of B are 
everywhere tangent. 


b Example 1 Derive an expression for B at a distance r from the center of а long : 
cylindrical wire of radius R, where т < R. The wire carries a current io, distributed 
uniformly over the cross section of the wire. 


Fig. 34-5 Example 1. А circular path of 
integration inside а wire. A current to, dis- 
tributed uniformly over the cross section of 
the wire, emerges from the page. 


Figure 34-5 shows a circular path of integration inside the wire. Symmetry 
suggests that B is tangent to the path as shown. Ampeére's law, 


фВ-й = ui, 
gives (Вузи) = мй r 


since only the fraction of the current that passes through the path of integration is 
included in the factor ion the right. Solving for B and dropping the subseript on the 
eurrent yields E = Де 
Bec. 

mR? 
At the surface of the wire (r = R) this equation reduces to the same expression as that 
found by putting r = R in Eq. 34-4 (B = usi/2rR). 


* 
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Example2. Figure 34-6 shows а flat strip of copper of width a and negligibl 
carrying a current i, Find the magnetic field at a distance R from 
center of the strip, at right angles to the strip. 


Fig. 34-6 Example 2. А flat strip û 
width a carries a current i. p. 


Let us subdivide the strip into long infinitesimal filaments of width dr, each of 
which may be treated as a wire carrying a current di given by i(dz/a). The field — 
contribution dB at point P in Fig. 34-6 is given, for the element shown, by the di^- 
ferential form of Eq. 34-4, or ^ 

ap = Podi L m ilda/a), 
2rr 2r R sec У 


Note that the vector dB is at right angles to the line marked r. 


, namely dB cos 6, is effective, the vertical | 
ribution associated with a symmetrically 
е of the origin. Thus В at point P is given by the 


component being canceled by the cont 
located filament on the other sid 
| (scalar) integral 


At _ рооза) 
В = [ав cose = FS cos 


_ dr А 
` 2таЁ./ sec? 0 
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The variables z and 6 are not independent, being related-by 
z= Rlanê 
or dr = RB sec 0d. 


Bearing in mind that the limits on @ are stan" (a/2R) and eliminating dr from this 
expression for B, we find 


2ra tan “ta SR E 


At points far from the strip, a/2R is а small angle, for which tan a 2a. Thus we 
have, as an approximate result, 


at) 


Quia ешн и опред) boraman ак int poni the atri cannot Ы tings 
from а cylindrical wire (see Eq. 34-4). 


34-3 Magnetic Lines of Induction 

Figure 34-7 shows the lines of magnetic induction representing the field of 
B near a long straight wire. Note the increase in the spacing of the lines 
with increasing distance from the wire. This represents the 1/r decrease i in 
B predicted by Eq. 34-4. 

Figure 34-8 shows the resultant lines of magnetic induction associated 
with & current in a wire that is oriented at right angles to a uniform ezternal 
field Be.. At any point the resultant magnetic induction B will be the vector 
sum of B, and В;, where B; is the magnetic induction set up by the current 
in the wire. The fields B, and B; tend to cancel above the wire and to re- 
enforce each other below the wire. At point Р in Fig. 34-8 B, and В; cancel 
exactly. Very near the wire the field is represented by circular lines and is 
essentially В;. 

Michael Faraday, who originated the concept of lines of induction, en- 
dowed them with more reality than they are currently given. He imagined 


Fig. 34-7 Lines of B near a long cylindrical 
wire. A current т, suggested by the central- 
dot, emerges from the page. 
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field B, that points to the right. The current i із emerging from the page. 


that, like stretched rubber bands, they represent the site of mechanical | 
forces. On this picture can we not visualize that the wire in Fig. 34-8 will be 
pushed up? Today we use lines of induction largely for purposes of visualiza- 
tion. For quantitative calculations we use the field vectors, describing the ` 
force on the wire in Fig. 34-8, for example, from the relation Е = il x B. 
In applying this relation to Fig. 34-8, we recall that B is always the 
external field in which the wire is immersed; that is, it is B, and thus points 
to the right. Since points out of the page, the magnetic force on the wire . 
(= Я xB.) does indeed point up. It із necessary to use only the external 
field in such calculations because the field set up by the current in the wire _ 
cannot exert a force on the wire, just as the gravitational field of the earth | 
cannot exert a force on the earth itself but only on another body. In Fig. _ 
34-7, for example, there is no magnetic force on the wire because no «еш N 
magnetic field is present. 


Faraday’s idea of lines of induction was instrumental in overthrowing the older E 
action-at-a-distance theory of magnetic (and electric) attraction. Like many new 4 
ideas, it was not immediately accepted. In 1851, for example, Faraday wrote: = 

I cannot refrain from again expressing my conviction of the truthfulness of t| 
` representation, which the idea of lines of force affords in regard to magnetic action. - 

All the points that are experimentally established in regard to that action—i.e., all 

that is not hypothetical—appear to be well and truly represented by it. : 


On the other hand, four years later another well-known British scientist, Sir 
George Airy, wrote: s us 
I declare that І сап hardly imagine anyone who practically and numerically 
knows this agreement [with the action-at-a-distance theory] to hesitate an instant 
in the choict between this simple and precise action, on the one hand, and anything 1$ 
во vague as lines of force, on the other Бапа. i 
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344 Two Parallel Conductors 


Figure 34-9 shows two long parallel wires separated by a distance d and 
carrying currents fa and fẹ. It is an experimental fact, noted by Ampère 
only one week after word of Oersted's experiments reached Paris, that two 
such conductors attract each other. z 

Some of Ampère’s colleagues thought that in view of Oersted's experiment this 
attraction between two conductors was an obvious result and did not need to be 
proved. 'They reasoned that if wire a and wire b each exert forces on а compass 
needle they should exert forees on each other, This conclusion is wrong. When he 
heard it, Arago, а contemporary of Ampére, drew two iron keys from his pocket and 
replied, “Each of these keys attracts a magnet. Do you believe that they therefore 
also attract each other?” : 

Wire a in Fig. 34-9 will produce а field of induction B, at all nearby 
points. The magnitude of Ba, due to the current ta, at the site of the second 
wire is, from Eq. 34-4, 
я Hole 
B,=—: 


2rd 
The right-hand rule shows that the direction of B, at wire b is down, аз 
shown in the figure. 

Wire b, which carries a current i», finds itself immersed in an external field 
of magnetic induction Ba. A length i of this wire will experience a sideways 
magnetic force (= Й x B) whose magnitude is 
"m 

2xd 
The vector rule of signs tells us that F, lies in the plane of the wires and points 
to the left in Fig. 34-9. 


We could have started with wire b, computed the field of induction which ° 
it produces at the site of wire a, and then computed the force on wire a. The 


Ру = В, = (34-6) 


Fig. 34-9 Two parallel wires that carry par- 
allel currents attract each other. 


force on wire a would, for parallel currents, point to the right. The fe 
that the two wires exert on each other are equal and opposite, as they mi 
be according to Newton’s law of action and reaction. For antiparallel ¢ 
rents the two Wires repel each other. Е 
"This discussion reminds us of our discussion of the electric field betwe 
two point charges in Section 27-1. There we saw that the charges а 
each other through the intermediary of the electric field. The conductors: 
Fig. 34-9 act on each other through the intermediary of the magnetic fie 
We think in terms of ] 
current — field 


and not, as in the action-at-a-distance point of view, in terms of 


current => current. . 


_currents are equal (7, = 7, = i). If this common current is adjusted 
by measurement, the force of attraction per unit length between the wir 
is 2 X 1077 nt/meter, the current is defined to be 1 ampere. From Eq. 34 

F uo (4x X 1077 weber/amp-m)(1 amp)? 
l 2rd (2х)(1 meter) 
= 2 X 1077 nt/meter 


as expected. * 
At the National Bureau of Standards primary measurements of current are ma 
with a current balance. This consists of a carefully wound coil placed between t 
other coils, as in Fig. 34-10. The outer pair of coils is fastened to the table, and 
inner one is hung from the arm of a balance. The coils are so connected that 
“current to be measured exists, as a common current, in all three of them. c. 
The coils exert forces on one another—just as the parallel wires of Fig. 34-9 do— 
which can be measured by loading weights on the balance pan. The current is 
defined in terms of this measured force and the dimensions of the coils. The current 
balance is perfectly equivalent to the long parallel wires of Fig. 34-9 but isa much 
more practical arrangement. Current balance measurements are used primarily to 
standardize other, more convenient, secondary methods of measuring currents. — 


> Example 3. A long horizontal rigidly supported wire carries a current 14 0 

amp. Directly above it and parallel to it is a fine wire that carries a current % о! 

amp and weighs 0.0050 Ib/ft (— 0.073 nt/meter) How far above the lower 

. should this second wire be strung if we hope to support it by magnetic repulsio 
To provide a repulsion, the two currents must point in opposite directions. For 

equilibrium, the magnetic force per unit length must equal the weight per unit leng 

гапа must be oppositely directed: Ў 2 : 


* Note that uj appears in this геја:іоп used to define the ampere. ` As stated on pa 
848, Ho is assigned the (arbitrary) value of 4r X 107" weber/amp-m, and the size of the 
current that we define as 1 ampere is adjusted to give the required force of attraction рег 
. unit iength. - 
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Fig. 34-10 A current balance. 


Solving Eq. 34-6 for d yields 
piss _ (4r X 10-7 weber/amp-m)(100 amp)(20 amp) 
2x(F/l) (2x)(0.073 nt/meter) 


= 5.5 X 107* meter = 5.5 mm. 


We assume that the wire diameters are much smaller than their separation. This 
assumption is necessary because in deriving Eq. 34-6 we tacitly assumed that the 
magnetic induction produced by one wire is uniform for all points within the second 
wire. жү 
Is the equilibrium of the suspended wire stable or unstable against vertical dis- 
placements? This can be tested by displacing the wire vertically and examining how 
the forces on the wire change. 

Suppose that the fine wire is suspended below the rigidly supported wire. How may 
it'be made to “float”? Is the equilibrium against vertical displacements stable or 
unstable? { 


Example 4. Two parallel wires a distance d apart carry equal currents i in oppo- 
site directions. Find the magnetic induction for points between the wires and at a 
distance z from one wire. : 

Study of Fig. 34-11 shows that B, due to the current ia and B, due to the current 
is point in the same direction at P. Each is given by Eq. 34-4 (B = uoi /2xr) so that 


d= 


scheme +), 


Ch р. 


Fig. 34-11 Example 4. 


B 


This relationship does not hold for points inside the wires because Eq. 34-4 i 


34-5 В for a Solenoid 

A solenoid is а long wire wound іп a close-packed helix and carrying а сш 
rent i. We assume that-the helix is very long compared with its diame 
What is the nature of the field of B that is set up? д 

For points close to a single turn of the solenoid, the observer is not awa 
that the wire is bent in an arc. The wire behaves magnetically almost 
a long straight wire, and the lines of B due to this.single turn are a 
concentric circles. j 

The solenoid field is the vector sum of the fields set up by all the turns tha 
make up the solenoid. Figure 34-12, which shows a “solenoid” with widel 
spaced turns, suggests that the fields tend to cancel between the wires. I 
suggests also that, at points inside the solenoid and reasonably far from th 
wires, B is parallel to the solenoid axis. In the limiting case of adjacent 
square tightly packed wires, the solenoid becomes essentially a cylindrical 
current sheet and the requirements of symmetry then make the statement 
just given necessarily true. We assume that it is true in what follows. 


"Fig. 34-12 А loosely wound Жыш: 


^ sheet. 
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Fig. 34-13 А solenoid of finite length. The right end, from which lines of B emerge, 
behaves like the north pole of a compass needle. The left end bebaves like the south pole. 


For points such as P in Fig. 34-12 the field set up by the upper part of 
the solenoid turns (marked ©) points to the left and tends to cancel the 
field set up by the lower part of the solenoid turns (marked @), which points 
to the right. As the solenoid becomes more and more ideal, that is, as it ap- 
proaches the configuration of an infinitely long cylindrical current sheet, the 
field of induction at outside points approaches zero. Taking the external 
field to be zero is net a bad assumption for a practical solenoid if its length is 
much greater than its diameter and if we consider only external points near 
the central region of the solenoid, that is, away from the ends. Figure 34-13 
shows the lines of induction for а real solenoid, which is far from ideal in 
that the length is not much greater than the diameter. Even here the spac- 
ing of the lines of induction in the central plane shows that the external field 
fs much weaker than the internal field. 

Let us apply Ampére’s law, x 


*dl = poi, 
to the rectangular path abed in the ideal solenoid of Fig. 34-14. We write 
the integral фВ-@ as the sum of four integrals, one for each path segment: 


фв-а - [ва рач xps + f Bea. 


h 


Fig. 34-14 A section of an ideal 
solenoid, made of adjacent 
square turns, equivalent to an 
infinitely long cylindrical current 
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The first integral on the right is Bh, where B is the magnitude of the magnetic 
induction inside the solenoid and A is the arbitrary length of the path from: Y 
tob. Note that path ab, though parallel to the solenoid axis, need not coin- 
cide with it. > 

The second and fourth integrals are zero because for every clement of _ 
these paths B is at right angles to the path. This makes B-dl zero and thus |. 
the integrals are zero. The third integral, which includes the part of the _ 
rectangle that lies outside the solenoid, is zero bedause we have taken B as 
zero for all external points for an ideal solenoid. 


Thus фв-а for the entire rectangular path has the value Bh. The net 3 
current ї that passes through the area bounded by the path of integration is | 


not the same as the current ip in the solenoid Because the path of integration ~ 


encloses more than one turn. Let л be the number of turns per unit length; É 
then © 


; i = inh). 

Ampère’s law then: becomes 

{ - Bh = jinignh 

or В = ці. (34-7) - 


Although Eq. 34-7 was derived for an infinitely long ideal solenoid, it — 
holds quite well for actual solenoids for internal points near the center of 
the solenoid. It shows that В does not depend on the diameter or the length 
of the solenoid and that B is constant over the solenoid eross section. А 
solenoid is а practical way tó set up а known uniform magnetic field for 1 
experimentation, just as a parallel-plate capacitor is a practical way to set _ 
up а known uniform electric field. 3 


> Example 5. A solenoid is 1.0 meter long and 3.0 em in mean diameter. It Ж 
has five layers of windings of 850 turns each and carries a current of 5.0 amp. 
' (a) What is В at its center? From Eq. 34-7, 
B = шіт = (4r X 107 weber/amp-m)(5.0 amp)(5 X 850 turns/meter) є 
= 2.7 X 107? weber/meter?, z 


We can use Eq. 34-7 even if the solenoid has more than one layer of windings because 
the diameter of the windings does not enter. ^ 

(b) What із the magnetic flux Фр for a cross section of the solenoid at its center? 
To the extent that B is constant, we can calculate the flux from Х 


Ф = fn-ds = BA, 
where А is the effective cross-sectional area. Let us assume that A representa the 
area of a circular disk whose diameter is the mean diameter of the windings (3.0 cm). 
The effective area can then be shown to be 7.1 X 10—* meter’, and 


Фв = BA = (27 X 10 weber/meter?)(7.1 X 107* meter?) 
= 1,9 X 10-5 weber. 
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Example 6. А toroid. Figure 34-15 shows a toroid, which may be deseribed as a 
solenoid of finite length bent into the shape of a doughnut. Calculate В at interior 


points. 


Fig. 34-15 Example 6. A toroid, 


From symmetry the lines of B form concentric circles inside the toroid, as shown 
in the figure. Let us apply Ampére’s law to the circular path of integration of radius r: 
фв-а = poi 
or (В)(2ят) = uoioN, 


where to is the current in the toroid windings and N is the total number of turns. 
This gives 


^ miN _ 
x. 
In contrast to the solenoid, B is not constant over the cross section of a toroid. Show 
from Ampére’s law that B equals zero for points outside an ideal toroid. 4 


34-6 The Biot-Savart Law 

Ampére's law can be used to calculate magnetic fields only if the sym- 
metry of the current distribution is high enough to permit the easy evalua- 
tion of the line integral фв-а. This requirement limits the usefulness of 
the law in practical problems. The law does not fail; it simply becomes 
difficult to apply in a useful way. ; 4 

Similarly, inrelectrostatics, Gauss's law сап be used to calculate electric 
fields only if the symmetry of the charge distribution is high enough to per- 


mit the easy evaluation of the surface integral фе-аз. Wotan, TO AEA 


ple, use Gauss's law to find the electric field due to а long uniformly charged 
rod but, we cannot apply it usefully to an electric dipole, for the symmetry is 
not high enough in this ease. S 

To compute E at а given point for an arbitrary charge distribution, we 
divided the distribution into charge elements dq and (see Section 27-4) we 


used Coulomb’s law to calculate thé field contribution dE due to each ele- 


EIC 
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Fig. 34-16 Тһе current element dl establishes a magnetic field contribution dB at point Р. 


ment at the point in question. We found the field Е at that point by adding, 
that is, by integrating, the field contributions dE for the entire distribution. 
- We now describe a similar procedure for computing B at any point due to 
an arbitrary current distribution. We divide the current distribution into 
current elements and, using the law of Biot and Savart (which we describe 
below); we calculate the field contribution dB due to each current element 
at the point in question. We find the field B at that point: by integrating 
the field contributions for the entire distribution. 

Figure 34-16 shows an arbitrary current distribution consisting of a cur- 
rent 7 in a curved wire. The figure also shows a typical current element; it 
is a length dl of the conductor carrying а current i. Its direction is that of 
the tangent to the conductor (dashed line). A current element cannot exist 
as an isolated entity because a way must be provided to lead the current into 
the element at one end and out of it at the other. Nevertheless, we can 
think of an actual circuit as made up of a large number of current elements 
placed end to end. 

Let P be the point at which we want to know the magnetic induction dB 
associated with the current element. According to the Biot-Savart law, dB 
is given in magnitude by | ; . 


s (34-8) 


where r is a displacement vector from the element.to P and 6 is the angle 
between this vector and dl. The direction of dB is that of the vector dl x r. 
In Fig. 34-16, for example, dB at point Р for the current element shown is 
directed into the page at right angles to the plane of the figure. Note that 
Eq. 34-8, being an inverse square law that describes the magnetic induction 
due to a current element, may be viewed as the magnetic equivalent of 
Coulomb's law, which is an inverse square law that describes the electric 
field due to a charge element. 
The law of Biot and Savart may be written in vector form as 


di XT. (34-9) 
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This formulatión reduces to that of Eq. 34-8 when expressed in terms of 
magnitudes; it also gives complete information about the direction of dB, 
namely that it is the same as the direction of the vector dl хт. 

The resultant field at Р is found by integrating Eq. 34-9, or 


p $ dB, (34-10) 
where the integral is в vector integral. 
> Example 7. A long straight wire. We illustrate the law of Biot and Savart by í 


applying it to find В due to a current 7 in a long straight wire. We discussed this 
problem at length in connection with Ampére’s law in Section 34-1. 


Fig. 34—17 Example 7. 


Figure 34-17, a side view of the wire, shows a typical current element dx. The 
magnitude of the contribution dB of this element to the magnetic field at P is found 
from Eq. 34-8, or 


The directions of the contributions dB at point Р for all elements аге the same, 
namely, into the plane of the figure at right angles to the page. Thus the vector 
integral of Eq. 34-10 reduces to a scalar integral, or 3 х 


BS bo: 
в = Јав = sin 6 dz 


Ax ee САЛ. 


Now, т, 0, and r are not independent, being related (see Fig. 34-17) by 


r= VAF 
: М Е 
апа 2 sin 6 [= Ола" з $ 
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.80 that the expression for B becomes 


wi (Rd: 
p cca 


mi ay z 2 == +0 
ArR | (i? + RIF |, 
Li 
2x R 


This is the result tliat we arrived at earlier for this problem (see Eq. 34-4). The law 
` of Biot and Savart will always yield results that are consistent with Ampére’s law 
and with Я 
This problem reminds us of its electrostatic equivalent. We derived an expreesion 
for E due to a long charged rod, using Gauss's law (Section 28-6); we also solved this 
problem by integration methods, using Coulomb's law (Section 27-4). 


Example 8. А circular current loop. Figure 34-18 shows a circular loop of radius 
R carrying a current 7. Calculate B for points on the axis. 


Fig. 34-18. Example 8. A ring of radius R carrying a current i. 


~ The vector dl for a current element at the top of the loop points perpendicularly 
out of the page. The angle6 between dl and ris 90? and the plane formed by diandr 
is normal to the page. The vector dB for this element is at right angles to this plane 
and thus lies in the plane of the figure.and at right angles to г, as the figure shows. 

Let us resolve dB into two components, one, dBy, along the axis of the loap and 
another, dB |, at right angles to the axis, Only Ву contributes to the total induction 
B at point P. This follows because the components dB, for'all current elements lie 
on the axis and add directly; however, the components dB, point in different direc- 
tions perpendicular io the axis, and their resultant fo» the complete loop ig zerb, from 


B = [ав, 


where the integral is a simple scalar integration over the current elements. 
For the current element, shown in Fig. 34-18 we have, from the Biot-Savart law 
‚аба sin 90° 
: Br E 


i 


AENEA SEN IN TON х 


as 
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We also have dB, = dB соза. 
Combining gives вус Rae. 
drr? 


Figure 34-18 shows that r and a are not independent of each other. Let us express 
each in terms of a new variabie г, the distance from the center of the loop to the point 


P. The relationships are 
r= VR 
and сове = Е = up 
г VEFE 
Substituting these values into the expression for dB] gives 


шй 
В = rg + 2550 
Note that i, Р, and х have the same values for all current elements. Integrating this 
equation, noting that. f dl is simply the circumference of the loop.(= 2r R), yields 


B= ав = тургу ay] 


шай? я 
ата KW Sidi 
ШЕ 


D ~ t 


If we put 2 > R in Example 8 so that points close to the loop are not 


considered, Eq. 34-11 reduces to 
uoi R? 


B= 2 


Recalling that +R? is the area A of the loop and considering loops with N 
turns, we can write this equation as 


where y is the magnetic dipole moment of the current loop. This reminds us 
of the result derived in Problem 10, Chapter 27 [Е = (1/279) (p/z?)], which 
is the formula for the electric field strength on the axis of an electric dipole. 
Thus we have shown in two ways that a current oop can be regarded ав & 
magnetic dipole: It experiences а torque given by т = рх B when placed in 


an external magnetic field (Eq. 33-11); it generates its own magnetic field ae 


given, for points on the axis, by the equation just developed. 
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Table 34-1 is a summary of the properties of electric and magnetic dipoles. 
‘Table 34-1 


боме DIPOLE Equations 


Property | Dipole Type | Equation 
Torque in an external field electric T = pxE 
magnetic T= ~pxB 

Energy in an external field electric U= —р.Е 


magnetic U = M.B 


Field at distant points along axis | electric | B= 


magnetic = 


Field at distant points along electric E 
perpendicular bisector 


magnetic В =—— 


P Example 9. In the Bohr model of the hydrogen atom the electron cireulates 
around the nucleus in a path of radius 5.1 X 10-1: meter at à frequency v of 6.8 X 
10!5 rev/sec. (а) What value of B is set up at the center of the orbit? 

‘The current is the rate at which charge passes any point on the orbit and is given by 


i e» = (1.6 X 10— coul)(6.8 X 10/5/sec) = 1.1 X 107 amp. 
B at the center of the orbit is given by Eq. 34-11 with z — 0, or > 
fax шї? _ Hot х 
ARF pa 2R 
(Ат X 1077 weber/amp-m)(1.1 X 107° amp) 
i (2)(5.1 X10 meter) 


; 5 = 14 webers/meter?. 
(b) What is the equivalent magnetic dipole moment? From Eq. 33-10, 
; ; Aum NiA = (1.1 X 10-* amp)(x)(6.1 X 10! meter)? 
| Д = 90 x 197^ атар? 4 


` 
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QUESTIONS 


1. Can the path of integration around which we apply Ampére's law pass through в 
conductor? 

2. Suppose we set up a path of integration around a cable that contains twelve wires 
with different currents (some in opposite directions) in each wire. How do we calculate + 
in Ampére's law in such a case? | 

3. Apply Ampére’s law qualitatively to the three paths shown in Fig. 34-19. 


4. Is B constant in magnitude for points that lie ona given line of induction? 

5. Discuss and compare Gauss's law and Атрёге'в law. А 

6. A current is set up in a long copper pipe. Is there a magnetic field (a) inside and (b) 
outside the pipe? 

т. Equation 34-4 (B = yoi/2rr) suggests that a strong magnetic field is set up at points 
near a long wire carrying a current. Since there is а current i and a magnetic field B, why 
is there not a force on the wire in accord with the equation F = il X в? 

8. In electronics, wires that carry equal but opposite currents are often twisted together 
to reduce their magnetic effect at distant points. Why is this effective? Ж. 

9. A beam of 20-Mev protons emerges from a cyclotron. Is a magnetic field associated 
with these partictes? + $ 

10. Test the “floating” wire of Example 3 for equilibrium under horizontal displace- 
ments. Consider that the wire floats above the rigidly supported wire and also below it. 
Summarize the equilibrium situation for both wire positions апа for both vertical and 
horizontal displacements. - 

11. Explain qualitatively the forces of interaction between parallel wires carrying 
parallel or antiparallel currents in terms of Faraday’s lines of induction representstion. 

12. Comment on this statement: “The magnetic induction outside a long solenoid 
cannot be zero, if only for the reason that the helical nature of the windings produces a 
field for external points like that of a straight wire along the solenoid axis.” 

13. A current is sent through a vertical spring from whose lower end a weight is hanging; 
what will happen? — ' Р 

14. Does Eq. 34-7 (В = рїп) hold for a solenoid of square cross section? 

15, What is the direction of the magnetic fields at points a, b, and c in Fig. 34-16 set up 
by the particular current element shown? 4 

16. In a circular loop of wire carrying в current i, is B uniform for all points within the 
loop? 

17. Discuss analogies and differences between Coulomb's law and the Biof-Savart law. 

18. Equation 34-9 gives the law of Biot and Savart in vector form. Write its electro- 
static equivalent [that is, Eq. 27-6, or dE — dq/(4x«r^)) in vector form. 

19. How might you measure the magnetic dipole moment of а compass needle? 

20. What is the basis for saying that a current loop is а magnetic dipole? 
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PROBLEMS 


1. A #10 bare copper wire (0.10 in. in diameter) can carry a current of 50 amp witho 
overheating. For this current, what is B at the surface of the wire? 

2. A surveyor is using a compass 20 ft below a power line in which there is a s 
current of 100 amp. Will this interfere seriously with the compass reading? The hori 
zontal component of the earth’s magnetic fiéld at the site is 0.2 gauss. 

3. А long straight wire carries a current of 50 amp. An electron, traveling at 10’ meters, 
вес, is 5.0 cm from the wire. What force acts on the electron if the electron velocity i 
directed (a) toward the wire, (b) parallel to the wire, and (c) at right angles to the dire 
tions defined by (a) and (b)? x 

4. A conductor consists of an infinite number of adjacent wires, each infinitely long 
carrying в current 4. Show that the lines of B will be as represented in Fig. 34-20 and 
B for all points in front of the infinite current sheet will be given by 


В -dwni, 


where n is the number of conductors per unit length. Derive both by direct applica 
of Ampére’s law and by considering the problem as a limiting ease of Example 2. 


Fig. 34-21 


5. Figure 34-21 shows a hollow cylindrical conductor of radii а and b which carries a _ 
current i uniformly spread over its cross section. (a) Show that the magnetic field B f 
points inside the body of the conductor (that is, а < r < b) is given by 


= pot r= а? 
3 Et Ut ah NUN 


Check this formula for the limiting case of a = 0. (b) Make a rough plot of the general 
behavior of B(r) from r = 0 tor — =. L 
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6. A long coaxial cable consists of two concentric eonductors with the dimensions shown 
in Fig. 34-22. There are equal and opposite currents in the conductors. (a) Find the 
magnetic induction B at r within the inner conductor (r < a). (6) Find B between the two 
conductors (a < т < b). (c) Find B within the outer conductor (b < < c): (d) Find B 


outside the cable (r > c). 


Fig. 34-22 Fig. 34-23 


7. А long copper wire carries а eurrent of 10 amp. Calculate the magnetic flux per 
meter of wire for a plane surface S inside the wire, as in Fig. 34-23. 

8. Two long, parallel #10 copper wires-(diameter = 0.10 in.) carry currents of 10 amp 
in opposite directions. (a) If their centers are 2.0 em apart, calculate the flux per meter 
that exists in the space between the axes of the wires. (b) What fraction of the flux in 
(а) lies inside the wires? (c) Repeat the calculation of (a) for parallel currents. Е 

9. A long wire carrying а current of 100 amp is placed in а uniform external magnetic 
field of 50 gauss. The wire is at right angles to this external field. Locate the points at 
which the resultant magnetic field is zero. : zu 

10. Two long wires a distance d apart carry equal antiparallel currents f, as in Fig. 34—24. 
Show that B »t point P, which is equidistant from the wires, is given by 


Ba 2d 
T аю + @) 


m 


Fig. 34-24 


Fig. 34-25 


11. Four long #10 copper wires are parallel to each other; their cross section forming a 
Square 20 em on edge. А 20-amp current is set up in each wire in the direction shown In 
Fig. 34-25. What are the magnitude and direction of B at the center of the square? — 

12. In Problem 11 what is the force per meter acting on the lower left wire, in magnitude 


and direction? ч : 2 
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н 13. Figure 34-26 shows а long wire carrying & 

i rent of 30 amp. The rectangular loop carries a cw 
~of 20 amp. Calculate the resultant force acting on 

the loop. Assume that a = 1.0 cm, b = 8.0 cm, and 

l = 30 em. 

14. Derive the solenoid equation (Eq. 34-7) tin 
from. the expression for the field on the axis of a circu 
loop (Example 8). (Hint: Subdivide the sc'enoid 
a series of current loops of infinitesimal thickness 
integrate.) , 

15. A square loop of wire of edge a carries a current ё _ 
Show that the value of B at the center is given by t 


à 
| 


(a) Show that В for a point оп the axis of the loop and. 
а distancez from its center is given by 


гея 4uoia? 
| B 7 Ый + oat d I 


(b) Does this reduce to {һе result of Problem 15 for 

z = 07 (с) Does the square loop behave like a dipole _ 

| for points such that z > a? If so, what is its dipole - 

moment? E 

17. A straight wire segment of length l carries 

A Fig. 34-26 current i. (a) Show that the field of induction B to — 
“be associated with this segment, at a distance R from — 

the segment along a perpendicular bisector (see Fig. 34-27), is given in magnitude by 


B o 
2xR (2 + AR?) 


b) Does this expression reduce to an expected result as | — =? 
18. The wire shown in Fig. 34-28 carries a current i. What 
is the magnetic induction at the center C of the semicircle | 

arising from (a) each straight segment of length l, (b) the — 


f: 
; semicircular segment of radius R, and (c) the entire wire? 
р 19. (а) А wire in the form of а regular polygon of n sides 
is just enclosed:by a circle of radius a. If the current in this 
5 R——>+P 

fi 


^ i 
TU [ E EUR] 
| WILD ы шшш 
| Fig. 34-27 Fig. 34-28 
wire is t, show that а magnetic induction at the MUT of the circle is given by 


Bx fo tan (x/n). 


(b) Show that as n — © this result approaches that of a circular loop. 


=, Y 
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20. (a) Show that B at the center of a rectangle of 
length | and width d, carrying a current i, is given by | 
в - 560 +0)" | 
* 4 | 
b) What does B reduce to for / >d? Is this а result | 
that you expect? А 
21. Helmholiz coils. Two 300-tum coils аге ar. — HE- — — 
ranged a distance apart equal to their radius, as in чя 
Fig. 34-29. For R = 5.0 cm and i = 50 amp, plot В | 
аз а function of distance x along the common axis R 
over the range z = —5 em to z = +5 om, taking | 
т = 0 at point Р. (Such coils provide an especially | 
uniform field of B near point Р.) | 

22. In Problem 21 let the separation of the coilwbe a 
variable z. Show that if z equals R, then not only the R 
first derivative (dB/dz) but also the second (dB /dz?) QUSE 
ef B is zero at point P. This accounts for the uni- 
formity of B near point Р for this particular coil sep- но. 34-19 
aration. 

23. A long “hairpin” is formed by bending a piece of wire as shown in Fig. 34-19. If a 
10-атр current is set up, what are the direction and magnitude of B at point а? At 
point 5? Take А = 0.50 cm. 

24. Calculate В at point P іп Fig. 34-30. Assume that i = 10 amp and a = 8.0 em. 

25. A plastic disk of radius R has a charge q uniformly dis- 
а/4 . tributed over its surface. If the disk is rotated at an angular 
frequency w about its axis, show that (а) the induction at the 


ад | | center of the disk is a 


В = — 
а 
" und (b) the magnetic dipole moment of the disk is 
eR? 


oem‏ اک ر 
4 
(Hint: The rotating disk is equivalent to ап array of current‏ 
Fig. 34-30 loops; see Example 8.)‏ 

26. You are given a length | of wire in which a current i 
may be established. The wire may be formed into a circle or a square. Which yields the 
larger value for B at the central point? See Problem 15. : 

27. А circular copper loop of radius 10 cm carries а current of 15 amp. „Аё its center ls 
placed a second loop of radius 1.0 cm, having 50 turna and a current of 1.0 атр. (a) What 
magnetic induction B does the large loop set up at its center? (b) What torque acts on the 
small loop? Assume that the planes of the two 
loops are at right angles and that the induction B 
provided by the large loop is essentially uniform 
throughout the volume occupied by the small loop. 

28. Show that it is impossible for а uniform 
magnetic field B to drop abruptly to zero аз one 
moves at right angles to it, as suggested by the 
horizontal arrow in Fig. 34-31 (see point а). In - 
actual magnets fringing of the lines of force always 
occurs, which means that B approaches zero in a 
continuous and gradual way. (Hint: Apply Am- 

. pére's law to the rectangular path shown by the 
dashed lines.) 
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CHAPTER 


o 


35-1 Faraday’ s Experiments 


For some physical laws it is hard to find experiments that lead i in а di 
and convincing way to the formulation of the law. Gauss's law, for ехатр 
emerged only slowly as the common factor with whose aid all electroste 
experiments could be interpreted and correlated. -In Chapter 28 we fo 
it best to state Gauss’s law first and then to show that the underlying expe! 
ments ое consistent with it. 


duced directly. Such experiments were carried out by Michael брате in 
England in 1831 and by Joseph Henry in the United States at about the 
same time. 

Figure 35-1 shows the terminals of a coil connected to a galvanometer. 
Normally we would not expect this instrument to deflect because the 
seems to be no electromotive force in this cireuit; but if we push a bar mag 
net toward the coil, with its north pole facing the coil, a remarkable th 

"happens. While the magnet is moving, the galvanometer deflects, showi 
that a current has been set up in the coil. If the magnet is held stationary - 
with respect to the coil, the galvanometer does not deflect. . If the magne 
is moved away from the coil, the galvanometer again deflects, but in th 
opposite direction, which means that the current in the coil is in the opposite ^ 
direction. If we use the south ‘pole end of a magnet instead of the north ^ 
pole end, the experiment works as described but the deflections are reversed. 
Further experimentation shows that what matters is the relative motion of th 
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Fig. 35-1 Galvanometer G deflects while the 
magnet is moving with respeet to the coil. 


magnet and the coil. It makes no difference whether the magnet is moved 
toward the coil or the coil toward the magnet. . 

The current that appears in this experiment is called an induced current 
and is said to be set up by an induced electromotive force. Faraday was able 
to deduce from experiments like this the law that gives their magnitude and 
direction. Such emfs are very important in practice. The chances are good 
that the lights in the room in which you are reading this book are operated 
from an induced emf produced in a commercial electric generator. 

In another experiment the apparatus of Fig. 35-2 is used. The coils are 
placed close together but at rest with respect to each other. When the 
switch S is closed, thus setting up а steady current in the right-hand coil, the 
galvanometer-deflects momentarily; when the switch is opened, thus in- 
terrupting this current, the galvanometer again deflects momentarily, but in 
the opposite direction. No gross objects are moving in this experiment, 
In Faraday's words: 

When the contact was made, there was а sudden and very slight effect at the 
galvanometer, and there was also a similar slight effect when the contact with the 
battery was broken. But whilst the voltaic current was continuing to pass through 
the one helix, no galvanometrical appearances nor any effect like induction upon 
the other helix could be perceived, although the active power of the battery was 
proved to be very great. . . . У 
Experiment shows that there will be an induced emí in the left coil of 

Fig. 35-2 whenever the current in the right coil is changing. It is the rate 
at which the current is changing and not the size of the current that is significant. 


Fig. 35-2 Galvanometer G deflects momen- 
tarily when switch S is closed or opened. 


G 
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35-2 Faraday's Law of Induction 


Faraday had the insight to perceive that the change in the flux Фр of 
magnetic induction.for the left coil in the preceding experiments is the im- 
portant common faetor. This flux may be set up by a bar magnet or a cur- 
rent loop. Faraday's law of induction says that the induced emf 5 in a cir- 
cuit is equal to the negative rate at which the flux through the circuit is 
changing. If the rate of change of flux is in webers/sec, the emf & will be in 


volts. In equation form 
[o 0e (35-1) 
dt 


This equation is called Faraday’s law of induction. The minus sign is an 
indication of the direction of the induced emf, a matter we discuss further in 
Section 35-3. 

If Eq. 35-1 is applied to a coil of N turns, an emf appears in évery turn 
and these emfs are to be added. If the coil is so tightly wound that each 
turn can be said to occupy the same region of space, the flux through each 
turn will then be the same. The flux through each turn is also the same for 
(ideal) toroids and solenoids (see Section 34-5). . The induced emf in aJ! such 
devices is given by | 
j dbz (NPs) 

dt di 


(35-2) 


where Ng measures the so-called flux linkages in the device. 

Figures 35-1 and 35-2 suggest that there are at least two ways in which we 
can make the flux through a circuit change and thus induce an emf in that 
circuit. The coil that is connected to the galvanometer cannot tell in which 
of these experiments it is participating; it is aware only that the flux passing 
through its cross-sectional area is changing. The flux through a circuit can 
also be changed by changing its shape, that is, by squeezing or stretching it. 


> Example 1. A long solenoid has 200 turns/em and carries a current of 1.5 amp; 
its diameter is 3.0 cm. At its center we place a 100-turn, close-packed coil of diameter 
2.0 ета. This coil is arranged so that B at the center of the solenoid is parallel to its 
axis. The current in the solenoid is reduced to zero and then raised to 1.5 amp in 
the other direction at a steady rate over а period of 0.050 sec. What induced emf 
appears in the coil while the current is being changed? — . 3 

The induction B at the center of the solenoid is given by Eq. 34-7, or 


B = poni = (4r X 1077 weber/amp-m)(200 X 10° turns/meter)(1.5 amp) 
= 3.8 X 1077 weber/meter?: 


The area of the coil (not of the solenoid) is 3.1 X 107% meter. The initial flux Oz 
through each turn of the coil is given by 


$5 = BA = (3.8 X 107? weber/meter?(3.1 X 107* meter?) = 1.2 X 102° weber. 


The flux goes from an initial value of 1.2 X 107° weber to a final value of —1.2 X 
10-5 weber. The change in flux A®p for each turn of the coil during the 0.050-sec 


"o P" n. 
B F 
Em. 
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period is thus twice the initial value. The induced emf is given by 


_ NAés _ _ (100(2 Xx 1.2 X 10ê weber) _ _ dA 
B- TA] 0.050 see 4.8 X 107* volt -48 mv. 


The minus sign deals with the direction of the emf, as we explain below. 4 


35-3 Lenz's Law 


So far we have not specified the directions of the induced emfs. Although 
these directions can be found from a formal analysis of Faraday's law, we 
prefer to find them from the conservation-of-energy principle which, in this 
context, takes the form of Lenz's law: T'he induced current vill appear in such 
a direction that й opposes the change that produced it.* The minus sign in 
Faraday’s law suggests this opposition. In mechanics the energy principle 


Fig. 35-3 If the magnet is moved toward the loop, the induced current points as shown, 
setting up a magnetic field that opposes the motion of the magnet. 


often allows us to draw conclusions about mechanical systems without an- 
alyzing them in detail. We use the same approach here. _ з 

Lenz's law refers to induced currents, which means that it applies only to 
closed circuits, If the cireuit is open, we can usually think in terms of what 
would happen if it were closed and in this way fihid the direction of the in- 
duced emf. : : 

Consider the first of Faraday's experiments described in Section 35-1. 
Figure 35-3 shows the north pole of a magnet and a eross section of a nearby 
conducting loop. As we push the magnet toward the loop, an induced cur- 
rent is set up in the loop. What is its direction? Я 
7 «Назнен Friedrich Lenz (1804-1865) deduced this law in 1834. Faraday also dis- 
covered how to determine the directions of induced emfs, but he did not express his re- 
sults as succinetly as Lenz. c 


NE 
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A current loop sets ‘up a magnetic field at distant points like that of a 
magnetic dipole, one face of the loop being a north pole, the opposite face 
~ being a south pole. The north pole, as for bar magnets, is that face from 
which the lines of B emerge. If, as Lenz's law predicts, the loop in Fig. 35-3 
is to oppose the motion of the magnet toward it, the face of the loop toward 
the magnet must become a north pole. The two north poles—one of the 
eurrent loop and one of the magnet—will repel each other. The right-hand 
rule shows that for the magnetic field set up by the loop to emerge from the 
right face of the loop the induced current must be as shown. The current 
will be counterclockwise as we sight along the magnet toward the loop. 
When we push the magnet toward the loop (or the loop toward the mag- 
net) an induced current appears. In terms of Lenz's law this pushing is 
- the “change” that produces the induced current, and, according to this law, 
the induced current will oppose the “push.” If we pull the magnet away 
from the coil, the induced current will oppose the “pull” by creating a south 
pole on the right-hand face of the loop of Fig. 35-3. То make the right-hand | 
face a south pole, the current must be opposite to that shown in Fig. 35-3. | 
Whether we pull or push the magnet, its motion will always be automatically. 
| 


opposed. 
` "Phe agent that causes the magnet to move, either toward the coil or 
away from it, will always experience a resisting force and will thus be re- 
quired to do work. From the conservation-of-energy principle this work 
done on the system must be exactly equal to the Joule heat produced in the 
coil, since these are the only two energy transfers that occur in the system. 
If we move the magnet more rapidly, we will have to do work at a faster 
rate and the rate of the Joule heating will increase correspondingly. If we 
cut the loop and then perform the experiment, there will be no induced cur- 
- rent, no Joule heating, no force on the magnet, and no work required to 
move it. There will still be an emf in the loop, but, like a battery connected 
to an open circuit, it will not set up à current. 


If the current in Fig. 35-3 were in the opposite direction to that shown, the face 
of the loop toward the magnet would be а south pole, which would pull the bar 
magnet toward the loop. We would only need to push the magnet slightly to start | 
the process and then the action would be self-perpetuating. The magnet would 
‘accelerate toward the loop, increasing its kinetic energy all the time. At.the same : 
time Joule heat would appear in the loop at a rate that would increase with time. : 
This would indeed be a something-for-nothing situation! Needless to say, it does _ 
not occur. | 


Let us apply Lenz's law to Fig. 35-3 in a different way. Figure 35-4 
shows the lines of B for the bar magnet.* On this point of view the "change" 
is the increase in $5 through the loop caused by bringing the magnet nearer. 
The induced current opposes this change by setting up a field that tends to 
oppose the increase in flux caused by the moving magnet. Thus the field 


* There are two fields of Bin this problem—one connected with the current loop and one 
with the bar magnet. The student must always be certain which one is meant. 
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Fig. 45-4 In moving the magnet to- 
ward the loop, we increase gz through 
the loop. 


due to the induced current must point from left to right through the plane 
of the coil, in agreement with our earlier conclusion. 

It is not significant here that the induced field opposes the magnet field 
but rather that it opposes the change, which in this case is the increase in 
p through the loop. If we withdraw the magnet, we reduce Pa through the 
loop. The induced field will now oppose this decrease in Фв (that is, the 
change) by re-enforcing the magnet field. In each case the induced field 
opposes the change that gives rise to it. { 


35-4 Induction—A Quantitative Study 


The example of Fig. 35-4, although easy to understand qualitatively, does 
not lend itself to quantitative calculations. Consider then Fig. 35-5, which 


shows a rectangular loop of wire of width /, one end of which is in a uniform 


field B pointing at right angles to the plane of the loop. This field of B may 
be produced in the gap of a large electromagnet like that of Fig. 33-2. ‘The 
dashed lines show the assumed limits of the magnetic field. The experiment 
consists in pulling the loop to the right at a constant speed v. 


lox x x x х икон ж ија. 
Fig. 35-5 A rectangular loop is pulled out 


of a magnetic field with velocity v. - 
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Note that the situation described by Fig. 35-5 does not differ in any essen- 
tial particular from that of Fig. 35-4. In each case a conducting loop and 
a magnet are in relative motion; in each case the flux of the field of the mag- 
net through the loop is being caused to change with time. 

The flux Фв enclosed by the loop in Fig. 35-5 is 


$5 = Віз, 


where lz is the area of that part of the loop in which В is not zero. The emf 
€ is found from Faraday’s law, or 


& s © (Bi) = -B = gi (85-3) 
GP xig d NIS Ў 


where we have веб —dz/dt equal to the speed v at which the loop is pulled 

out of the magnetic field. Note that the only dimension of the loop that 

enters into Eq. 35-3 is the length J of the left end conductor. As we shall 

see later, the induced emf in Fig. 35-5 may be regarded as localized here. 

An induced emf such as this, produced by pulling a conductor through a 

magnetic field, is sometimes called a motional emf. | : 
The emf Blv sets up a current in the loop given by х 


А х & . Bl» ; 
| = — = —, 35-4 


where R is the loop resistance. From Lenz's law, this current (and thus 8) 

must be clockwise in Fig. 35-5; it opposes the "change" (the decrease in 

Фв) by setting up a field that is parallel to the external field within the loop. 
The current in the loop will cause forces Fı, Fz, and Ез to act on the three 

conductors, in accord with Eq. 33-6a, or 

Е = 1 xB. А (85-5) 


` Because Е, and F are equal and opposite, they cancel each other; Fı, whiéh 
is the force that opposes our effort to move the loop, is given in magnityide 
Írom Eqs. 35-5 and 35-4 as 


BP 
Т. = dB sin 00° = 2—2 


The agent that pulls the loop must do work at the steady rate of 


B? 


P=Fy= (35-6) 


From the principle of the conservation of energy, Joule heat, must appear in 
the resistor at this same rate. We introduced the €onsérvation-of-energy 
| principle into our derivation when we wrote down the expression for the 
| current (Eq. 35-4); the student will recall that the relation i = &/R for 


a ee oF eee © 
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single-loop circuits is a direct consequence of this principle. Thus we should 

be able to write down the expression for the rate of Joule heating in the loop 

with the expectation that we will obtain a result identical with Eq. 35-6. 
Recalling Eq. 35-4, we put 

B GPRA E p BP? 

Иа: R RS 


which is indeed the expected result. This example provides a quantitative — 


illustration of the conversion of mechanical energy (the work done by an ex- 
ternal agent) 1nto electrical energy (the induced emf) and finally into thermal 
energy (the Joule heating). 

Figure 35-6 shows a side view of the coil in the беја. In Fig. 35-6a the 
coil is stationary; in Fig. 35-6b we are moving it to the right; in Fig. 35-6c 
we are moving it to the left. The lines of induction in these figures repre- 
sent the resultant field produced by the vector addition of the field Bo due to 
the magnet and the field В; due to the induced current, if any, in the coil. 


(a) 


| lis z 
ann | 


aS 


oe (С). 


л 


*ig. 35-6 Side view of a rectangular loop in а magnetic ficld showing the loop (a) at rest, 
heing pulled out, and (c) being pushed in. 
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These lines suggest convincingly that the agent moving the coil — 
periences an opposing force. 


P» Example 2. Figure 35-7 shows a rectangular loop of resistance R, width ü 


length a being pulled at constant speed v through a region of thickness d in wh 
2 uniform field of induction B is set up by a magnet. 


Fig. 35-7 Example 2. A rectangular loop й 
caused to move with a velocity v through 8 
magnetic field. The position of the loop 
measured by =, the distance between 
effective left edge of the field B and the 
end of the loop. 


: (a) = the flux Ps through the loop аз a function of the coil position z. Assu 
that l= 4 em, а = 10 em, d= 15 cm, R = 16 ohms, В = 2.0 webers/meter 
v = 1.0 meter/sec. 

The flux Фв is zero when the loop is not in the field; it is Bla when the loop. 
entirely in the field; it is Biz when the loop is entering the field and Blja — (x — 
when the loop is leaving the field. These conclusions, which the student shot 
verify, are shown graphically in Fig. 35-8a. 

(b) Plot the induced emf 8. 

The induced emf & is given by 5 = —4Фв/@, which can be written as 

gz-Hbs _ _ Pada _ _ dbs 
a dz dt das 
where dé /dz is the slope of the curve of Fig. 35-8a. &(z) is plotted in Fig. 35-8b. - ч 
Lenz's law, from the same type of reasoning as that used for Fig. 35-5, shows that — 
when the coil is entering the field the emf 8 acts counterclockwise as seen from above. ' - 
Note that there is no emf when the coil is entirely in the magnetic field because the 
flux Фв through the coil is not changing with time, as Fig. 35-8a shows. 

(c) Plot the rate P of Joule heating in the loop. 3 

This is given by Р = 6*/E. It may be calculated by squaring the ordinate of the 7 
curve of Fig. 35-8) and dividing by R. The result is plotted in Fig. 35-8c. 

Tf the fringing of the magnetic field, which cannot be avoided in practice (see _ 
Problem 34—28), is taken into account, the sharp bends and corners in Fig. 35-8 will 
be replaced by smooth curves. What Е would occur in the curves of Fig. 35-8. 
if the coil were open circuited? 


Example3. A copper rod of length L rotates at angular frequency w in a uniform 
field of magnetic induction B as shown in Fig.35-9. Find the emf & developed ber 
tween the two ends of the rod. : 

If a wire of length dl is moved at velocity v at right angles to a field B, a motional E 
emf d£ will be developed (see Eq. 35-3) given by i 


d& = B» dl. 
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Fig. 35-9 Example 3. 


а : { 
where {170 сап be shown to be the area of the sector. Differentiating gives 


dh 
dt 


From Faraday’s law, this is precisely the magnitude of 6, which agrees with the result 
just derived. 4 


35-5 Time-Varying Magnetic Fields 


= wr? = }Bol. 


So far we have considered emfs induced by the relative motion of magnets 
and coils. In this section we assume that there is no physical motion of 
gross objects but thatthe magnetic field may vary with time. If a conduct- 
ing loop is placed in such a time-varying field, the flux through the loop will 
change and an induced emf will appear in the loop. This emf will set the 
charge carriers in motion, that is, it will induce a current. 

From a microscopic point of view we can say, equally well, that the chang- 
ing flux of B sets up an induced electric field E at various points around the 
loop. These induced electric fields are just as real as electric fields set up 
by static charges and will exert a force F on a test charge qo given by F = 
qoE. Thus we can restate Faraday’s law of induction in a loose but in- 
formative way as: A changing magnetic field. produces an electric field. 
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To бх these ideas, consider Fig. 35-10, which shows в uniform field of in- 
duction B at right angles to the plane of the page. We assume that B is 
increasing in magnitude at the same constant rate 2В/4 at every point. 
This could be done by causing the current in the windings of the electro- 
magnet that establishes the field to increase with time in the proper way. 

The circle of arbitrary radius г shown in Fig. 35-10 encloses, at any in- 
stant, а flux Фв. Because this flux is changing with time, an induced emf 
given by & = —d,/dt will appear around the loop. The electric fields E 
induced at various points of the loop must, from symmetry, be tangent to 
the loop. Thus the electric lines of force that are set up by the changing 
magnetic field are in this case concentric circles. 

If we consider a test charge до moving around the circle of Fig. 35-10, the 
work W done on it per revolution is, in terms of the definition of an emf, 
simply 540. ‘From another point of view, it is (qoE) (2x7), where qoE is the 
force that acts on the charge and 2ят is the distance over which the force 
acts. Setting the two expressions for w equal and canceling go yields 


А & = E2rr. (35-7) 
In а more general case than that of Fig. 35-10 we must write 
&- феа. i (35-8) 


If this integral is evaluated for the conditions of Fig. 35-10, we obtain Eq. 
35-7 at once. If Eq. 35-8 is combined with Eq. 35-1 (8 = —d&p/di), 
Faraday’s law of induetion-ean be written as 


d&g 
de n (35-9) 
fera = 
which is the form in which this law is expressed in Table 38-3. 


Fig.35-10 The induced electric fields 
at four points produced by an in- 
creasing magnetic field. We assume 
that B has symmetry about an axis 
perpendicular to the page through the 
center of the circle of radius r. This 
can be arranged by assuming that the 
magnetic induction decreases slightly 
along a radius starting from the center 
of the figure, the value of B being con- 
stant for a particular value of r. (The 
magnetic field cannot end abruptly at 
radius R—unless a special arrange- 
ment of currente is provided—but 
must approach zero gradually. This 
"fringing" does,not change any of RARE UND a ae 
the arguments of this section. МЕА ae 
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P Example4. Let В in Fig. 35-10 be increasing at the rate dB/di. Let n Я 
the radius of the cylindrical region in which the magnetic field is assumed to exist. — 
What is the magnitude of the electric field E at any radius r? Assume that as = 
0.10 weber/m*-sec and E = 10 em. E 
ы For r < R, the flux Фв through the loop is 


Ф Br. 
Bubstituting into Faraday’s law (Eq. 35-9), 


феа - – 2 


yields (Ge) = — D = (em 4, 


Solving for E yields dics 42. 


- The minus sign is retained to suggest that the induced electric field Е acts to oppose 
‘the change of the magnetic field. Note that E(r) depends on dB/dt and not on B. 
Substituting numerical values, assuming r = 5 em, yields, for the magnitude of E, E 


B= -p = Q6 X 10-2 meter) (с) = 2.5 X 10 volt/meter. 
(b) For r > R the flux through the loop is 
Ф = [B-dS = BR. 


This equation is true because B-dS is zero for those points of the loop that lie outside — 
the effective boundary of the magnetic field. Е: 
From Faraday's law (Eq. 35-9), 


(Ege) = — 92 — (rR). 


Solving for E yields Е = етай 


These two ехргеввїопв for E(r) yield the same result, as they must, forr = R. Figure E 
35-11 is a plot of the magnitude of H(r) for thé numerical values given. Sg 


— 
Ра 


Е, 1073 volt/meter 


230 


10 20 


густі 


Fig.35-11 Example 4. If the fringing of the field in Fig. 35-10 were to be taken into | 
account, the result would be а rounding of the sharp cusp at r = R (= 10cm). 
i J 


^ 
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Fig. 35-12 Showing the circular lines of 
E from an increasing magnetic field. The 
four loops are imaginary paths around . 
which an emf can be calculated. 


In applying Lénz's law to Fig. 35-10, imagine that a circular conducting 
loop is placed concentrically in the field. Since g through this loop is in- 
creasing, the induced current in the loop will tend to oppose this “change”! 
by setting up a magnetie field of its own that points up within the loop. 
Thus the induced current i must be counterclockwise, which means that the 
lines of the induced electric field E, which is responsible for the current, 
must also be counterclockwise. Ifthe magnetic field in Fig. 35-10 were _ 
decreasing with time, the induced current and the lines of force of the in- 
duced electric field E would be clockwise, again opposing the change in Ba. 

Figure 35-12 shows four of many possible loops to which Faraday’s law 
may be applied. For loops 1 and 2, the induced emf & is the same because 
these loops lie entirely within the changing magnetic field and thus have the 


same value of dbg/dt. Note that even though the emf &(— фе ів the 


same for these two loops, the distribution of electric fields E around my a. 
imeter of each-loop, as indicated by the electric lines forse; каше, 
For loop 3 the emf is less because Фв afd d®,/dt for this loop are less, and 
for loop 4 the induced emf is zero. Us үт жезл се 
The induced electrie fields that are set ир by the induction process are пор associ- x 
ated with charges but with a changing magnetic flax. bes macy Бош кн i lest 
_ fields exert forces on charges, there is a difference Бани A rue л ti 
manifestation of this difference is that lines of E m Б wi charges t 
Вих can form closed loops (see Fig. 35-12); lines of E а авая charge 
but can always be drawn to start on a positive charge and end опа negas E ng 
Equation 295, which defined the potential difference bet me ine E: 


W. 3 
Ре Мат — = -fra. É ; 
We have insisted that if potential is to have any useful meaning this integral (and ~~ 


W a») must have the same value for every path connecting a with р. This proved to be 


true for every case examined in earlier chapters. : 
An interesting special ease comes up if a and b are the same point. ШЕ рай 
necting them is now а closed loop; Va must be identical with V, and this equatio! 


reduces to фе. di = 0. (35-10) 
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However, when changing magnetic flux is present, феа is precisely not zero but 
is, according to Faraday's law (see Eq. 35-9), —d®@s/dt. Electric fields associated 
with stationary charges are conservative, but those associated with changing magnetic 
fields are nonconservative; see Section 8-2. Electric potential, which can be defined 
only for a conservative force, has no meaning for electric fields produced by induction, 


35-6 The Betatron 


The betatron is a device used to accelerate electrons to high speeds by | 
allowing them to be acted upon by induced electric fields that are set up by & 
changing magnetic flux. It provides an excellent illustration of the “reality | 
of such induced fields. The energetic electrons can be used for fundamental © 
research in physics or to produce penetrating X-rays which are useful in | 
cancer therapy and in industry. W 

Figure 35-13 shows the 100-Mev betatron at the General Electric Com: 
pany. At this energy the electron speed із 0.999986c, where с is the speed _ H 
of light, so that relativistic mechanics must certainly be used in the analysis _ 
of its operation, Figure 35-14 shows a vertical cross section through the | 
central part of the betatron to which the man in Fig. 35-13 is pointing. 

The magnetic field in the betatron has several functions: (a) it guides the” 
electrons in a circular path; (b) it accelerates the electrons in this path 


E 
| 
i 
| 


Fig.35-13 A 100-Mev betatron. -M shows the magnet, С the magnetizing coils, and DA 
the region in which the “doughnut” is located. i (Courtesy General Electric Company.) < 
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Fig. 35-14 Cross section of a betatron, showing magnet M, coils C, and “doughnut” р. 
Electrons emerge from the page at the left and enter it at the right. 


(€) it keeps the radius of the orbit in which the electrons are moving a con- Я 
stant; (d) it introduces the electrons into the orbit initially and removes 
them from the orbit after they have reached full energy; and finally (e) it _ 
provides a restoring force that resists any tendency for the electrons to leave 
their orbit, either vertically or radially. It is remarkable that it is possible 
to do all these things by proper shaping and control of the magnetic field. 

The object marked D in Fig. 35-14 is an evacuated glass “doughnut?” 
inside which the electrops travel. Their orbit is a circle at right angles to the 
plane of the figure. The electrons emerge from the plane at the left (-) and 
enter it at the right (x). In the General Electric machine the radius of the 
electron path is 33 іп, The coils C and the 130-ton steel magnet shown in 
Fig. 35-13 provide the magnetic flux that passes through the plane of this 
orbit. У A = 

The current in coils C is made to alter periodically, 60 times/sec, to produce 
a changing flux through the orbit, shown in Fig. 35-15. Here Фв is taken as 
positive when B is pointing up, as in Fig. 35-14. If the electrons are to 
circulate in the direction shown, they must do so during the positive half- 
cycle, marked ac in Fig. 35-15. The student should verify this (see Section 


and must be chosen to accelerate, and not to decelerate, the electrons. Thus 
only half the positive half-cycle in Fig- 35-15 сап be used for acceleration; 
it will prove to be ab. А Ed ТЕ, 

The average value of dg/dt during ће quarter-cycle ab is the slope of the 
dashed line, or Ў 
dbz 1.8 weber 


FEB ES O Volta. 
di. 4.2 X 107° sec 
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Fig. 35-15 "The flux through the 
orbit of a betatron, during one 
cycle. Rotation of the electrons 
in the desired direction (counter- 
clockwise as viewed from above in 
Fig. 35-14) is possible only during 
half-cycle ac. 2 


Counter- 
clockwise 
rotation 


Clockwise. 
rotation 


From Faraday's law (Eq. 35-1), this is also the emf in volts. The electron 
will thus increase its energy by 430 ev every time it makes a trip around the 
orbit in the changing flux. If the electron gains only 430 ev of energy per 


revolution, it must make about 230,000 rev to gain its full 100 Mev. Foran - 


orbit radius of 33 in., this corresponds to a length of path of some 750 miles. 


The betatron provides a good example of the fact that electric potential has no 
meaning for electric fields produced by induction. If a potential exists, it must be true 


that, as Eq. 35-10 shows, $ E-dl — 0 for any closed path. In the betatron, however, 


this integral, evaluated around the orbit, is precisely not zero but is, in our example, 
430 volts. It must not be thought, of course, that the betatron violates the conserva- 
tion of energy principle. The gain in kinetic energy of the circulating electron (430 
ev/rev) .aust be supplied by an identifiable energy source. It comes, in fact, from 
the generator that energizes the magnet coils, thus providing the changing magnetic 
field. The energy is transmitted to the electron through the intermediary of this 
changing (бе). Б 


> Example 5. In the betatron of Fig. 35-13, which is the "accelerating" quarter- 
cycle? 7 

Let us assume that it is ab in Fig. 35-15, during which Фв through the orbit is 
increasing. If a conducting loop were placed to coincide with the orbit, an induced 
current would appear in the loop to oppose the tendency of ®p to increase. This 
means that a magnetic field would be set up that would oppose the field of the large 
magnet. "Thus E whuld point outward at the right side of “doughnut” D in Fig. 
35-14 and inward on the left side. The force (—еЕ) acting on the electron is in the 
opposite direction to E because of the negative charge of the electron. Thus the 
tangential force actink on the electron is in the same direction as that at which it 
circulates in its orbit; this means that the speed of the electron will increase, as 
desired. The student! should go through this same analysis carefully, assuming 
(incorrectly, as it will kurn out) that the accelerating half-cycle is bc in Fig. 35-15 
rather than ab. i 


/ 
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35-7 Induction and Relative Motion 


Faraday’s law, in the form & = —d&z/dt, gives correctly the induced /emf no 
matter whether the change in Фр is produced by moving a coil, moving a magnet, 
changing the strength of a magnetic field, changing the shape of a conducting loop, 
orinother ways. However, observers who are in relative motion with respect to 
each other, even though they would all agree on the numerical value of the emf, 
would give different microscopic descriptions of the induction process. In elec- 
tromagnetic systems, as well as in mechanical systems, it is important that the 
state of motion of the observer with respect to his environment be made perfectly 


clear. 


CLL 


SSSSSSSSNS 
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ГГА 
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(b) 
in relative motion with respect to a magnetic 
magnet that produces the field B, 
fixed with respect to the loop, 


Fig. 35-16 A closed conducting loop 
field. (a) An observer S, fixed with respect to the 
sees the loop moving to the right. (b) An observer S, 
Sees the magnet moving to the left. 

ich is caused to move at velocity v with 
field B in the region shown. We con- 
at rest with respect to the magnet used 


Figure 35-16 shows a closed loop wh 
respect to a magnet that provides а uniform 
sider first an observer, identified as S, who is pect to а 
to establish the field В; see Fig. 35-16а. The induced emf in this case is called a 
motional emf because the conducting loop is moving with respect to this observer. 


Consider a positive charge carrier at the center of the left end of the conducting 
to move to the right along with the 
-— i 


loop. To observer S, this charge, constrained 


| 
$ ۲ 
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loop, is a charge 7 moving, for an instant at least when the loop has just been set 


in motion, with a velocity v in the magnetic field B and as such it ехрегіепсез-а — 


sideways magnetic deflecting force given by Eq. 33-3a (F = qv x B). This 
force causes the carriers to move upward along the conductor, so that they acquire 
a drift velocity va also, as shown in Fig. 35-16a. | 

The resultant equilibrium speed of the carrier when the velocity v of the loop 
has become constant is now V, which we find by adding v and va vectorially in 
Fig. 35-16a. The magnetic deflecting force F» is, as always, at right angles to 
the resultant. velocity V of the carrier and is given by 


Fn = ү XB (35-13) 


Now Fm acting alone would tend to push the carriers through the left wall of the 


conductor. Because this does not happen the conductor wall must exert a normal - 


force N on the carriers (see Fig. 35-16a)of magnitude such that va lies parallel to 
the axis of the wire; in other words, N exactly cancels the horizontal component of 
Fm, leaving only the component Fm cos 0 that lies along the direction of the con- 
ductor, This component of force on the carrier is also cancelled out, this time 
by the average force F; associated with the internal collisions that the carrier 
experiences as it drifts with (constant) speed vg through the wire. 

The kinetic energy of the charge carrier as it drifts through the wire remeins 
constant. This is consistent with the fact that the resultant force acting on the 
charge carrier (= Fn. + Е; + N) is zero. The work done by F,, is zero because 
magnetic forces; acéivg at right angles to the velocity of a moving charge, can do 
no work on that charge. Thus the (negative) work done on the carrier by the 
average internal collision force F; must be exactly cancelled by the (positive) 
work done on the carrier by the force N. In the last analysis N is exerted by the 
agent who pulls the loop through the magnetic field, and the mechanical energy 
expended by this agent appears as heat energy in the loop, as we have seen in 
Section 35-4. 

Let us then calculate the work dW done on the carrier in time @ by the force N; 
itis © А e 

2 dW = N(v dt) (35-14) 


in which v dé is the distance that the loop (and the carrier) have moved to the right 
in Fig. 35-160 in time dt. We can write for N (see Fig. 35-16a and Eq. 35-13). 


N = Fm sin 0 = (qVB)(w/V) = qBva (35-15) 
Substituting Eq. 35-15 into Eq. 35-14 yields 


‘dW = (qBo,)(v dt) : 
= (qBv) (va dt) = qBv dl (35-16) 
in s @(= va @) is the distance the carrier drifts along the conductor in 
time dt. 
The work done on the carrier as it makes a complete circuit of the loop is found 
by integrating Eq. 35-16 around the loop and is 


р^ 


2 W= фат 2 gel (85-17) 
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| This follows because work contributions for the top and the bottom of the loops RN 

__ af opposite in sign and cancel and no work is done in those portions of the loop E 
—— hat lie outside the magnetic field. 4 E 
=— agent that does work on charge carriers, thus establishing а current ina 
^ — elosed conducting loop, сап be viewed as an emf, We can write, making use of 
T Eq. 35-17, 5 n 


ao EY (35-18) 
9 7 а 


which is, of course, the same result that we derived from Faraday’s law of induction; 

_ see Eq. 35-3. Thus a motional emf is intimately connected with the sideways 

^ deflection of a charged particle moving through a magnetic field. 4 

— — We now consider how the situation of Fig. 35-16 would appear to an observer S’ 
` who is at rest with respect to the loop. To ‘this observer, the magnet is moving to 

"the left in Fig. 35-165 with velocity.—v, and the charge 0 is at rest as far as its 

left-to-right motion is concerned. However 'S’, like 5, observes that the charge 


drifts clockwise around the loop and he measures the same emf & that 8 measures. 
; by postulating that an electric field_ 


Eis induced in the loop by the action of the moving magnet. ‘This induced field 


Е, which has the same origin as the in 
35-5, exerts a force on the charge carrier given by gE. 
The induced field E, which exists in the en 


which charges are moving. These electric fields however are seb up by the emf, 
to a battery, and are not induced by the — 


as in the case of a closed loop connected X j ith thi 
Motion of the magnet. 16 is only this induced field E that we associate Wi i E 


-- еш, through the relation (Eq. 35-8) 
&-E-dl 
hic А A r 
Which reduced to M NN: (35-19) 


field appears in the upper and 


in this case. This is s no-induced electric 
is case. This is so because and none appears in the part 


lower bars, because of the nature of their motions, 


- of the loop outside the magnetic field. i A 
` The emfs given by Eqs. 35-19 and 35-18 must be identical because Me але 
motion of the loop and the magnet is identical in the two cases shown m Fig. 35-16. 


- Equating these relations yields » 
El = Bl», 


0 2 
S dpa ы a 


In Fig. 35-16b the vector E points upward along the axis of the left end of the 


conducting loop because this is the directión in which positive charges Ly es 
to drift, The directions of v and Bare clearly shown in this figure. We зе, 
neral vector relation 


then, that Eq. 35-20a is consistent with the more ве 


FB (85-200) 
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We have not proved Eq. 35-20b except for the special case of Fig. 35-16; neverthe- 
less it proves to be true in general, that is, no matter what the angle between y 
and B. К 
An experiment carried out in 1926 by the German physicist Wilhelm Wien (1864- — 
1928) gives conerete support to our descriptions of the effect of the motion of an 
observer on the nature of the electric and magnetic fields that he observes. The 
radiations emitted from atoms vary slightly in wavelength if the atom is immersed 
in either а magnetic ог ап electric field. The atom can thus be used as a probe 
{о examine the nature of such fields. Wien fired а beam of atoms with velocity 
vthrough a magnetic field B. The radiations emitted were identical in the distribu- 
| tion of their wavelengths with those that would have been emitted by a resting 
atom immersed in (a) the magnetic #011 B and (b) an induced electric field E given 
by Eq. 35-205. х | 
We interpret Eq. 35-205 in the following way: Observer S fixed with respect to - 
the magnet is aware only of a magnetic field. The force to him arises from the 
motion of the charges through В: Observer S' fixed on the charge carrier is aware __ 
of an electric field E also and attributes the force on the charge (at rest with respect м 
“to him initially) to the electric field. S says the force is of purely magnetic origin _ 
апа S' says the force is of. purely'electrie origin. From the point of view of 8, 
the induced emf is given by (v X B):dk From the point of view of S', the 
same induced/emf is given by SE ‘dl, where E is the (induced) electrie vector. 
that he observes at points along the circuit. 
For a third observer S" who judges that both the magnet and the loop &re 
moving, the force tending to move charges around the loop 18: neither purely 
- electrie- nor purely magnetic, but a bit of each. In summary, in the equation 


F/j - E--v X B, 


different observers form different assessments of E, B, and v but, when these are 
combined, all observers form the same assessment of F/g and all obtain the same 
value for the induced emf in the loop (this depends only on the relative motion). 
That is, the total force is the same for all observers, but each observer forms à _ 
different estimate of the Separate electric and magnetic forces contributing to the | 
same total force. f t 
> Example 7. In Fig. 35-16 assume that B = 2.0 webers/meter?, 1 = 10 em, 
and » = 1.0 meter/sec. Calculate (a) the induced electric field observed by 5', 
and (b) the emf induced in the loop. E 
~ (a) The electric field, which is apparent only to observer S', is associated with | - 
the moving magnet and is given in magnitude (see Eq. 35-20a) by 
vB 


E 
(1.0 meter/sec)(2.0 webers/meter?) 
ү 3 : — 2.0 volt/meter. 


ШЕ] 


(b) Observer S would calculate the induced (motional) emf from 


& = Bly 


(2.0 webers/meters*) (1.0 X 10 meter) (1.0 meter/sec) 
0.20 volt. 


ШЕ] 
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Observer S' would not regard the emf as motional and would use the relationship 
& = El 
= (2.0 volt/meter)(1.0 X 107! meter) 


= 0.20 volt. Ў 


As must be the case, both observers agree as to the numerical value of the emf. 4 
QUESTIONS 


1. The north pole of а magnet is moved away from a metallic ring, as in Fig. 35-17. In 
the part of the ring farthest from the reader, which way does the current point? 


Fig. 35-17 


2. Eddy currents. A-sheet ot copper is placed in à magnetic field as shown in Fig. 35-18. 
If we attempt to pull it out of the field or push it further in, ап automatic resisting force 
appears. Explain its origin. (Hint: Currents, called eddy currents, are induced in the 
sheet in such a way ав to oppose the motion.) 


Pob re x 
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/ jv 
7 x x х х х 
/ 

| х х x x x 
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\ / d current loop 
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x 
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„Fig. 35-18 
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3. Electromagnetic shielding. Considera conducting sheet lying in a plane perpendicular 
to h magnetic field B, as shown in Fig. 35-19. (а) If B suddenly changes, the full change 
in-B is not immediately detected in region P. Explain. (b) If the resistivity of the sheet is _ 

the change is not ever detected at Р. 
теа (c) If В changes periodically at 
high frequency and the conductor is made 
of a material of low resistivity, the re- 
gion near P is almost completely shielded 
from the changes in flux. Explain. (d) 
Is such a conductor useful as a shield 
from static magnetic fields?- Explain. 


X X X X X x x x 
X X X X X X KX x 


Fig. 25-19 Fig. 35-20 


4. Magnetic damping. A strip of copper is mounted as а pendulum about О in Fig. 
35-20. It is free to swing through a magnetic field normal to the page. If the strip has 
slots cut in it as shown, it can swing freely through the field. If a strip without slots is 
substituted, the vibratory motion is strongly damped. Explain. (Hint: Use Lenz’s law; 
consider the paths that the charge carriers in the strip must follow if they are to oppose the 
motion.) с. 3 

5. T'wo conducting loops face each other a distance d apart (Fig. 35-21). An observer 
sights along their common axis. Ifa clockwise current i is suddenly established in the 
larger loop, (а) what is the direction of the induced current in the smaller-loop? (b) 
What is the direction of the force (if any) that acts on the smaller loop? : 


Fig. 35-21 3 Fig. 35-22 


|... €- What is the direction, if any, of the conventional current through resistor Ё in Fig. 
35—22 (a) immediately after switch S is closed, (b) some time after switch S was closed, and 
‘© immediately after switch S is opened. (d) When switch S is held closed, which end 
of the coil acts as а north pole?  . i 


- 
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1. А current-carrying solenoid’ is moved toward а conducting loop ав in Fig. 35-23. 
What is the direction of circulation of current in the loop as we sight toward it as shown? 


a|)" 


Fig. 35-23 


8. If the resistance Ё in the left-hand circuit of Fig. 35-24 is increased, what is the 
direction of the induced current in the right-hand circuit? 


Fig. 35-24 


Fig. 35-25 


9. In Fig. 35-25 the moyable wire is moved to the right, causing an induced current ^s 
shown. What is the direction of B in region A? — — Ды, icall 
10. A loop, shown iri Fig: 89-26, ja removed from the magnet by pulling it vertically 


upward. (a) What is the direction. of the induced current? (b) Is а force required to remove 


theloop? (c) Does the total amount of Joule heat produced in removing the loop depend 


on the time taken to remove it? 


Fig. 35-26 


11. A magnet is dropped down & long vertical copper ше Face that, even neglecting 

air resistance, the magnet will reach а Cae aran sale loop lying flat on the 
1 ili e 

12. A magnet is dropped from the ceiling along the axs era, what differences, 


i i ed with a time sequence cami 
floor. If the falling magnet 18 photograph: wi dun deor 


if any, will be noted if (а) the loop is at room temperature an 
ice? 


= 
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14. In Fig. 35-12 how can the induced emfs around paths 1 and 2 be identical? The 
induced electric fields are much weaker near path 1 than near path 2, as the spacing of the 
lines of force shows. See also Fig. 35-11. 


16. Why can a betatron be used for acceleration only during one-quarter of a cycle? 
17. To make the electrons in а betatron orbit spiral outward, would it be necessary to 
increase or to decrease the Central flux? Assume that B at the orbit remains essentially 


18. A cyclotron is a so-called resonance device. Does a betatron depend on resonance? 


PROBLEMS 


1. A hundred turns of insulated Copper wire are wrapped around an iron cylinder of 
cross-sectional area 0.001 meter? and are connected to а resistor. The total resistance in 


Coil 


Solenoid 


Titi 
m SN \ 


М 


ССРМ 


Fig. 35-27 


3. A-circular loop of wire 10 cm in diameter is placed with its normal making an angle 


the angle between the normal and the field direction (= 30^) remains unchanged during 
“this process. What emf appears in the loop? 
4. A uniform field of induction B is normal to the plane of a circular ring 10-em in 


5. A uniform field of induction B is changing in magnitud at a constant rate dB/dt. 
You are given a mass m of copper which is to be drawn into a wire of radius r and formed 
into a cireular loop of radius №. Show that the induced current in the loop does not depend 
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on the size of the wire or of the loop and, assuming В perpendicular to the loop, is given by 


where р is the resistivity and 6 the density of copper. 3 

6. You are given 50 em of #18 copper wire (diameter = 0.040 in.). It is formed into a 
circular loop and placed at right angles to a uniform magnetic field that is increasing with 
time at the constant rate of 100 gauss/sec. At what rate is Joule heat generated in the 
loop? б 
7. A small bar magnet is pulled rapidly through а conducting loop, along its axis. 
Sketch qualitatively (a) the induced current and (b) the rate of Joule heating as а function 
of the position of the center of the magnet. Assume that the north pole of the magnet 
enters the loop first and that the magnet moves at constant speed. Plot the induced 
current as positive if it is clockwise as: viewed along the path of the magnet. 

8, Alternating current generator. A rectangular loop of N turns and of length a and width 
bis rotated at a frequency vin a uniform field of induction B, asin Fig. 35-28. (а) Show 


that an induced emf given by 
& = QavNbaB sin 2тиі = бо sin 2rvt 4 


appears їп the loop. This is the principle of the commercial alternating-current generator. 
(b) Design a loop that will produce an emf with & = 150 volts when rotated at 60 rev/sec. 


in a field of magnetic induction of 5000-gauss. 


99 ` 


x xx x xe x x x XK XX т 
—a 
Fig. 35-28 А 5 


Eu 7 E - pis rotated with a frequency » in a uni- 
9. A stiff wire bent into a semicircle of radius R is rota’ with & пеп 
pv am де and fre- 
form field of i i hown in Fig. 35-20. What are the amplitude an 
eld of in do MM the induced current when the internal resistance 


quency of the induced voltage and of ора "e B 
of the meter M is Ем and the remainder of the n has negligible resistance? 
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10. A circular copper disx 10 cm in diameter rotates at 1800 rev/min abo 
through its center and at right angles to the disk. A uniform field of induction B 
gauss is perpendicular to the disk. What potential differerve develops between: 
of the disk and its rim? j” 

11. Figure 35-30 shows a copper rod moving with velocity v parallel to a long 
wire carrying a current i. Calculate the induced emf in the rod, assuming that 9 
meters /scc, i = 100 amp, а = 1.0 em, and b = 20 cm. 


йы лр c 
a 
b v 5 
1: 
Fig. 35-30 


Fig. 35-31 
12. A metal wire of mass m slides without friction on two rails spaced a disi 
apart, as in Fig. 35-31. The track lies in a vertical uniform field of induction B. (a) 
constant current i flows from generator G along one rail, across the wire, and back down 
other rail. Find the velocity (speed and direction) of the wire as a function of time, 1 
suming it to be at rest att = 0. (b) The generator is replaced by a battery with с 
emf & The velocity of the wire now approaches a constant final value. What is thi 
minal speed? (c) What is the current in part (b) when the terminal speed has been ге: 
13. In Fig. 35-32 the magnetic flux'through the loop perpendicular to the plane of tl 
coil and directed into the paper is varying according to the relation 


Фв = 64+ 7t +1, 


where Фр із in milliwebers (1 milliweber = 107—3 weber) and / is in seconds. 


the magnitude of the emf induced in the loop when t = 2 вес? (b) What is the di 
of the current through R? 


x x 
x x 
- x x 
x x 


- Fig. 35—32 Fig. 35-33 


14. In Fig. 35-33 a condueting rod- AB makes contact with the metal rails AD and BC 


. which are 50 em apart in a uniform magnetic field of induction 1.0 weber / meter? perpens | 
dicular to the plane of the рај 


per as shown. The total resistance of the circuit ABCD is О. 
ohm (assumed constant). (a) What is the magnitude and direction of the emf induced i 


the rod when it is moved to the left with a velocity of 8 meters/sec? (b) What force is re- 


quired to keep the rod in motion? (c) Compare the rate at which mec 
by the force F with the rate of development of heat in the circuit. 


15. A square wire of length 1, mass т, and resistance R slides without friction down 
. parallel conducting tails of negligible resistance, as in Fig. 35-34. The rails ure connected 


hanical work is donê 


Chap. 35 


tecach other at the bottom 
ам rails form а closed reetan 
2 angle # with the horizontal, 
- throughout the region. (a) 
D tude 


(b) Prove that this result. 
— What change, if any, would | 


16. Prove that 
35-35 changes in am 
of total resistance 


` beyond R will not chat 
dicular axis through В 


18. A uniform 
metal rod of lengt! 
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show that the emf that is produced by the changing magnetic field and that acts between 
the'ends of the Tod is given by 


e O 
БАЈЕ 2 


Fig. 35-37 


19. Some measurements of the maximum magnetic induction as a function of radius 
for the General Electric Company betatron are as follows: 


$ 


Uag 


т, ет В, gauss r, em B, gauss ! 
0 4000 812 4090 
10.2 = 9500 83.7 4000 
68.2 -9500 88.9 3810 
Ar 73.2 5280 - 91.4 3720 
75.2 4510 93.5 3600 
T8. - 4980 95.5 3400 


Show by graphical analysis that the relation B = 2Вр is satisfied at the orbit radius, 


z j ў Е S 
R = 84 cm. (Hint: Note that. f B(r)(2xr) dr and evaluate the integral 


graphieally.) b 4 : 

20. Prove that the electric field "a charged parallel-plate capacitor cannot drop 
abruptly to zero as one moves at right angles to it, as suggested by the arrow in Fig. 35-38 
(see point a). In actual capacitors fringing of the lines of force always occurs, which means 
that E approaches zero in a continuous and gradual way. See Problem 34-28. (Hint: 
Apply Faraday's law to the rectangular path shown by the dashed lines.) 


Fig. 35-38 
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8 
Written in the form хе» (36-3b) 
di/dt с. 


this relation may be taken as the defining equation for inductance for coils 
of all shapes and sizes, whether or not they are close-packed and whether or 
not iron or other magnetic material is nearby. d is analogous to the defining 
relation for capacitance, namely 


E Lid 
ү. 


If no iron or similar materials are nearby. É depends only on the geometry 
of the device. In an inductor (symbol УУХ) the presence of a magnetic 
field is the significant feature, corresponding to the presence of an electric 
field in a capacitor. 


The unit of inductance, from Eq. 36-3b, is the volt-sec/amp. A special 


name, the henry, has been given to this combination of units, or 
ai henry = a volt-sec/amp. 


The unit of inductance is named after Joseph Henry (1797-1878), an Ameri- 
can physicist and a contemporary of Faraday. Henry independently dis- 
covered the law of induction at about the same time Faraday did. The units 
müllihenry (1 mh = 107? henry) and microhenry (1 uh = 10 ° henry) are 
also cómmonly used. 


Тһе direction of a self-induced emf can be found from Lenz'slaw. Suppose 


that a steady current i, produced by a battery, exists in a coil. Let us sud- 
denly reduce the (battery) emf in the circuit to zero. The current i will 
start to decrease at once; this decrease in current, in the language of Lenz's 


law, is the “change” which the self-induction must oppose. To oppose the _ 


falling current, the induced emf must point in the same direction as the 
current, as in Fig. 36-1a. When the current in a coil i 18 inereased, Lenz's 

law shows that the self-induced emf points in the opposite direction to that of 
the current, as in Fig. 36-15. In each case the self-induced emf acts. to op- 


Fig, 36-1 In (a) the 'current ¢ is 


ing. The self-induced emf E&L 
opposes the change in each ense. 
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decreasing and in (b) it is increas-, 
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pose the change in the current. The minus sign in Eq. 36-3 shows that Ё 
and di/dt are opposite in sign, since L is always a positive quantity. 


36-2 Calculation of Inductance 
It has proved possible to make a direct calculation of capacitance in terms 


of geometrical factors for a few special cases, such as the parallel-plate ca- 
pacitor. In the same way, it is possible to calculate the self-inductance L 
for a few special cases. 

For a close-packed coil with no iron nearby, we have, roa: 36-2, 


pal. "€ к, 


1 м. 


Let us apply this equation to calculate Z for a section of length / near the 
center of a long solenoid. The number of flux linkages in the length / of the 
solenoid is 


Мв = (ni) (BA), 


where n is the number of turns per unit length, B is tc magnetic induction 
inside the solenoid, and A is the cross-sectional area. From Eq. 34-7, B is 
given by 

В = poni. 


Combining these equations gives 
» NBR = pon lid. 
Finally, the inductance, from Eq. 36-4, is 


L= А = ugn?lA. (36-3) 
t 

5 А 
The inductance of а length Lof a solenoid is proportional to its volume (1А) 
and to the square of the number of turns per unit length. Note that it de 
pends on geometrical factors only. The proportionality to n” is expected. Ay 
If the number of turns per unit length is doubled, not only is the total num- 
ber of turns N doubled but also the flux through each turn Фр is also doubled, 
an over-all factor of four for the flux linkages N&,, hence also a factor of 
four for the inductance (Eq. 36-4). М 
P Example 1. Derive an expression for the inductance of a toroid of rectangular 
cross section as shown in Fig. 36-2. Evaluate for N = 10°, a = 5.0 ст, = 10 em, 


and À — 1.0 em. AS у { А ^ 
The lines of B for the toroid are concentric cireles, Applying Ampére's law, . 


fB-al = шї, 
to а eftcular path of radius 7 yields 
(В)(2тт) = uoioN, 2 
` where N is the number of turns and io is the current in the toroid windings; recall that. ° 
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Fig. 36-2 Example 1. A cross 
section of а toroid, showing the 
eurrent in the windings and the 
magnetic field. 


"din Ampére's law is the- total <: At that passes through the path of integration. 
Бо foi^B. yields 
c B- Ай 


P. 277 
The flux Ф for the cross section of the toroid is 


b b rm 
T S a рй 
s = [в dS call (B)(h dr) BF os hd 


_ вайо eon ne, b 
a 


=ч 
2т T 


k here h dr is 8 area of the elementary strip shown in К figure, 
"The induetance follows from Eq. 36-4, or 


2 
L E NP = к hee 
% 2m a 


Substituting numerical values yields 


(ат X 1077 weber/amp-m)(10*)*(1.0. X. 107* meter) n 10 x 10-? meter 
s r Qa t 5 X 107? meter 


1.4 X 107? weber/amp = 1.4 mh. 


36-3 An LR Circuit 


In Section 32-8 we saw that ift an emf & is suddenly introduced; perhap: 

by using a battery, into а single loop circuit containing a resistor and a 
capacitor C the charge does not build up immediately to its final equilibrium 

- value (= C£) but approaches it in an exponential fashion described by 
Eq. 32-15, or Я 


L= 


q-—.08(1—e Ur, (36-6) 
‘The delay in the rise of the VANS is described by the capacitative time 
constant re, defined from = RC. (36-7) 


If in this same circuit the es emf & is suddenly removed, the charge 
does not immediately fall to zero but approaches zero in an exponential 
fashion, described by Eq. 32-18b, or ۱ 


10661: (36-8 


The same time constant r, describes the fall of the charge us well as its rise. 
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An analogous delay in the rise or fall of the current. occurs if an emf 8 is - 
suddenly introduced into, or removed from, a single loop circuit containing 
a resistor R and an inductor L. When the switch S in Fig. 36-3 is closed on 
a, for example, the current in the resistor starts to rise. If the inductor were 
not present, the current would rise rapidly to a steady value 6/R. Because 
of the inductor, however, a self-induced emf 87; appears in the circuit and, 
from Lenz's law, this emf opposes the rise of current, which means that it 
opposes the battery emf 8 in polarity. Thus the resistor responds to the 
difference between two emfs, a constant one & due to the battery and a var- 
iable one £y (= — L di/dt) due to self-induction. As long as this second emf 
is present, the current in the resistor will be less than 6/2. 

As time goes on, the rate at which the current increases becomes less rapid 
and the self-induced emf 87, which is proportional to di/dt, becomes smaller. 
Thus a time delay is introduced, and the current in the circuit approaches 
the value. 8/R asymptotically. 

When the switch S in Fig. 36-3 is thrown to a, the circuit reduces to that 
of Fig, 36-4. Let us apply the loop theorem, starting at x in this figure and 
going clockwise around the loop. For the direction of current shown, z will 
be higher in potential than y, which means that we encounter a drop in 
potential of i as we traverse the resistor. Point y is higher in potential 
than point 2 because, for an increasing current, the induced emf will oppose 
the rise of the current by pointing as shown. Thus as we traverse the in- 
ductor from y to 2 we encounter a drop in potential of —L(di/di). Ween- 
counter a rise in potential of: +6 in traversing the battery from 2 to v. The 
loop theorem thus gives- . i : ; 

1 à 
-iR — L = +6 = 0 У 


| posse. 
oF й Lo +ik = 8. (36-9) 


1 


\ 


Flo. 36-4 . The circuit of Fig. 36-3 just after switg: 
fe КЫ is closed on a. 5» 
"L 


Equation 36-9 is a differential equation involving the variable č and its first 
derivative di/dt. We seek the function 2(/) such that when it and its first 
derivative are substituted in Eq. 36-9 the equation is satisfied. 

Although there are formal rules for solving various classes of differential 
equations (and Eq. 36-9 can, in fact, be easily solved by direct integration, 
after rearrangement) we often find it simpler to guess at the solution, guided 
by physical reasoning and by previous experience. Any proposed solution 
can be tested by substituting it in the differential equation and seeing 
whether this equation reduces to an identity. 

. The solution to Eq. 36-9 is, we assert, 


5 
= — (1 — е1), 36-10) 
Б ( ) ( ) 
To test this solution by substitution, we find the derivative di/dt, which is 


— = — е1, (36-11) 
Substituting 7 and di/dt into Eq. 36-9 leads to an identity, as the student 
can easily verify. Thus Eq. 36-10 is a solution of Eq. 36-9. Figure 36-5 
shows how the potential difference Ур across the resistor (= 1R; see Eq. 
36-10) and V; across the inductor (= L di/dt; see Eq. 36-11) vary with 
time for particular values of 5, Г, and R. "The student should compare this 
figure carefully with the corresponding figure for ап RC circuit (Fig. 32-11). 

We ean rewrite Eq. 36-10 as 


5 
4= — (1 — e), (86—12) 
; R 
in which 77, the inductive time constant, is given by 
ть = L/R. T (36-13) 


The student should note the correspondence between Eqs. 36-12 and 36-6. 
To show that the quantity rz (= L/R) has the dimensions of time, we put 


1 henry EA 1 e 1 Yhlt-sec \(- ol -aÑp Ži 
ohm ollm 1 hekry-algp 1 volt ) eae 


The first quantity in parenthesis is a conversion factor based on the defining 
equation for inductance [L = —&/(di/dt); Eq. 36-3b]. The second conver- 
sion factor is based on the relation V = iR. 

. The physical significance of the time constant follows from Eq. 36-12. 
If we put £ = r, = L/R in this equation, it reduces to 


5 8 5 
t=—(1 — 7) = (1 — 0.37) — = 0.63 — 
R л J8 R 
Thus the time constant rz is that time at which the current in the circuit 


OO NRI | a Ма. 


i, milliamperes 


Fig. 36-5 If in Fig. 36-3 we ass E O LES E 27 
volts, then (a) shows the variation. of i with t during the current buildup after switch Sis 
closed on a, and (b) the: variations of VL with t due time с‹ constant 3e DUE - 20x 13 ok 


will reach a- valis within и (about 37%) “ its final КОО value (see 
Fig. 36-5). EB. 
If the switch 8i in ids. 36-3, dug been left i in position a long enough 2 
for the equilibrium current 8/R to be established, ‘is thrown to b, the effect — 
is to remove the ei ds the ud E The differential equation that 
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governs the subsequent decay of the current in the circuit can be found by 
putting & — 0 in Eq. 36-9, or 


„= iR = 0. (36-14) 
— + 28 = 0. 36-14) 
dt 


The student can show by the test of substitution that the solution of this 
differential equation is 
i = Ur, (36-15) 
R 

Just as for the RC éircuit, the behavior of the circuit of Fig. 36-3 can be investi- 
gated experimentally, using a cathode-ray oscilloscope. If switch S in this figure is 
thrown periodically between a and b, the applied emf alternates between the values 
S and zero. if the terminals of an oscilloscope are connected across 5 and c in Fig. 
36-3, the oscilloseope will display the waveform of this applied emf on its screen, as 
in Fig. 36-6c. 

If the terminals of the oscilloscope are connected across the resistor, the waveform f 
displayed (Fig. 36-6a) will be that of the current in the circuit, since the potential 
drop across‘R, which determines the oscilloscope deflection, is given by Vg — iR. | 
Duriñg the intervals marked inc in Fig. 36-6, the current is increasing and the wave- h 
form (see Bq. 36-12) is given by 


Vr(= iR) = &(1 — eti), 


à "ul n 


“ine >l dec ole ine vie dec» inc 


Fig. 36-6 Oscilloscope photograph showing the variation with time of (a) the potential 
drop Vg across the resistor, (b) the potential drop V; across the inductor, and (c) the 
applied emf &. During the intervals marked inc the current is increasing; during those 
marked dec it is decreasing. Compare with Fig. 32-13. (Courtesy E. К. Hege.) 
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During the intervals marked dec, the current is decreasing and Vg (see Eq. 36-15) is 
given by 


Ya (= iR) = ge thi. 


Note that both the growth and the decay of the current are delayed. 

If the oscilloscope terminals are connected across the inductor, the sereen will show 
a plot of the potential difference across it as a function of time (Fig. 36-65). While 
the current is inereasing, the equation of the trace (see Eq. 36-11) should be 


(= L9) = geii, 


When the current is decreasing, Vz is given in terms of the time derivative of Eq. 
36-15 and is : 


v. (= 1$) = вет, 


Note that V; is opposite in sign when the current is increasing (di/dt positive) 
and when it is decreasing (01/0 negative), as is true also for the induced emf б] = 
— L(di/dt) = —V]. : { 
Examination of Fig. 36-6 shows that at any instant the sum of curves а and b 
always yields curve с. This is an expected consequence of the loop theorem, as Eq. 
36-9 shows. | р 
> Example 2. A solenoid has an inductance of 50 henrys and a resistance of 30 
ohms. If it is connected to а 100-volt battery, how long will it take for the current 
to reach one-half its final equilibrium value? — | č 55 
The equilibrium value of the current is reached as ¢ 4 о; from Eq. 36-12 itis | 
&/R. If the current has half this value аба particular time to, this equation becomes 


2 * уй, 
18 = s = tolrt Sta 
Vis oe 
Solving for to yields Y У 
ю=т„ш2 = 0692. 


Putting ті = L/R and using the values given, this reduces to 


50 henrys 


ЖЕНА = 1.2sec. Тс 


f = 0.697, = 0.09 ( 
36-4 Energy and the Magnetic Field 
In Section 30-7 we saw that the electric field could be viewed as the site of 
stored energy, the energy per unit volume being given, in a vacuum, by 


ик = $6Ё°, 
where Ё is the electric field strength at the point in question. Although this 
formula: was derived for a parallel-plate capacitor, it holds for all kinds of 
electric field configurations. ; k ` r ; 
Energy can also be stored in a magnetic field. For example, two parallel 
wires carrying currents in the same direction attract each other, and to pull - 
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From Eq. 36-17, the desired rate is | 
Ns dUs „di 
Pei P 

= (8.0 henrys)(0.189 amp)(0.37 amp/sec) 

= 0.210 watt. 
Note that as required by the principle of conservation of energy (see Eq. 36-16) 
Р, = Ps + P, 

Бу. seat : 70.567 watt = 0.357 watt + 0.210 watt P 
d : = 0.567 watt. 3 « 32 


s 36-5 Energy Density and the Magnetic Field 
We now derive an expression for the density of energy и in a magnetic 
_ field. Consider a length [ near the center of a very long solenoid; Al is the 
_ Volume associated with this length. The stored energy must lie entirely 
~ within this volume because the magnetic field outside such a solenoid is — 
. essentially zero. Moreover, the stored energy must be uniformly distributed _ 
throughout the volume of the solenoid because the magnetic field is uniform 
everywhere inside. 


Thus we can write — ip = —= 


or, since. + Up = 114%, 
S * 114? 


* 


zs 0, express this in terms of the magnetic field, we can substitute for L in this 
equation, using the relation L = pon7lA (Eq. 36-5). Also we can solve Eq. 
34-7 (B = uin) for ? and substitute in this equation. Doing so yields | 
Ошу CEU | 
© 1 B? : 
` EAS üg = = (36-19) 

<2 72g 
— This equation gives the energy density stored at any point (in a vacuum or in 
а nonmagnetic substance) where the magnetic induction is В. The equation 
is true for all magnetic field configurations, even though it was derived by ў 
-considering a special case, the solenoid. Equation 36-19 is to be compared _ 
with Eq. 30-27, ` 


ug 560°, (к= 1) (36-20) 


which gives the energy density (in а vacuum) at any point in an electric. — 
field. Note that both up and ug are proportional to the square of thé appro- - 
priate field quantity, Bor E. — : 1 : 
~ The solenoid plays a role with relationship to magnetic fields similar to the : 
role the parallel-plate capacitor plays with respect to electric fields. In each — 
case we have a simple device that ean be used for setting up а uniform field 


\ 


-P Example 5. А longis г 
with radii а and b: Its central 
tor providing the return pat 


for a length 1 of such a cable. 


+. ` m coaxial cable, showing. 
0 
E the central and одаи 


` In the space between t 
"TN 


М (why?). Magnetic 
their values can rendi 


magnetic energy is 
The energy density 
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(b) What is the inductance of a length l of coaxial cable? 
The inductance L can be found from Eq. 36-18 (U = &Li?), which leads to 


1 
The student should also derive this expression directly from the definition of induct- 
ance, using the procedures of Example 1. 


Example 6. Compare the energy required to set up, іп a cube 10 cm on edge, 
(a) a uniform electric field of 105 volts/meter and (b) a uniform magnetic field of 1 
weber/meter? (= 10‘ gauss). Both these fields would be judged reasonably large but 
they are readily available in the laboratory. 

(a) In the electric case we have, where Vo is the volume of the eube, 


Us = ugVo = keE*Vo р 
= (0.5)(8.9 X 10? соц?/п{-т?)(10* volts/meter)*(0.1 meter)? 
= 4.5 X 10-* joule. 
(b) In the. magnetic case, from Eq. 36—19, we have 


В? res (1 Weber/meter?)*(0.1 meter)? 
2ш ° (24m X 10-7 weber/amp-m) 


joules.‏ 400 = د 


In terms of fields normally available in the laboratory, much larger amounts of energy 
can be stored in a magnetic field than in an electric one, the ratio being about. 107 in 
this example. Conversely, much more energy is required to set up a magnetic field 
of reasonable laboratory magnitude than is required to set up an electric field of 
similarly reasonable magnitude. 4 


Us = иво = 


QUESTIONS 


1. Two coils are connected in series. Does their equivalent inductance depend on their 
geometrical relationship to each other? 

2. Is the inductance per unit length for a solenoid near its center (a) the same as, (b) less 
than, or (c) greater than the inductance per unit length near its ends? 

3. Two solenoids, A and B, have the same diameter and length and contain only one 
layer of windings, with adjacent turns touching, insulation thickness being negligible. 
Solenoid A contains many turns of fine wire and solenoid B contains fewer turns of heavier 
wire. (a) Which solenoid has the larger inductance? (b) Which solenoid has the larger 
inductive time constant? 

4. If the flux passing through each turn of a coil is the same, the inductance of the сої 
may be computed from L = N@p/i (Eq. 36-4). How might one compute L for a coil for 
which this assumption is not valid? 

5. If a current in a source of emf is in the direction of the emf, the energy of the source 
decreases; if a current is in а direction opposite to the emf (as in charging, a battery), the 
energy of the source increases. Do these statements apply to the inductor in Fig. 36-1а 
and 36—15? " > 

6. Show that the dimensions of the two expressions for.L, Np/i (Eq. 36-4) and 5/ 
(di/dt) (Eq. 36-30), аге the same. 55 

7. You are given N turns of wire connected in series. How should the turns be arranged 

хо obtain.the maximum self-inductance? 
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8. Does the time required for the current іп a pafücular LR circuit to build up to any 
given fraction of its equilibrium value depend on the value of the applied emf? 

9. A steady current is set up in а coil with a very large iaductive time constant, When 
thexurrent is interrupted with a switch, a heavy are tends to appear at the switch blades. 
Explain. (Note: Interrupting currents in highly indu:tive circuits can be dangerous.) 

10. tu an LR circuit like that of Fig. 36-4 can the s.lf-induced emf ever be larger than 
the battery emf? 

11. In an LR circuit like that of Fig. 36-4 is the cuirent in the resistance always the same 
ав the current in the inductance? 

12. In the circuit of Fig. 36-3 the self-induced emf is a maximum at the instant the 
switch is closed оп a. How can this be since there is no current in the inductance at this 
instant? i 

13. Give some arguments to'show that energy can be stored in a magnetic field. 

14. The switch in Fig. 36-3 is thrown from a to b. What happens to the energy stored 


in the inductor? 
15. In a toroid is the energy density larger near the inner radius or near the outer radius? 


PROBLEMS 


1. A 10-henry inductor carries a steady current of 2.0 amp. How can a 100-volt self- 
induced emf be made to appear in the inductor? 

2. Two inductances Гл and La are connected in series and are separated by a large dis- 
tance. (a) Show that the equivalent inductance L is Lı + 1. (b) Why must their sep- 
aration be large? 

3. Show that if two inductors with equal inductance L are connected in parallel the 
equivalent inductance of the combination 1s iL. The inductors are separated by a large 
distance. 

4. Two parallel wires whose centers are a distance d apart carry equal currents in op- 
posite directions. Show that, neglecting the flux within the wires themselves, the induc- 
tance of a length I of such a pair of wires is given by 


poe i9 
т а 


where a is the wire radius. See Example 4, Chapter 34. 

5. A long thin solenoid can be bent into a ring to form a toroid. Show that if the 
solenoid is long and thin enough the equation for the inductance of a toroid (see Example 
1), reduces to-that for a solenoid (Eq. 36-5). 

6. A solenoid is wound with a single layer of #10 copper wire (diameter, 0.10 in.). It is 
4.0 cm in diameter and 2.0 meters long. What is the inductance per unit length for the 
solenoid near its center? Assume that adjacent wires touch and that insulation thickness 
is negligible. 

7. The inductance of a close-packed coil of 400 turns is 8 mh. What is the magnetic 
flux through the coil when the current is 5 X 107 amp? 

8.-A wooden toroidal core with a square cross section has an inner radius of 10 cm and 
an outer radius of 12 em. It is wound with one layer of #18 wire (diameter, 0.040 in.; 
resistance, 160 ft/ohm). What are (a) the inductance and (b) the- inductive wine 
constant? Ignore the thickness of the insulation. © à 

9. The current in an LR circuit builds up to one-third of its steady-state value in 5.0 
sec. What is the inductive time constant? У 

10. How many “time constants" must wewait for the current in an LR circuit to build 
up to within 0.1 per cent of its equilibrium value? 

‚11. The switch S in Fig. 36-3 is thrown from b to а. After one inductive time con 
show that (а) һе total energy. transformed to Joule heat in the resistor is 0.1682? 
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and that (b) the energy stored in the magnetic field is 0:2008°rL/R. (c) Show that the 
equilibrium energy stored in the magnetic field is 0.500877 /R. 
“12. Show that the inductive time constant ту, can also be defined as the time that would 
be required for the current in an LR circuit to reach its equilibrium value if it continued tc 
increase at tts initial rate. ‹ 

18. А ,50-volt. potential difference is suddenly applied to a coil with L = 50 mh and 
R = 1800hms. At what rate is the current increasing after 0.001 sec? 

14. 4 coil with an inductance of 2.0 henrys and a resistance of 10 ohms is suddenly 
connected to а resistanceless battery with 6 = 100 volts. At 0.1 sec after the connection 
is made, what are the rates at which (a) energy is being stored in the magnetic field, (b) 

“Joule heat is appearing, and (c) energy is being delivered by the battery? 

15. А coil with an inductance of 2.0 henrys and a resistance of 10 ohms is suddenly 
connected to a resistanceless battery with & = 100 volts. (a) What is the equilibrium 
current? (b) How much energy is stored in the magnetic field when this current exists in 
the coil? 

16. Prove that when switch S in Fig. 36-3 is thrown from a to b all the energy stored in 
the induetor appears as Joule heat in the resistor. 

17. A circular loop of wire 5.0 cm in radius carries a current of 100 amp. What is the 
‘energy density_at the center of the loop? s 

18. What is the magnetic energy density at the center of a circulating electron in the 
hydrogen atom (see Example 9, Chapter 34)? 

19. A long wire carries a current of uniform density. Let û be the total current carried 
by the wire and show that the magnetic energy per unit length stored within the wire 
equals ui? /16z. Note that it does not depend on the wire diameter. 

20. Show that the self-inductance for a length / of a long wire associated with the flux 
inside the wire only is uol/8r, independent of the wire diameter. 

21. The coaxial cable of Example 5 has а = 1.0 mm, b = 4.0 mm, and с = 5.0 mm 
(cis the radius of the outer surface of the outer conductor). It carries a current of 10 amp 
in the inner conductor and an equal but oppositely directed return current in the outer 
conductor. Calculate and compare the stored magnetic energy per meter of cable length 
-(a) within the central conductor, (b) in the space between the conductors, and (c) within 
the outer conductor. b 

` 22. A length of #10 copper wire carries а current of 10 amp. Calculate (a) the magnetic 
energy density and (b) the electric energy density at the surface of the wire. The wire 

‘diameter is 0.10 in. and its resistance per unit length is 1.0 ohm/1000 ft. 

23. What must be the strength of a uniform electric field if it is to have the same energy 
density as that possessed by a 5000-gauss magnetic field? 

У : 


Magnetic Properties 


of Matter 
CHAPTER 37 
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37-1 Poles and Dipoles 


In electricity the isolated charge q is the simplest structure that сап exist. 
If two such charges of opposite sign are placed near each other, they form ап 
électrie dipole, characterized by an electric dipole moment р. In magnetism 
isolated ` magnetic “poles,” which would corréspond to isolated electric 
charges, apparently do not exist. The simplest magnetie structure is the 
magnetic dipole, characterized by a magnetic dipole moment p. Table 34-1 
summarizes some characteristics of electric and magnetic dipoles. 

А current loop, а bar magnet, and a solenoid of finite length are examples 
of magnetic dipoles. "Their magnetic dipole moments can be measured by 
placing the dipole in an external magnetic field B, measuring the torque T 
that acts on it, and computing р from. Eq. 33-11, or ^ 


T-pkxB. (37-1) 


Alternatively, we can measure B due to the dipole at a point along its axis a 
(large) distance т from its center and compute и from the expression in 
Table 34-1, or 
B аы у (37-2) 
% = Dar А 
Figure 37-1, which shows iron filings sprinkled оп a sheet of paper under - 
which there is a bar magnet, suggests that this dipole might be viewed as two 
“poles” separated by a distance d. However, all attempts to isolate these 
poles fail. If the magnet is broken, as in Fig. 37-2, the fragments prove to be — 
dipoles and not isolated poles. If we break up a magnet into the electrons 
915 
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Fig. 37-1 А bar magnet is a mag 
netic dipole. The iron filings sug- 
gest the pattern of lines of force in 
Fig. 37-4a. (Courtesy Physical 
Science Study Committee.) 


and nuclei that make up its atoms, it will be found that even these ele- 
mentary particles are magnetie dipoles. Figure 37-3 contrasts the electric 
and the magnetic characters of the free electron. 

All electrons have a characteristic “spin” angular momentum about a 
certain axis, whieh has the value of 


Г, = 0.52723 X 107?* joule-sec. - 


This is suggested by the vector L, in Fig. 37-35. Such a spinning charge can 
be viewed classically as being made up of infinitesimal current loops. Each 
such loop is a tiny magnetic dipole, iis moment being given by (Eq. 33-10) 


и = MA, (37-3) 


- 


Fig. 37-2 If a bar magnet is 
broken, each fragment becomes 
a small dipole. 
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where i is the equivalent current in each infinitesimal loop and A is the loop 
area. The number of turns, N, is unity for each loop. The magnetic dipole 
moment of the spinning charge can be found by integrating over the mo- 
ments of the infinitesimal current loops that make it up; see Problem 2... 
Although this model of the spinning electron istoo mechanistic and is not 
in accord with modern quantum physics, it remains true that the magnetic 
dipole moments of elementary particles are closely connected with their 
intrinsic angular momenta, or spins. Those particles and nuclei whose spin 
angular momentum is zero (the a-partiele, the pion, the O' nucleus, ete.) 
have no magnetic dipole moment. ‘The “intrinsic” or “еріп” magnetic mo- 


(a) (5) ~ 


Fig. 37-3 (a) The lines of E and (b) the lines of B for an electron. The magnetic dipole 
moment of the electron, р, is directed opposite to the spin angular momentum vector, Lı. 


ment of the electron must be distinguished from any additional magnetic 
moment it may have because of its orbital motion in an atom; see Example 2. 


> Example 1. Devise a method for measuring и for a bar magnet. 

(a) Place the magnet in a uniform external magnetic field B, with i making an 
angle @ with B. The magnitude of the torque acting on the magnet (see Eq. 37-1) 
is given by : 

; T = uB sin 0. z М 
Clearly д can be learned if 7, B, and 6 are measured. 

(b) A second technique is to suspend the magnet from its center of mass and to 
allow it to oscillate about its stable equilibrium position in the external field B. For 
small oscillations, sin 0 can be replaced by 0 and the equation just given becomes 


7 = —(08)0 = —к0, - 
where « is a constant. The minus sign has been inserted to show that т isa restoring 
torque. Sincer is proportional to 6, the condition for simple angular harmonie motion 
is met. The frequency v is given by the reciprocal of Eq. 15-24, or р 


aA k a [В ees 
"NI NT An 


E 3 


With this equation E can be found from the measured quantities v, В, 


te 
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Example 2. An electron in an atom circulating іп an assumed circular orbit of 
radius r behaves like a tiny current loop and has an orbital magnetic dipole mom т * > 
usually represented by ш. Derive a connection between и, and the orbital angular 
momentum Ly. _ : 

Newton’s second law (F = ma) yields, if we substitute Coulomb's law for F, 1 


| =m = 7 3 
Ames т? жт 
е 
7—4) 
or { $ T ДЕ (87-4) 
The angular velocity w is given by 
4 v e 
ш 2-5 $ 
т 4reomr? 


The current for the orbit is the rate at which charge passes any given point, or 


i=ev = (2) = үе с 
E ~ CONO) N Year? 


The orbital dipole moment д; is given from Eq. 37-3 if we put N = land A = ar’, or 


== Nia = 0) tr) =F eS (31-5) 


‘rhe orbital angular momentum L; is 
Li = (тш)т. 
Combining with Eq. 37-4 leads to 


emr 
Dic Ves 


Finally, eliminating r between this equation and Eq. 37-5 yields 

M oe è 2 

«rn | 

which shows that the orbital magnetic moment of an electron is proportional to its 
orbital angular momentum. 


For r = 5.1 X 107" meter, which corresponds to hydrogen i in its normal state, 
we have from Eq. 37-5 


_ (1.6 X 10-9 ош)? | 1 B1 X 10-1 meter ; 
4 (8.9 X 10—12 сош?/п-тп?)(9.1 X 107% kg) 


= 9.1 X 10% amp-m?. ; 4 


7 * This must not be confused with the magnetic dipole moment: pe of the electron spin, 
. which is also present. 
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37-2 Gauss’s Law for Magnetism 


Gauss’s law for magnetism, which is one of the basic equations of electro- 
magnetism (see Table 38-3), is a formal way of stating a conclusion that 
seems to be forced on one by the facts of magnetism, namely, that isolated 

_ magnetic poles do not exist. This equation asserts that the flux Фвр through 
any closed Gaussian surface must be zero, or 


Фв = jns = 0, У (37-6) 


where the integral is to be taken over the entire closed surface. We con- 
trast this with Gauss's law for electricity, which is 


«фЕ-аз =q. (87-7) 


The fact that a zero appears at the right of Eq. 37-6, but not at the-right of 
Eq. 37-7, means that in magnetism there is no counterpart to the free charge 
q in electricity. 

Figure 37—4a shows a Gaussian surface that encloses one end of a bar 
magnet. Note that the lines of B enter the surface for the most part inside 
the magnet and leave it for the most part outside the magnet. There is 
thus an inward (or negative) flux inside the magnet and an outward (or 
positive) flux outside it.. The total flux for the whole surface is zero. In 
Section 37-7 the interested student will find a fuller discussion of why the 
lines of B for a bar magnet are drawn in the way shown. 

Figure 37-10 shows a similar surface for a solenoid of finite length which, 
like a bar magnet, is also a magnetic dipole. Неге, too, Фр equals zero. 
Figures 37—4а and b show clearly that there are no “sources” of B; that is, 
there are no points from which lines of B emanate. Also, there are no "sinks" 
of B; that is, there are no points toward which B converges. In other words; 
there are no free magnetic poles. 

Figure 37—4c shows à Gaussian surface (I) surrounding the positive end of 
an electric dipole. Here there їз a net flux of the lines of E. There is à 
“source” of E: it is the charge q. If q is negative, we have a "sink" of E 
| because the lines of E end on negative charges. For surfaces like surface П 

in Fig. 37-4c for which the charge inside is zero, the flux of E over the surface 
is also zero. 
wt 


37-3 Paramagnetism 


Magnetism as we know it in our daily experience is an important but 
special branch of the subject called ferromagnetism; we discuss this in Sec- 
tion 37-5. Here we discuss a weaker form of magnetism called paramag- 
netism. i po 

For most atoms and ions, the magnetic effects of the electrons, including 
both their spins and orbital motions, exactly eancel so that the atom or ion 


ee Oe ee ee А! فن‎ 
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is not magnetic. This is true for the rare gases such as neon and for ions * 
such as Cu *, which makes up ordinary copper. These materials do not ex- 
hibit paramagnetism. For other atoms or ions the magnetic effects of the 
electrons do not cancel, so that the atom as a whole has a magnetie dipole 
moment p. Examples are found among the so-called transition elements, 
such as Mn**, the rare earths, such as Gd * ++, and the actinide elements, 
such as UT. 

If a sample of № atoms, each of which has a magnetic dipole moment p, 
is placed in a magnetic field, the elementary atomic dipoles tend to line up 
with the field. For perfect alignment, the sample as a whole would have a 
magnetic dipole moment of Np. However, the aligning process is seriously 
interfered with by the collisions that take place between the atoms if the 
sample is a gas and by temperature vibrations if the sample is a solid. The 
importance of this thermal agitation effect may be measured by comparing 
two energies: опе (= ЗЕТ) is the mean kinetic energy of translation of a 
gas atom at temperature T; the other (= 2дВ) is the difference in energy 
between an atom lined up with the magnetie field and one pointing in the 
opposite direction. As Example 3 shows, the effect of the collisions at 
ordinary temperatures and fields is very great. The sample acquires a mag- 
netic moment when placed in an external magnetie field, but this moment 
is usually much smaller than the maximum possible moment Nu. 


P» Example 3. A paramagnetic gas, whose atoms (see Example 2) have a magnetic 
dipole moment of about 10-* amp-m?, is placed in an external magnetic field uf 
magnitude 1 weber/meter*. At room temperature (Т = 300°K) calculate and com- 
раге Ur, the mean-kinetic energy of translation (= $47), and Up, the magnetic 
energy (= 2uB): 
Ur = ЗЕТ = (8)(1.38 X 107” joule/°K)(300°K) = 6 х 10?! joule, 
` Ug = 2иВ = (2)007** amp-m?)(1 weber/meter*) = 2 X 107 joule. 


Because Ur equals 300 Uz, we see that energy exchanges in collisions can interfere 
seriously with the alignment of the dipoles with the external field. \ 4 


If a specimen of a paramagnetic substance is placed in a nonuniform magnetic 
field, suth as that near the pole of a strong magnet, it will be attracted toward the 
region of higher field, that is, toward the pole. We can understand this by drawing 
an analogy with the corresponding electric case of Fig. 37-5, which shows a dielectric 
specimen (a sphere), in a nonuniform electric field. The net electric force points to 
the right in the figure and is ei 

F, = ФЕ + AE) — «E — AE) = q(2AE), 
which can be written as Age 


_ GA® on = p (ZB) = (£ 
Ten 2E = p (ie =p =) 
Here р (= q Az) is the induced electric dipole moment of the sphere. In the differen- 
tial limit of a very small sphere (2AE/Az) approaches (АЕ / ах) mex, the gradient of 
the electric field at the center of the sphere. 5 


max 


* Cut indicates a copper atom from which one electron has been removed; Alt++ indi- 
sates an aluminum atom from which three electrons have been removed, ete. 


= / "Ww 
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In the corresponding magnetic case we have, by analogy, 
R ж 
3 ғ = (S). (87-8) 


Thus, by measuring the magnetic force Ё„ that acts on a small paramagnetic speci- 

men when it is placed in a nonuniform magnetic field whose field gradient (€B/dz) max 

is known, we ean learn its magnetic dipole moment и. The magnetization M is 
- defined as the magnetic moment per unit volume, or 


sete : М = 5 

where V is the volume of the specimen. It is a-vector because p, the dipole moment 
` of the specimen, is а vector. 

In 1895 Pierre Curie (1859-1906) discovered experimentally that the magnetization 
t M of а paramagnetic specimen is directly proportional to B, the effective value of 
magnetic induction in which the specimen is placed, and inversely proportional to 

the temperature, or 3 
FEN x М = Ст Ў (37-9) 


їр which C is а constant. This equation is known as Curie’s law. The law is physi- 
cally reasonable in that increasing В tends to align the elementary dipoles in the speci- 
men, that is, to increase M, whereas increasing T tends to interfere with this align- 
ment, that is, to decrease M. Curie’s law is. well verified experimentally, provided 
that the ratio B/T does not become too large. 


| Fq(Eo + AE) 


pus E 


E = Eg- AE Е = Eo + AE 


Fig. 37-5 А dielectric sphere in a nonuniform electric field. 


Fig. 37-6 The ratio M/M nx for а paramagnetic salt (chromium potassium alum) in 
various magnetic fields and at various temperatures. The curve through the experimental 
points is a theoretical curve calculated trom modern quantum physics. (From messuré- 
ments by W. E. Henry.) 


M cannot increase without limit, as Curie's law implies, but must approach a 
value Мах (= uN/V) corresponding to the complete alignment of the № dipoles 
contained in the volume V of the specimen. Figure 37-6 shows this saturation 
effect for a sample of СтК(80,) 129,0. The chromium ions are responsible for all 
the paramagnetism of this salt, all the other elements being paramagnetically inert. 
To achieve 99.5% saturation, it is necessary to use applied magnetic fields as high 
as 50,000 gauss and temperatures as low as 1.3°K. Note that for more readily 
achievable conditions, such as B = 10,000 gauss and Т = 10°K, the abscissa in 
Fig. 37-6 is only 1.0 so that Curie’s law would appear to be well obeyed for this 
and for all lower values of В/Т. The curve that passes through the experimental 
points in this figure is calculated from a theory based on modern quantum physics; . 
it is in excellent agreement with experiment. Y^ z 


37-4 Diamagnetism 


In 1846 Michael Faraday discovered that a specimen of bismuth brought near to 
the pole of a strong magnet is repelled. He called such substances diamagnetic. 
Diamagnetism, present in all substances, is such a feeble effect that its presence is 
masked in substances made of atoms that have a net magnetic dipole momeat, 
that is, in paramagnetic or ferromagnetic substances. х 

Figures 37-7a and b show an electron circulating in а diamagnetic atom at angular 
frequency c in an assumed circular orbit of radius г. Each electron is moving under 
the action of a centripetal force Fg of electrostatic origin where, from Newton’s 


second law, | 
: ' Fa = та = maT. (37-10) 


Each rotating electron has an orbital magnetic moment, but for the atom ав а whole е 
the orbits are randomly oriented so that there is no net magnetic effect, In Fig. 
377a, for example, the magnetic dipole moment Шш points into the page; in Fig. 
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B=0 
(a) (b) 


x x t 
t9, (2 Wy + Aw) 


x x x x x x 


(c) (d) 


| Fig. 37-7. (a) Ап electron circulating in an atom. (b) An electron circulating in the op- 
posite direction. (c) A magnetic field is introduced, decreasing the linear speed of the 

~ electron in (a), that is, vı < vo. (d) The magnetic field increases the linear speed of the 
electron in (b), that is, »» > vo. 


37-76 it points out and the net effect for the two orbits Shown is cancellation. This 
cancellation is also shown at the lefv in Fig. 37-8. + 

If an external field B is applied as in Fig. 37-7c and d, an additional force, given 
uy —elv X B), acts on the electron. This magnetic force acts always at right angles 
to the direction of motion; its magnitude is 

"s Ев = eB = e(ur)B. (37-11) 

The student should show that іп Fig. 37-7c Fg and Ек point in opposite directions 
and that in Fig. 37-7d they point in the same direction. Note that since the centrip- 
etal force changes when the magnetic field is applied (the radius can be shown 
to remain constant), the angular velocity must also change; thus w in Eq. 37-11 
differs from w in Eq. 37-10. 

Applying Newton's second law to Figs. 37-7c and d, and allowing for both direc- 
tions of circulation, yields for the resultant forces on the electrons 


Fy + Fp = та = mr. 


na a aaa a 
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Substituting Eqs. 37-10 and. 37-11 into this equation yields 


mur + eurB. amar 
0 2 eB — we? = АЕ A 
r | otv م(‎ he? = 0. < (7-02) 


This quadratic equation сап be solved for ш, the new angular velocity, Rather 
than doing this, we take advantage of the fact (presented without proof; see Problem 
7) that w differs only slightly from wo, even in the strongest external magnetic fields. 
Thus : 

в = wo + Aw (37-13) 


where Aw <wo. Substituting this equation into Eq. 37-12 yields 
[00° + 2wo Aw + (Aw)*] = [Suv + BAw) — оо = 0, 


where В is a convenient abbreviation for eB/m. Тһе {хо terms wg cancel each other; 
the terms (Aw)? and ВЛо are small compared to the remaining terms and may be set 
equal to zero with only small error. This leads, as an excellent approximation, to 


2m 


д 8 = В : (37-14) 


or, from Eq. 37-13, ~ -w= E 


Thus the effect of applying a magnetic field is to inċrease or decrease (depending on 
the direction of circulation) the angular velocity. This, in turn, increases or decreases 
the orbital magnetic moment of the circulating electron (see Example 2). 1 

In Fig. 37-7c the angular velocity is reduced (because the centripetal force is 
reduced) so that the magnitude of the magnetic moment is reduced. In Fig. 37-70, 
however, the angular velocity is increased so that the magnitude of p is increased. 
These effects are shown on the right їп Fig. 37-8, where it will be noted that the two 
magnetic moments no longer cancel. 

We see that if a magnetic field B is applied to a diamagnetic substance (zero net 
magnetic moment in absence of applied field), a magnetie moment will be induced 
whose direction (out of the plane of Fig. 37-7) is opposite to B; see also F'ig. 37-8. 
This is precisely the reverse of paramagnetism, in which the (permanent) magnetic 
dipoles tend to point in the same direction as the applied field. n 

We can now understand why a diamagnetic specimen is repelled when brought 
near to the pole of a strong magnet. If the pole is a north pole, there exists a non- 
uniform magnetic field of induction with B pointing away from the pole. If a sphere 


` 


( * 


Fig. 37-8 The magnetic moments of the two b | m d| щ+Ди 
oppositely circulating electrons in an atom cancel 

when there is no external magnetic field, asin (a), ° , Î2Au E 
but do not cancel when a field is applied, as in (b). : 
Note that the resultant moment in (b) points in a | -m c|-m, + An 


the opposite direction to B. Compare carefully 
with Fig. 37-7. 
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made of a diamagnetic material (bismuth, say) is brought near to this pole, the mag- 
netization M. that is induced in it points toward the pole, that is, opposite to B. a 
Thus the side of the sphere closest to the magnet behaves like a north pole and is Š 
repelled by the nearby north pole of the magnet. For a paramagnetic sphere, the 

vector M points along the direction of В and the side of the sphere nearest to the 1 
magnet is a south pole, which is attracted to the north pole of the magnet. - 


> Example 4. Calculate the change in magnetic moment for à circulating electron, 
as described in Example 2, if a magnetic field of induction B of 2.0 webers/meter' 
acts at right angles to the plane of the orbit. Х 

We obtain и from Ea. 37-3, or 


p= NGA = (1)(ev)(ar?) = (1) (5) (тта) = фаз. 


The change in p is Ap = ler! Aw 
or, from Eq. 37-14 Ap = + der? (2 = + ЕН 
D q. D H 2m АЁ 


Substituting numbers yields 


(1.6 X 10—?? coul)*(2.0 webers/meter?)(5.1 X 107"! meter)? 
MOLX 10-3 kg) . 


= +37 X 107% amp-m?. 


Ap = + 


In Example 2 the moment p; was 9.1 Ж 10—#ятр-п?, so that the change induced by 
even a strong external magnetic field is rather small, the ratio Au/u; being about 
4 x 10-5. З 4 


37-5 Ferromagnetism С ч 


For five elements (Fe, Co, Ni, Gd, and Dy) and for a variety of. alloys of 
these and other elements a special effect occurs which permits a specimen 
to achieve a high degree of magnetic alignment in spite of the randomizing 
tendency of the thermal motions of the atoms. In such materials, described 
as ferromagnetic, a special form of interaction called exchange coupling occurs 

| between adjacent atoms, coupling their magnetic moments together in rigid 3 

parallelism.* Modern quantum physics successfully predicts that this will 
occur only for the five elements listed. If the temperature is raised above a 
certain. critical value, called the Curie temperature, the exchange coupling 
suddenly disappears and the materials become simply paramagnetic. For 
iron the Curie temperature is 1043°K. Ferromagnetism is evidently a 
property not only of the individual atom or ion but also of the interaction 
of each atom or ion with its neighbors in the erystal lattice (see Fig. 21-5) 
of the solid. 

Figure 37-9 shows a magnetization curve for a specimen of iron. To obtain 
such a curve, we form the specimen, assumed initially unniagnetized, into a 
ring and wind a toroidal coil around it as in Fiz. 37-10, to form a so-called 
Rowland ring. When a current 4 is set up in the coil, if the iron core is not 
present, a field of induction is set up within the toroid given'by (Eq. 34-4) 


Bo = uni, (37-15) 


* Exchange coupling, a purely quantum. effect, cannot be "explained" in terms of 
classical physics. è 


Sec. 37-5 


Fig. 37-9 А magnetization curve 
for iron. 


where is the number of turns per unit length for the toroid. Although 

this formula was derived for a long solenoid, it can be applied to a toroid 

if d < r in Fig. 37-10. Because of the iron. core, the actual value of B in the 

toroidal space will exceed Bo, bya large factor in many cases, since the 
elementary atomic dipoles in the core line up with the. applied. field Bo, 
thereby setting up their own field d induction; "Thus we can ug ‘Bs 


шмш 


where Ву is the magnetic: indu 10! due t to the 
to the magnetization M of the pecimen. . Ofte 
The field Bo is Meus i Пе "current. 
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Fig. 37-14 Domain patterns for a 
single crystal of iron containing 
3.8% silicon. The white lines 
show the boundaries between the 
domains. These boundaries are 
regular rather than irregular, as in 
Fig. 37-18, because the specimen 
is а single crystal. In Fig. 37-13 
the specimen is made up of many 

^ erystallites or grains. (Courtesy 
H. J. Williams, Bell Telephone 
Laboratories.) 


Figure 37-14 shows some domain photographs, taken by sprinkling a colloidal 
suspension of finely powdered iron oxide on a properly etched single crystal of iron. 
The domain boundaries, whieh are thin regions in which the alignment of the ele- 
mentary dipoles changes from a certain direction in one domain to an entirely different 
direction in the other, are the sites of intense but highly localized and nonuniform 
magnetic fields. The suspended colloidal particles are attracted to these regions. 
Although the atomic dipoles in the individual domains are completely aligned, the 
specimen as a whole may have a very small resultant magnetic moment. This is 
the state of affairs in an unmagnetized iron nail. 

As we magnetize a piecé of iron by placing it in an external magnetic field, two 
effects take place. One is a growth in size of the domains that are favorably oriented 
at the expense of those that ate not, as in Fig. 37-15. Second, the direction of ог›еп- 
tation of the dipoles within a domain may swing around as а unit, becoming closer to 
the fieid direction. Hysteresis comes about because the domain boundaries do not 
move completely back to their original positions when the external field Bo is removed. 

Two other types of magnetism, closely related to ferromagnetism, are antiferro- 
magnetism and ferrimagnetism (note spelling). In antiferromagnetic substances, of 


(a) (b) (с) 


Fig. 37-15 (а) А boundary between two domains, with the magnetization in each domain 
as shown by the white arrows. (b) If an external magnetic field pointing from left to right 
is imposed on the specimen, the upper domain will grow at the expense of the lower. The 
domain boundary will move down as the elementary dipoles reverse themselves. (c) The 
process continues. The boundary has moved across a region in which there is a crysta! 
imperfection. (Courtesy H. J. Williams, Bell Telephone Laboratories.) 
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(а) 


Fig. 37-16 Showing how elementary mag- 

netic dipoles are oriented by the interatomic (b) 
exchange- coupling in (a) ferromagnetism, 

(b) antiferromagnetism, and (c) ferrimag- 
netism. 


(с) 


which MnO; is an example, the exchange coupling to which we referred on page 834 
Serves to lock adjacent ions into rigid antiparallelism (see Fig. 37-165). Such ma- 
terials exhibit very little-gross external magnetism. However, if they are heated 
above a certain temperature, called the Néel temperature, the exchange coupling 
ceases to act and the material becomes paramagnetic. In ferrimagnetic mrbstances... 
of which iron ferrite is an example, two different kinds of magnetic ions are present. 
In iron ferrite the two ions are Fe++ and Fe^^*. The exchange coupling locks the - 
ions into a pattern like that of Fig. 37-16c, in which the external effects are inter- 
mediate between ferromagnetism and antiferromagnetism. Here, too, the exchange 
coupling disappears if the material is heated above a certain characteristic tempera- 
ture, \ ў 


37-6 Nuclear Magnetism 

Many nuclei have magnetic dipoles, and the possibility arises that а specimen of 
matter may exhibit gross external magnetic effects associated with its nuclei. How- 
ever, nuclear magnetic moments are several orders of magnitude smaller than those 
associated with the electronic motions in an atom or ion. The magnetie moment of 
an eleetron associated with its spin, for example, exceeds that of the proton (the 
nucleus of hydrogen) by a faetor of 660. z 

Gross external effects for nuclear magnetism are smaller than the corresponding 
(electronic) paramagnetic effects by the square of ratios of this order of magnitude, 
because (a), all else being equal, the external magnetism is reduced by such а ratio, 
but (b) the very fact that the magnetic dipole moment of the nucleus is smaller 
means that (see Example 3) the thermal vibrations are proportionally (to а good 
approximation) more effective in reducing the degree of alignment of the elementary 
dipoles in an external magnetic field; thus all else is not equal and the ratio enters 
twice. 

Techniques such as the Rowland ring (Fig. 37-10) are far too insensitive to detect 
nuclear magnetism. We. describe here a nuclear resonance technique by means of 
which nuclear magnetism can readily reveal itself. This method is also vastly useful 
for studying paramagnetism, ferromagnetism, antiferromagnetism, and ferrimagne- 
tism, in all of which cases the magnetic effects are associated not with the nuclei but 

* with the atomic electrons. The nuclear-resonance technique was developed in 1946 
by E. M. Purcell and his co-workers at Harvard. Simultaneously and independently, 
F. Bloch and his co-workers at Stanford discovered a very similar method. For these 

achievements the two physicists received a Nobel prize. 5 
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Fig. 37-17 (а) A spinning proton 
precessing in an external magnetic 
field and (b) a spinning top precess- 
ing in an external gravitational 
field. Lp and L, are the two angular 
momentum vectors. 


` (a) 


We focus our attention on the problem of measuring the magnitude и of the mag- 
netic moment of the proton. In principle, this can be done by placing a specimen 
containing protons in an external field of magnetic induction B and by measuring 
the energy (= 2uB) required to turn the protons end for end. A rigorously correct 
description of the procedures cannot be given without using quantum physics. The 
description given, although based entirely on classical physics, nevertheless leads to 
the correct conclusions. 

Figure 37-17a shows a spinning proton with its axis making an angle @ with a uni- 
form external magnetic field B. Figure 37-17b shows а spinning top with its axis 

. making an angle @ with a uniform external gravitational field g. In each case there із 
a torque that tends to align the axis of the spinning object with the field. For the 
proton (Eq. 33-11) it is given by | 


Tp = ЫВ sin 0. (37-174) 
For the top it is given by т = mgr sin 6, (87-17) 
where 7 locates the center of mass of ће top and m is its mass. 

In Section 13-2, we saw that the spinning top processes about a vertical axis with 
an angular frequency given by. 


ш = Ts (372182) 


in which L; is the spin angular momentum of the top. 
‘The proton, which has a quantized spin angular momentum Lp, will also precess 
about the direction of the (magnetic) field because of the action of the (magnetic) 
torque. The student should derive the expression for the frequency of precession. 
being guided by the derivation of Section 13-2, but using the magnetic torque 

(Eq..37-17a) instead of the gravitational torque (Eq. 37-175). Тһе relation is 
uB 


j n 1 а т 
1, 
p 


| 
| 
| 
| 
| 


(37—180) 


> Example 5. What is the precession frequency of a proton in a magnetic field of 
0.5 weber/meter?? 
The quantities и and Lp in Eq. 37-18b are 1.4 X 107% amp-m? and 0.53 x: 16 * 
joule-sec. This equation then yields К ' ^ 
ор BB» А X 10-7 ашр-т?) (0.50 weber/meter?) _ 8 
PT Ar mL, (2)(0.58 X 109 joule-sec) Rr оа 


This frequency (= 21:me/sec) is in the radio-frequency range. 4 
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Fig. 37-18 In the nuclear magnetic resonance method a small oscil- 
lating magnetic field Bosc is placed at right angles to a steady field B. 


$ Я | Bose V 


It is possible to change the energy of any system in periodic motion if we allow an ' 
external influence to act on it at the same frequency as that of its motion. This is the 
familiar resonance condition. As an "external influence" for the precessing proton, 
we use a small alternating magnetic field Boss arranged to be at right angles to the ' 
steady field B. This oscillating field combines vectorially with the steady field so | 
that the resultant field rocks back and forth between the limits shown by the dashed 
lines in Fig. 37-18. Typical: values for B and for the amplitude of Bos are 5000 
gauss and 1 gauss, respectively, so that the rocking angle « in the figure is quite , 
small. If the angular frequency we of the oscillating field is chosen equal to the 
angular precession frequency wp of the proton, it turns out that the precessing proton 
can absorb energy. An increase in energy means an increase in Ó in Fig. 37. 17a. 

The resonance condition 
uB 
Ly 


wo = 


(87-19) 


can be used to measure д. We place the spinning proton in a known field B, apply a * o 
“perturbing field” at right angles to it, and vary the angular frequency wo. of this ! 
perturbing field until resonance occurs. It is possible to tell when Eq. 37-19 is 
satisfied because, at resonance, many spinning protons will tend to turn end for end 
in the field, absorbing energy which can be detected by appropriate electronic МЕД? 
níques. | 
Figure 87—19 is a schematic diagram of an experimental arrangement. The protons,’ 
present as hydrogen nuclei in a small vial V of water, are immersed in a strong stead 
magnetic field caused by the electromagnet whose pole faces N and 8 are shown. 
rapidly alternating current in the small coil C provides the (horizontal) weak, per: 
turbing magnetic field Bosc. This current is provided by a radio-frequency oscillato' 


í < 
Fig. 37-19 Ап arrangement to observe nuclear resonance. ^ The “oscillating field is 
^orizontal within the coil. é 
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Fig. 37-20 Ап oscilloscope photograph of 
a proton resonance peak showing energy 
absorbed from the oscillator versus oscil- 
lator frequency. (From Bloembergen et 
al, Phys. Rev., 13, 679.) 


whose angular frequency wo сап be varied; an electronic "resonance detector,” 1:180 
connected to the oscillator, serves to indicate when energy is being drained frum the 
oscillator айа used to “flip the protons." In principle, the oscillator angular fre- 
quency wo is varied until the resonance detector shows that Eq. 37-19 is satisfied 
(see Fig. 37-20). The magnetic moment и can then be determined by measuring 
Bando. Surprisingly enough, magnetic moments can be measured in this and simi- 
lar ways to a much greater accuracy than we c^n measure и for a bar magnet. For 
the proton we have | 
Hp = 1.41044 X 10-75 amp-m? 


37-7 Three Magnetic Vectors , 


In Chapter 30 we saw that if a dielectric is placed in an electric field polarization 
charges will appear on its surface. These surface charges, which find their origin in 
the elementary electric dipoles (permanent or induced) that make up the dielectric, 
set up a field of their own that modifies th> original field. For the simple case dis- 
cussed in Chapter 30—a dielectric slab in a parallel-plate capacitor—this complica- 
tion сап readily be handled in terms of the electric field strength vector E and some 
knowledge of the electric properties of the slab material, such as the dielectric con- 
stant. For more complex problems we asserted that it was useful to introduce two 
other (subsidiary ) electric vectors, the electric polarization Р and the electric displace- 
ment D. Table 30-2 shows some of the characteristics of these three vectors. 

In magnetism we find a similar situation. If magnetic materials are placed in a 
field of induction, the elementary magnetic dipoles (permanent: or induced) will act 
to set up a field of induction of their own that will modify the original field. For the 
simple case discussed in this chapter—a Rowland ring with a ferromagnetic core— 
this complication can readily be handled in terms of the magnetic induction vector B 
and some knowledge of the magnetic properties of the ring material, such as that 
provided by Fig. 37-9. For more complex problems we find it useful to introduce two 
other (subsidiary) magnetic vectors, the magnetization М and the magnetic field 
strength Н. We do so largely so that the student who takes a second course in elec- 
tromagnetism will have some familiarity with them. 

Consider a Rowland ring carrying a current їо in its windings and designed so 
that its core, assumed to be iron, can be removed. The magnetic induction B, 


measured by the methods of Section 37-5, will ре much greater when the core is in E 


place than when, #5 not, assuming that the eurrent in the windings remains un- 
changed. j 
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Physically we can understand the large value of B in the iron core in terms of the 
alignroent of the elementary dipoles in the iron. А hypothetica' slice out of the iron 
care, as in Fig. 37-215, has a magnetic moment dp equal to the vector sum of all of 
the elementary dipoles contained in it. We define our first subsidiary vector, the 
magnetization M, as the magnetic moment per unit volume of the core material. 
For the slice of Fig. 37-215 we have 


dp = M(A dl), 


where (A dl) is the volume of the slice, A being the cross section of the cote. 
When we discussed Ampére's law in Chapter 34, we assumed that no magnetic 
materials were present. If we apply this law, namely с 


фв-й = psi, f (87-20) 
to the circular path of integration shown in Fig. 37-21a, we obtain 


(B)(2rro) = роо), (37-21) 


in which ro is the mean radius of the core, No is the number of turns, and ѓо is the 
current in each turn. We see at once that Ampére’s law, in the form of Eq. 37-20, 


Fig.37-21 (a) A Rowland ring with an 
iron core. (b) A slice of the core, showing ~ 
its magnetic moment dp caused by the 
alignment of the elementary magnetic di- 
poles in the iron. ` ` 


x 


936 MAGNETIC PROPERTIES OF MATTER Chap. 37 


is not valid when magnetic materials are present. Equation 37-21 predicts that, since 
the right side is the same whether or not the core is in place, the induction В should 
also be the same, a prediction not in accord with experiment. 

We can increase B in the absence of the iron core to the value that it has when the 
core is in place if we increase the current in the windings by an amount iy... The 


magnetization of the iron core is thus equivalent in its effect on В to such a hypothetical . 1 


current increase. We choose to modify Ampére’s law by arbitrarily inserting a 
magnetizing current term їм on the right, obtaining 


фв-а udi au) (37-92) 


If we give їм a suitable value when the iron соге is in place, it is clear that Ampére's | 

law, in this new form, can remain valid. It remains to relate this (largely hypo- 

thetical) magnetizing current to something more physical, the magnetization M.* 
Applying Eq. 37-22 to the iron ring of Fig. 37-21a yields 


(B)(2rro) = (Noo) + Ха). (37-23) б 


We can relate taro to the tization M if we recall (Eq. 33-10) that the magnetic 
moment of a magnetic dipolé in the form of a current loop is given by 


p= МА, 


where N is the number of turns in the loop, 7 is the loop current, and A is the loop 
area. Let us use this equation to find what increase ім о in current in the windings 
- around the slice of Fig, 37—216 would produce a magnetic moment equivalent to that 
~ &ctually. poen by the alignment of elementary dipoles in the slice. We have 


eee M(A dl) = (ma э) (0(4), 


the quantity in the first parentheses on the right being the number of turns associ- | | 
` ated with the slice of thickness dl. This reduces to b 


i i Мим» = M(2rro). (87-24) Ж 
Substituting this into Eq. 37-23 yields | 
1(В) (2ле) = uo(N oto) + ш(М)(2тт). (37-25) | 


We now choose to generalize from the special case of the Rowland ring by writing 
Ед. 37-25 as E 


фв-а = wot + шо фм-а i 


or § (Aa) at = i. 


* It is possible to give reality to the magnetizing current by viewing it as a real current — 


that flows around the magnet at its surface, being the resultant macroscopic effect of all. | 
the microscopic current loops that constitute the atomic electron orbits. This Amperian © 


current viewpoint however does not take the magnetization due to electron spin readily - 
into account. Since we do not attempt to measure magnetizing currents experimentally, .- 
other than through their (postulated) magnetic effects, we prefer to view the magnetizing 1 
current as a convenient formalism. х y 
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The quantity (В = uM)/uo occurs so often in magnetie situations that we give it a 
special name, the magnetic field strength H, or 


н = В М 
Ho 
which we write as B = Н + М. (37-26) 


Ampére's law сап now be written in the simple form 
фн.а i (37-27) 


which holds in the presence of magnetic materials and in which i is the true current only, 
that is, it does not include the magnetizing eurrent. This reminds us that the 
electric displacement vector D permitted us to write Gauss’s law for the case in which 
dielectric materials are present, in a form involving free charges only, that is, not 
polarization charges; see Table 30-2. | 

We state without proof (see Problems 12 and 13) that at a bouridary between two 
media (1) the component of Н tangential to the surface has the same value on each 
side of the surface * and (2) the component of B perpendicular to the surface has the 
same value on each side of the surface, These boundary conditions are of great value 
in solving complex problems. 

To find J? in our Rowland ring, let us apply Ampére’s law in the generalized form 
of Eq. 37-27. Wehave j 

(H)Qmr)) = Noto,” 


where їо is the (true) current in the windings. This gives 
CS AD TN ы Bites um 
A = (=) 10 = "io, (37. 29) 


in which л is the number of turns per unit length. Since we have not introduced 
any information describing the core into Eq. 37-27, the value of Н computed from 
Eq. 37-28 is independent of the core material, 

B can be measured experimentally by the method of Section 37-5 and M can then > 
be calculated from Eq. 37-26. The student should note in passing (see Eq. 37-15) 
that the abscissa Bo in Fig. 37-9 is proportional to Н (= poll), the ordinate being 
proportional to B. Curves such as this and that of Fig. 37-12 are called B-H curves. 

Let us assume that we have made measurements of H, B, and M for a wide variety 
of magnetic materials, using either the technique described or an equivalent one. 
For paramagnetic and diamagnetic materials we would find, as an experimental result, 
that B is directly proportional to H, or 


В = к„шН, EM ` (31-29) 
in which km, the permeability of the magnetic medium, is a constant for a given tem- 


perature and density of the material. Eliminating B between Eqs. 37-29 and 37-26 


allows us to write 
M = (km — DH, Х (37-30) 


which is another expression of the linear or proportional character. of paramagnetic 
and diamagnetic materials. 


* Assuming that there are no true currents at the surface, as there are in the Rowland - 
ring of Fig. 37-21a, for example. ` 
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(b) 


Fig. 37-22 (a) The lines of Н and (b) the lines of B for а permanent magnet. 
Note that the lires of Н change direction at the boundary. Тһе closed dashed 
curves are paths/of integration around which Ampére’s [aw may be applied. The 
relation В = ро + uoM is shown w be satisfied for (c) a particular outside point p 
and (d) a particular inside point 4. 


For a vaeuum, in which there are r^ magnetic dipoles present to be aligned, the 
magnetization M must be zero. Putting М = 0 in Eq. 37-26 leads to 
ГА 7 


1 E В = “Н (a vacuum). 1 (37-31) 
Comparison with Eq. 37-29 shows that а vacuum must be described by km = 1. 
Equation 37-30 verifies that the magnetization vanishes if we put Km equal to unity. 
For paramagnetic materials кь, is slightly greater than unity. For diamagnetic 
materials it is slightly less than unity; Eq. 37-30 shows that this requires M and H 
to be oppositely directed, a fact discussed at length in Seetion 37-4. 

In ferromagnetic materials the relationship between B and Н is far from linear, 
as Figs. 37-9 and 37-12 show. Experimentally, km proves to be a function not only 
of the value of H but also, because of hysteresis, of the magnetic and thermal history 
of the specimen.* + à ‘ 

An interesting special case of ferromagnetism is the permanent magnet, for which 
H, M, and B all have nonvanishing values inside the magnet even though there is no 
true current. Figure 37-22 shows typical lines of В and Н associated with such a 
magnet. The lines of B may be drawn as continuous loops, the boundary condition 
(2), mentioned above, being satisfied where the lines enter and leave the magnet. 
Equation 37—22 shows that the vector В is associated with the total current, both 


true and magnetizing. In Fig. 37-22a ф B-dl around any loop such as that shown 


by the dashed curve is not zero and must be associated with a hypothetical magne- 
tizing current ių imagined to circulate around the magnet at its surface; actual or 
true currents (7) do not exist in this problem. Figure 37-22b shows that Н reverses 
direction at the boundary. Since H (see Eq. 37-27) is associated with true currents 


only, we must have’ $ H-dl around any loop such as that shown by the dashed lines. 


* In the dielectric саве there are waxy materials, called ferroelectrics, for which the rela- 
tionship between D and E is nonlinear, which exhibit hysteresis, and from which quasi- 
permanent electric dipoles (electrets) can be constructed. However, most commonly useful 
dielectric materials are linear whereas most commonly useful magnetic materials are non- 
linear. ‹ 
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The reversal of H at the boundary makes this possible. Note that M and H point 


in opposite directions within the magnet. "Table 37-1 summarizes the properties of 
the three vectors B, H, and M. 


Table 37-1 


THREE MAGNETIC VECTORS 


Name Symbol | Associated with | Boundary Condition 
Magnetic induction B All currents Normal component 
continuous 
Magnetic field strength н True currents only | Tangential component 
continuous ў 
Magnetization х м Magnetization Vanishes in a vacuum 
(magnetic dipole moment currents only 
per unit volume) 
8 ү 
Defining equations for В | F=qxB Eq. 33-3a 
v or = il xB Eq. 33-6a 
General relation among the three vectors | B = uH + М Eq. 37-26 
Ampére's law when magnetic materials are Hed-i à Eq. 37-27 


t 
i (i = true current only) 


Km oH. Eq. 37-29 


Empirical relations for certain magnetic B 
$ M = (km — 1)H Eq. 37-30 


materials * 


* 


`` * For paramagnetic and diamagnetic materials only, if Km is to be independent of Н. 
+ Assuming no true currents exist at the boundary. 


> Example 6. Їп #һе Rowland ring the (true) current їо in the windings is 2.0 amp 


and the aumber of turns per anit length (п) in the toroid is 10 turns/cm. В, measured 
by the technique of Section 37-5, is 1.0 weber/meter?. Calculate (a) H , (b) M, and 
(c) the magnetizing current 4, ,o both when the core is in place and when it is removed. 
(d) For these particular operating conditions, what is кы? 


(a) Н is independent of the core material and may be found from Eq. 37-28: 
Н = ni 
= (10 turns/em)(2.0 amp) 
(= 20 X 10° amp/meter, = \ 
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(6) М is zero when the core is removed. With the core in place, we may solve 
Eq.37-26 for M, obtaining for the magnitude of M. 


B — uH 
Шо 


М'= 


_ (1.0 weéber/meter?) — (4r X 1077 weber/amp-m)(2.0 X 103 amp/meter) 
T (dr X 1077 weber/amp-m) 


= 7.9 X 10° amp/meter. 


(c) The effective magnetizing current follows from Eq. 37-24: 


7.9 X 10° amp/meter 
‚20 X 10° turns/ meter vies 


= 390 amp. 


An additional current of this amount in the windings would produce the same value 


of B in the absence of a core as that obtained, by alignment of the elementary di- 
poles, with the core in place. ew 


(d) The permeability can be found from Eq. 37-29, or 
XAR SER 
(ИЛ К К } : i 
M 1.0 weber/meter? 
(4m X 107" weber/amp-m)(2.0 X 10° amp/meter) 


= 397. ; ; 


Km 


We emphasize that this value of xm holds only for the special eonditions of this 
` experiment. 4 


QUESTIONS 


1. Two iron bars are identical in appearance? One is a magnet and one is not. How can 
you tell them apart? You аге not permitted to suspend either bar as a compass needl» or 
to use any other apparatus, | 

2. How could you reverse the magnetism of a compass needle? н 

3. Two iron bars always attract, no matter the combination in which their enda are 
brought near each other Can you conclude that one of the bars must be unmagnetized? 

4. If we sprinkle iron filings on a particular bar magnet, they cling both to the ends and 
to the middle, Sketch roughiy the lines of B, both outside and inside the magnet. i 

5. The earth is a huge magnetic dipole. (a) Is the magnetic pole in the Northern 
Hernisphere a north or a south magnetic pole? (b) In the Northern Hemisphere do the 
magnetic lines of force associated with the earth's magnetic field point toward the earth’s 
surface or away from it? | я & x 

‚‚ 6. Cosmic rays are charged particles that strike our atmosphere from some. éxternal 
source. We find that more low-energy cosmic rays reach the earth at the north and south 
magnetic poles than at the (magnetic) equator. Why is this so? + 
7. How might the magnetic dale moment of the earth be measured? 
8. Give three reasons for behing that the flux Фр of the earth's magnetic fjeld is 


greater through the boundaries of Alaska than through those of Texas. | 


і 
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9. The neutron, which has no charge, has а magnetic dipole moment. Is this possible 
on the basis of classical electromagnetism, or does this evidence alone indicate that classical 
electromagnetism has broken down? 

10. Is the magnetization at saturation for a paramagnetic substance very much different 
from that for a saturated ferromagnetic substance of about the same size? 

1]. Explain why а magnet attracts an unmagnetized iron object such as a nail. 

12. Does any net force or torque act on (a) an unmagnetized iron bar or (b) a permanent - 
баг magnet when placed in à uniform magnetic field? 

13. А nail is placed at rest on а smooth table top near a strong magnet. It is released 
and attracted to the magnet. What is the source of the kinetic energy it has just before 
it strikes the magnet? 

14. The magnetization induced in a given diamagnetic sphere by a given external 
magnetic field does not vary with temperature, in sharp contrast to the situation in para- 
magnetism. Ts this understandable in terms of the description that we have given of the 
origin of diamagnetism? 

15. Compare the magnetization curves for a paramagnetic substance (Fig. 37-6) and 
for a ferromagnetic substance (Fig. 37-9). What would a similar curve for a diamagnetic , 
substance looklike? Do you think that it would show saturation effects in strong applied 


fields (say 10 weber/ meter?)? 


16. Distinguish between the precession frequency and the cyelotron frequency of a` 
proton in a magnetic field. 
| 17. In our discussion of nuclear magnetism we said that energy absorption occurs 
because the dipoles are turned end for end. However, a given dipole might initially be 
lined up either with the field or against it. In the first case there would be an absorption 
of energy, but in the second case there would be a release of energy, each amount being 24B. 
Why do we observe a net absorption? "These two events would seem to cancel. 

18. Discuss similarities and differences in Tables 30-2 and 37-1. 

= 


PROBLEMS 


1. The earth has a magnetic dipole moment of 6.4 X 10°! amp-m*. (а) What current 
would have to be set up in a single turn of wire going ‘around the earth at its magnetic 
equator if we wished to set up such a dipole? (b) Could such an arrangement be used to 
cancel out the earth's magnetism at points in space well above the earth's surface? (c) 
On the earth's surface? ' х 

2. Assume that the electron is a small sphere of radius Ё, its charge and mass being 
spread uniformly throughout its volume. Such an electron has a "spin" angular mo- | 
mentum L of 0.53 X104 joule-sec and a magnetic moment и of 9.3 X 107% amp-m?. | 
Show that e/m = 2u/L. Ts this prediction in agreement with experiment? (Hint; The 
spherical electron must be divided into infinitesimal current loops and an expression for 
the magnetic moment found by integration. This model of the electron is too mechan- p 
istic to be in the spirit of the modern quantum view of this particle.) 

3. Caleulate (a) the electric field strength and (b) the magnetie induction at a point 
1.0 A (one angstrom unit) away from a proton, measured along its axis of spin, The mag- 
netic moment, of the proton is 1.4 X 10-79 amp-m?. 

4. A Rowland ring is formed of ferromagnetic material. It is circular in cross section, | 
with an inner radius of 5.0 cm and an outer radius of 6.0 em and is wound with 400 turns ^ 
of wire. (a) What current must be set up in the windings to attain By = 2 X 10^ * weber/ 
meter? in Fig, 37-9? (b) A secondary coil wound around the toroid has 50 turns and has 
a resistance of 8.0 ohms. If, for this value of Bo, we have Bm = 800Bo, how much charge 
moves through’ the secondary coil when the current in the toroid windings is turned, on? 

5, The dipole moment associated with an atom of iron іп an iron bar is 1.8 X 1075 
amp-m?. Assume that all the atoms in the bar, which is 5 em long and has-a cross-sec- — 


UT 
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tional area of 1 cm, have their dipole mometits aligned. (а) What is the dipole moment 
of the bar? (b) What torque must be exerted to hold this magnet at right angles to an 
external field of 15,000 gauss? ‘ 
` €. Can you give an explanation of diamagnetism based on Faraday's law of induction? 
In Figs. 37—7a and b, for example, what inductive effects can be expected as the magnetic 
field is built up from zero to the final value B? 
7. Prove that Aw « wo in Eq. 37-13. е 
8. Show that, classically, а spinning positive charge will have a spin magnetic moment 
that points in the same direction as its spin angular momentum. 
9, Assume that the nuclei (protons) in 1 gm of water could all be aligned. What mag- 
netic induction B would be produced 5.0 cm from the sample, along its alignment axis? 
10. It is possible to measure e/m for the electron by measuring (a) the cyclotron fre- 
quency ve of electrons in a given magnetic field and (b) the precession frequency у, of 
protons in the same field. Show that the relation is 


е Ус Ив 


m vpli 


Since us and L, for the proton are accurately known, this experiment gives us our most 
precise value of e/m today. 

11. Dipole-dipole interaction. The exchange coupling mentioned in Section 37-5 as 
being responsible for ferromagnetism i$ not the mutual magnetic interaction energy be- 
tween two elementary magnetic dipoles, To show this (a) compute B a distance a (= 1.0 
A) away from a dipole of moment џ (= 1.8 X 107% amp-m?) ; (b) compute the energy 
(= 2uB) required to turn a second similar dipole end for end in this field. What do you 
conclude about the strength of this dipole-dipole interaction? Compare with the results 
of Example 3. (Note: for the same distance, the field in the median plane of a dipole is 
only half as large as on the axis; see Eq. 37-2.) 

12. Boundary condition for B. Prove that at the boundary between two media the 
normal component of B has the same value on each side of the surface. (Hint: Construct 
a closed Gaussian surface shaped like a flat pillbox with one face in each medium and apply 
Gauss's law for magnetism.) 

13. Boundary condition for H. Prove that at the boundary between two media the 
tangential component of Н has the same value on each side of the surface, assuming that 

ere is no current at the surface. (Hint: Construct a closed rectangular loop, the two 
1 site longer sides being parallel to the surface, with one side in each medium. Use 
pére’s law in the form that applies when magnetic materials are present.) 
14. The magnetic energy density can be shown to be given in its most, general form as 


ив = 3B-H. 


Does this reduce to a familiar result for а vacuum? 
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Electromagnetic Oscillations 


CHAPTER 38 


38-1 LC Oscillations 


The LC system of Fig. 38-1 resembles a mass-spring system (see Fig. 84 
in that, among other things, each system has a characteristic frequeney of 
oscillation. To see this, we assume that initially the capacitor C in Fig. 
38-10 carries a charge gm and the current 7 in the inductor is zero. At this 
instant the energy stored in the capacitor is given by Eq. 30-25, or 


Ug = Eger (38-1) 
ROE Я 

The energy stored in the inductor, given by 
Us = 1L, ‚ (88-2) 


is zero because the current is zero. The capacitor now starts to discharge - 
through the inductor, positive charge carriers moving counterelockwise, as 
shown in Fig. 38-15. This means that a current i, given by dq/d! and point- 
ing down in the inductor, is established. 

Ав q decreases. the energy stored in the electric field in the capacitor also- 
decreases. This energy is transferred to the magnetic field that appears 
around the inductor because of the current 7 that is building up there. Thus 
the electric field decreases, the magnetic field builds up, and energy is trans- 
ferred fron the former to the latter. Y 

At a time corresponding to Fig. 38-1c, all the charge on the capacitor will 
have disappeared. „The electric field in the capacitor will be zero, the energy 
stored there having been transferred entirely to the magnetic field of the 

: 943 s 
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Fig. 38-1 Showing eight stages in a cycle of oscillation of an LO’ circuit, The bar graphs 
below each figure show the stored magnetic and electric potential energy. ‘The vertical 
arrows on the inductor axis show the current. The student should compare this figure iri 
detail with Fig. 8-4, to which it exactly corresponds. 


inductor. According to Eq. 38-2, there must then be a current—and indeed 
one of maximum value—in the inductor. Note that суеп though q equals 
zero the current (which is dq/dl) is not zero at this time. 
The large” current in the inductor in Fig. 38-1c continues to transport 
positive charge from the top plate of the capacitor to the bottom plate, as 
‚ shown in Fig. 38-1d; energy now flows from the inductor back to the capaci- 
tor as the electric field builds up again. Eventually, the energy will have 
“been transferred completely back to the capacitor, as in Fig. 38-le.. The 
situation of Fig. 38-1e is like the initial situation, except that the capacitor 
ois фо in the opposite. direction. 


< 


- < 
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The capacitor will start to discharge again, the current now being clock- 
wise, as in Fig. 38-1f. Reasoning as before, we see that the circuit eventually 
returns to its initial situation and that the process continues at a definite 
frequency > (measured, say, in cycles/sec) to which corresponds a definite 
angular frequency w (= 2r» and measured, say, in radians/sec). Once 
started, such LC oscillations (in the ideal case described, in which the eir- 
cuit contains no resistance) continue indefinitely, energy being shuttled 
back and forth between the electric field in the capacitor and the magnetic 
field in the inductor. Any configuration in Fig. 38-1 can be set up as an 
initial condition. The oscillations will then continue from that point, pro- 
ceeding clockwise around the figure. The student should compare these 
oscillations carefully with those of the mass-spring system described in 
Fig. 8-4. 

To measure the charge g as a function of time, we can measure the variable 
potential difference Vc(f) that exists across capacitor C. The relation 


=) 


shows that Vc is proportional to g. To measure the current we can insert в 
small resistance R in the circuit and measure the potential difference across 
it. This is proportional to 7 through the relation 
Vg = (Ry. 

We assume here that R is so small that its effect on the behavior of the cir- 
cuit is negligible. Both дапа т, or more correctly Vc and Ук, which are pro- 
portional to them, сап be displayed on a cathode-ray oscilloscope. This 
instrument сап plot automatically on its screen graphs proportional to q(t) 
and i(t), as in Fig. 38-2. - 


(a) 


^ 
* 
Ш 
< 
= 


(b) 


Fig. 38-2. A drawing of an oscilloscope screen showing potential differences proportiona 

to (a) the charge and (Б) the current, in the circuit of Fig. 38-1, as a function of time: ‘The 
letters indicate corresponding phases of oscillation. in that. figure. Note that because - 
i = dq/d! the lower curve is Шоро to the derivative of the. Яй $ : 
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P Example 1. A 1.0-uf capacitor is charged to 50 volts. The charging battery is 
then. disconnected and a 10-mh coil is corinected across the capacitor, so that LC 
oscillations occur. What is the maximum current in the coil? Assume that the 
circuit contains no resistance, 

The maximum stored energy in the’ capacitor must equal the maximum stored 
energy in the inductor, from the conservation-of-energy principle. This leads; from 
Eqs. 38-1 and 38-2, to 


where im is the mazimum current end gm is the maximum charge. Note that the 
maximum current and the maximum charge do not oceur at the same time but one- 
fourth of a cycle apart; see Figs. 38-1 and 38-2. Solving for im and substituting 
CV for qm gives 


е C qa X 10-* агай 
tm = Vo aff = (50 volts) 105¢10="henry — 0.50 amp. 4 


In an actual LC cireuit the oscillations will not continue indefinitely be- 
cause there is always some resistance present that will drain away energy 
by Joule heating. The oscillations, once started, will die away, as in Fig. 
38-8. This figure should be compared to Fig. 15-19, which shows the decay 
of the mechanical oscillations of a mass-spring system caused by frictional 
damping. : | 

It is possible to have sustained electromagnetic oscillations.if arrange- 
ments are made to supply, automatically and periodieally (oncé a cycle, 
say), enough energy from; an outside source to compensate for that lost to 
Joule heat. We are reminded of a clock escapement, which is a device for 
feeding energy from a ys or a falling weight into an oscillating pendulum, 
thus compensating for frictional losses that would otherwise cause the oscil- 
lations to die away, Oscillators whose frequency » may be varied between 
certain limits are commercially available as packaged units over a wide range 
of frequencies, extending from low audio-frequencies (lower than 10 cycles/ 
вес) to microwave frequencies (higher than 10'? cycles/sec). 


Fig. 38-3 А photograph of an oscil- 
loscope trace showing how the oscil- 
lations in an LRC circuit die away 
because energy is lost to Joule heat 
in the resistor. The figure is a plot 
of the potential difference across the 
resistor as a function of time. 
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38-2 Analegy te Simple Harmonic Metien 


Figure 8-4 shows that in a mass-spring system performing simple har- 
monic motion, as in an oscillating LC circuit, two kinds of energy occur. 
One is potential energy of the compressed or extended spring; the other is 
kinetie energy of the moving mass. These are given by the familiar formulas 
in the first column of Table 38-1. The table suggests that а capacitor is in 


Table 38-1 


Some ENERGY FORMULAS 


Mechanical Electromagnetic 


spring. Up= Fer" | capacitor Ur = 


mags Ux = 4m? | inductor Up = {1 _ 
E EK 


some formal way like a spring and an inductor is like a таазз and that certain 
electromagnetic quantities “correspond” to certain mechanical ones, namely, 


q corresponds to т, 

i corresponds to v, 
С corresponds to 1/k, 
L corresponds to m. TM 


Comparison of Fig. 38-1, which shows the oscillations of the LC circuit, 
with Fig. 8-4, which shows the oscillations in a mass-spring system, indicates 
how close the correspondence is. Note how » and 7 correspond in the two 
figures; also т and q. Note, too, how in each case the energy alternates 
between two forms, magnetic and electric for the LC system, and kinetic 
and potential. for the mass-spring system. 

In Section 15-3 we saw that the natural angular frequency of oscillation 
of an undamped mass-spring system is 


> 


w= mr = |: 
2 m 


The method of correspondences suggests that to find the natural frequency 
for the LC circuit К should be replaced by 1/C and т by L, obtaining 


w E 2т› = Qe ў (38-3) 


This formula is indeed correct, as we show in the next Section. 
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38-3 Electromagnetic Oscillations—Quantitative 


‘We now derive an expression for the frequency of oseillation óf an LC 
circuit, our derivation being based on the conservation-of-energy principle. 
The total energy U present at any instant in an oscillating LC circuit is 
given by 


| 
| 


14? 
= ES = inp? p, 
U = Ов + Ов = + 26 


which expresses the fact that at any arbitrary time the energy is stored 
partly in the magnetic field in the inductor and partly in the electric field 
in the capacitor. If we assume the circuit resistance to be zero, there is no 


energy transfer to Joule heat and U remains constant with time, even i 
though 7 and g vary. In more formal language, dU/dt must be zero. This | 
leads to : X t 
wale 1¢ di gd 
— =—( 41? 52) T ~—=0, 384 | 
di dt (3 T С Г: E C dt : 
Now, g and г are not independent variables, being related by 3 
12 : 
dt ; 
Differentiating yield LANA | 
elds — = — 
3: d аг 


Substituting these two expressions into Eq. 38-4 leads to 
f 


ERT FOE 
* L—+-—q=0. 38-5 
| dd T ct (38-5) 


This is the differential equation that describes the oscillations of а (re- 
sistanceless) LC circuit. To solve it, the student should note that Eq. 38-5 
is mathematically of exactly the same form as Eq. 15-6, 


m— + kg =:0, (15-3) . 
which is the differential-equation-for the mass-spring oscillations. Funda- 


mentally, it is by comparing these two equations that the correspondences 
on p. 947 arise. ? 7 
- The solution of Eq. 15-6 proved to be 


ў z= А cos (wt + ¢), М (15-5) 
where A (= £m) is the amplitude of the motion and ф is an arbitrary phase 
engle. Since q corresponds to z, we can write the solution of Eq. 38-5 as 

4 = Gm cos (wt + $), (38-4) . 


where w is the still unknown angular frequency of the electromagnetic 
oscillations. ` ` 


` 


Sa ee EN E аы TT 


> рУ N 1 
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We can test whether Eq. 38-6 is indeed a solution of Eq. 38-5 by substi- 
tuting it and its second derivative in that equation. То find the second 
derivative, we write 


a =i = — Wm sin (wl + 4) (38-7) 
d? 
and = = —w"gm cos (wt + Ф). 


Substituting q and 420/4 into Eq. 38-5 yields 
1 
= е? cos (ut + Ф) + c, соз (at + Ф) = 0. 


Canceling qm cos (wt + ¢) and rearranging leads to 


[1 
Petal estt 
LC 


Thus, if w is given the constant value 1/ у LC, Eq. 38-6 is indeed a solution 
of Eq. 38-5. This expression for o agrees with Eq. 38-3, which was arrived 
at by the method of correspondences. 

The phase angle $ in Eq. 38-6 is determined by.the conditions that 
prevail at і = 0. If the initial condition is as represented by Fig. 38-1a, 
then we put ¢ = 0 in order that Eq. 38-6 may predict q = qn at = 0. 
What initial condition in Fig. 38-1 is implied if we select ф = 90°? 
> Example2. (а) In an oscillating LC circuit, what value of charge, expressed in 
terms of the maximum charge, is present on the capacitor when the energy is shared 
equally between the electric and the magnetic field? (b) How much time is required 
for this condition to arise, assuming the capacitor to be fully charged initially? 
Assume that L = 10 mh and C = 1.0 uf. А e 

(a) The stored energy and the mazimum stored energy in the capacitor are, 


respectively, e A 
Ов = 35 мй Овт =fr 
Substituting Ug = 3U s,m yields 


d rl Wer Li Ded as S 
207220 Dua Bs. 
(b) To find the time, we write, assuming ¢ = 0 in Eq. 38-6, 
1 
18/7 dn SOR Og te 


1 T - T 
: $a =a = км 
which leads to wt cos và or t 


The angular frequency w is found from Eq. 38-3, or 


ел Усы 2 um 
WA TS Nox мшу CI Чым) ОСОТ 


Е 
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The time t is then 
EU IC AREA Wa mir Е. 
ТО аа вао) т 170.0 10 = 
` What is the frequency » in cycles/sec? 4 
The stored electric energy in the LC cireuit, using Eq. 38-6, is 
1 q? ф 2 * 
Ug = ike ae соз? (wt + 9), (38-8) 


and the magnetic energy, using Eq. 38-7, is 
Ов = $17? = LLo'q,? віп? (wt + Ф). 
Substituting the expression for û (Eq. 38-3) into this last equation yields 


2 
Ups = e + Фф). (38-9) 


LAN 


TUR TN TN И nter 
M \ \ l 3 \/ \ — Us = Us, max c05? он 
\ \ \ 


Le — Ug = Ов max Sin? wt 


Fig, 38-4 The stored magnetic and electric energy in the circuit of Fig. 38-1. Note that 
their sum is t constant. The letters indicate corresponding phases of oscillation in Fig. 
38-1, 


. Figure 38-4 shows plots of Ug(t) and Ug(t) for the case of ¢=0. Note 
that (а) the maximum values of Ug and Up are the same (= 02/20); (b) 
at any instant the sum of Ug апа. (/в is а constant (= 02/20); and (c) when 
Ug has its maximum value, Ug is zero and conversely. This analysis sup- 
~ ports the qualitative analysis of Section 38-1. The student should compare 
this discussion with that given in Section 15-4 for the energy transfers in 
а mass-spring system. 
`` > Example 3. The LCR circuit. (a) Derive an expression for the quantity 9(t) 
for a single-loop circuit containing a resistance R as well as an inductance L and a 
capacitance C. (b) After how long a time will the charge oscillations decay to half- 
amplitude if L = 10 mh; C = 1.0 uf, and = 0.1 ohm? 
(a) If U is the total stored field'érrergy, we have, as before, 


р, 1 
U = 6029. 
U ів no longer constant but rather 
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the minus sign signifying that the stored energy U decreases with time, being con- 
verted to Joule heat at the rate i*R. Combining these two equations leads to 


Substituting dq/dt for i and 4/0? for di/dt leads finally to 


2 dq 


CRT Lg 70, 


e 
which is the differential equation that describes the damped LC oscillations. If we 
put R = 0, this equation reduces, as expected, to Eq. 38-5. 

The student should compare this differential equation for damped LC oscillations 
with Eq. 15-37, or 


тй bi ke 0, Ў (15-28) 


which describes damped mass-spring oscillations. Once again the equations are 
mathematically identical, the resistance R corresponding to the mechanical damping 
constant б. 

The solution of the LCR circuit follows at once, by correspondence, from the 
solution of Eq. 15-37. It is (see Eqs. 15-38 and 15-39) for R reasonably small, and 
for an initial condition in which the capacitor has a maximum charge 


q = gme FL ооз off, А (38-10) 


2 — s 
where TE Vie £ E) : (38-11) 


Note that Eq. 38-10, which сап be described as-a cosine function with an expo- 
nentially decreasing amplitude, is the equation of the decay curve of Fig, 38-3. Note, 
too (Eq. 38-11), that the presence of resistance reduces the oscillation frequency. 
These two equations reduce to familiar results as R — 0. 

(6) The oscillation amplitude will have decreased to half when the amplitude 
factor e~*#/24 in Eq. 38-10 has the value one-half, or 


d= етв, 
which leads readily to 
2L (2)(10 X 10? henry)(0.69) 
t gh2-7 EIER OR UA 0.14 sec. 


aw 


The angular frequency, from Eq. 38-11, is 


& Жы i Я 0.10 ohm y 
9 = No x 10-*henry)(1.0 x 10-5farad) | N2 X 10 X 10 henry 


= V 108 radians/sec? — 25 radians/sec? = 1.0 X 10‘radians/sec. 


Note that the second tern. is rather small, so that in this case, as in many practical 
cases, the resistance has a negligible effect on the frequency. "The student should 
show that 0.14 sec, the time at which the oscillations decrease to half-amplitude, 
corresponds to about 220 cycles of oscillation. The йаш is DE less severe . 
than that illustrated in Fig. 38-3. 2 г < 
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38-4 Forced Osciliations and Resonance 
Figure 38-5 shows an LCR circuit containing a sinusoidally varying emf £(/) given 


by 
E = & cos wt, 


in which o" can be varied at will. The emf &(i) might be provided by a variable- 
frequency oscillator. What amplitudes of electromagnetic oscillations are set up in 
this circuit for various angular frequencies w” of the “driving force"? 

The problem corresponds to that of forced oscillations in the damped mass-spring 
system of Section 15-10. The differential equation describing that motion is 


mit T ТЗ + ke = Fp cos wt, (15-31) 


where w’’ is the angular frequency of the external periodic driving force applied to the 
system and F,, is its amplitude. 

For the circuit of Fig. 38-5, the differential equation that follows from the cor- 
respondences of р. 947 and the additional reasonable correspondence of & to F, is 


LO Е + а = bn coset (38-12) _ 


"This equation can also be derived by applying the energy conservation principle to 
the circuit of Fig. 38-5, 


Fig. 38-5 Ап LCR circuit containing a sinusoidal emf 
‘of angular frequency w”. 


We can use the correspondences of p. 947 to write down the solution to Eq. 38-12. 
-Starting from Eq. 15-4 and making the appropriate substitutions, we obtain 


59 Ša sin (ut — ф), (38-13)` 
u 
where З 9 = (wL 5 c) ay Б", 


and ф, the phase angle between the "driving force" and the “response,” is given by 
us 


$- совт. e. 


As often as not, we are interested in the current i(t) in the circuit, rather than the 
charge; the current corresponds to the velocity v(t) of the moving mass in Section 
15-10. We can find i(t) by differentiating Eq. 38-13, or 


dq w"Em 


Ф= Т g c9 (wb — a) = i4 cos (w/t — о). 


kos 
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The amplitude i, of the current oscillations is given, from these equations, by Р 
"Em _ Em : 
Toy gp) + ` 
Inspection of Eq. 38-14 shows that the current (not the charge; see Question 5) will 
have its maximum amplitude when : 


T (38-14) 


ar э zB 
which can be written as ш” = Nic (38-15) 


Comparison with Eq. 38-3 shows that the maximum amplitude of the current oscilla- 
tions occurs when the frequency w” of the applied emf is exactly equal to the natural 
(undamped) frequency « of the system. i 
At resonance (w! = w) the amplitude of the current oscillations is determined 
entirely by the resistance; this follows by combining Eqs. 38-14 and 38-15, or 


tn = = (at resonance). 


Figure 38-6 shows im as a function of w” for an oscillating LCR circuit containing 
three different values of resistance. Note that the smaller the resistance, the sharper 
the resonance curve. The sharpness of such a curve is*measured by. its half-width, 
which is the difference between two frequencies, each of which corresponds to a cur- 
rent amplitude of one-half the maximum current amplitude. The half-width of the 
curve for R = 10 ohms in Fig. 38-6 is shown in that figure by the arrow marked Aw. 


w”, 107/sec 


Fig. 38-6 The current amplitude as a function of frequency in the circuit of Fig. 38-5. 
"The arrow marked Aw on the curve for Ё = 10 ohms is the half-width of that curve. - 


2 
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38-5 Lumped and Distributed Elements 

In the oscillating mass-spring system the two kinds of energy involved 
appear in separate parts of the system, ‘the potential energy being stored in 
the spring and the kinetic energy in the moving mass. An acoustic cavity 


resonator, such as an organ pipe, із a mechanical oscillating system in which 


the two forms of energy are not separatec in space. Kinetic energy, asso- 


ciated with moving air in the cavity, and potential energy, associated with _ 


compressions or rarefactions of the air, can both be present throughout the 
volume of the cavity. Such a cavity is an example of an oscillating system 
with distributed rather than lumped (as in the mass-spring system) elements. 
A similar distinction exists in electromagnetic systems. The LC circuit 
of Fig. 38-1 is an example of lumped elements, in that the two kinds of 
energy are stored in rather different places; the circuit is described by giving 
the (lumped) system parameters L and C. Actually, in modern engineering 
practice and in physics research electromagnetic systems with distributed 
elements play a fundamental role. 
Figure 38-7, a series of "snapshots" taken one-eighth of a cycle apart, 
shows the pressure and velocity variations in the fundamental mode of a 
particular acoustic resonator. There is a pressure node at the center and a 
pressure antinode at each end. There is a velocity * node at each end and 
a velocity antinode at the center. When the pressure variation is the great- 
est, the velocity is zero (Figs. 38-7a and е). When the pressure is uniform, 
the velocities have their maximum values (Figs. 88—7с, and g). 
The energy in the acoustic resonator alternates between kinetic enérgy 
associated with the moving gas and potential energy associated with the 
- compression and rarefaction of the gas. In Figs. 38-7c and g the energy i8 
all kinetic and in Figs. 38—7a and e it is all potential. In intermediate phases 
it is part of each. 


The kinetic energy of a small mass Am of the gas, which is moving parallel to the 


cylinder axis with a speed ш, is }Amu,?. The kinetic energy density, that is, the 


kinetic energy per unit yolume, is 
spat ee tig Saar 1 
ux ; am UN Spor, , 


in which ДУ із the volume of the gas element and ре is the mean density of the gas. 
The potential energy per unit volume in the gas, that is, the potential energy density, 
associated with the compressions and rarefactions of the gas may be given by 


up = 4B (22 


Here B is the bulk modulus of elasticity of the gas and Ap/po, which is positive for 8 
compression and negative for a ‘rarefaction, is the fractional change in gas density. 


* The velocity of interest here is the directed velocity v, of small volume elements of 
the gas which are, however, large enough to contain а great number of molecules. The 
- thermal velocities of the molecules have no directional preference and ate ignored. 


| 
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Fig. 38-7 Showing eight stages in a cycle of oscillation of а cylindrical acoustic resonnnt © 
cavity. The bar graphs below each figure show the kinetic and potential energy. The 
arrows represent the directed velocities of small volume elementa of the gas. Compar * 
with Fig. 38-1. 


The aagular frequency of oscillation for the cavity of Fig. 38-7, in thé fundamente! 
(or lowest frequency) mode shown in that figure, is found from x 
TU 


2 
ы ow = ту = 2 т 


where » js the speed of sound in the gas and [ів the length of the cavity. From Eq. 
20-1 we may write v as ~/Bc/po. Note that in the above we have put Л = 2l, cor- 
responding to the fundamental mode. What are the frequencies о», ws, etc., of the 
higher frequency modes? 


38-6 Electromagnetic Cavity Oscillator E 

Consider now a second closed cylinder, of radius a and length l, whose 
walls are made of copper or some other good conductor. A system of oscil- 
lating electric-and magnetic fields can be set up in such a cavity even if, as 
in the common сазе that we consider, the cavity contains no material me- ( 
dium. Such an electromagnetic cavity resonator is a distributed electromag- a 
netic oscillator, in contrast vo an LC circuit, which is a lumped system. As 


\ М us 
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for the acoustic resonator, many modes of oscillation with discrete frequen- 
cies are possible; we describe only the fundamental mode, which has the 
lowest frequeney. The cavity oscillations can be set up by suitably con- 
necting the cavity, through a small hole in its side wall, to a source of elec- 
tromagnetic radiation such as a magnetron. If the cavity dimensions are 
of the order of a few centimeters, the resonant frequencies will be of the 
order of 10!° cycles/sec. This is far higher than the acoustic frequencies in 
eavities of the same size, reflecting the fact that the speed of electromagnetic 
disturbances in free space (= 3-X 10? meters/sec) is much greater than the 
speed of sound in air (about 350 meters/sec). 

' Figure 38-8, which is a series of "snapshots" taken one-eighth of a cycle 
apart, shows, by the horizontal lines, how the electric field E varies with 
time in the cavity. The electric lines of force originate on positive charges 
at one end of the cylinder and terminate on negative charges at the other 
end. As E changes with time, eventually reversing itself, currents flow from 
one end of the cylinder to the other on the inner cylinder wall. At any point 


Fig. 38-8 Showing eight stages in а субе of oscillation of a cylindrical electromagnetic 
resonant cavity. The bar graphs below each figure show the stored electric and magnetic 
energy. The dots and crosses represent circular lines of B; the horizontal lines represent E. 
Compare with Fig. 38-7. | 
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in the cavity, energy is stored in the electric field in an amount per unit 
volume given by Eq. 30-27, or 


ug = jegE". (38-16) 


Figure 38-8 also shows, by the dots and crosses, how the magnetic field В 
varies with time. The magnetic lines form circles about the cylinder axis. 
Note that the magnetic field has a maximum value when the electric field is 
zero, and conversely. At any point in the cavity energy is stored in the 
magnetic field in an amount per unit volume given by Eq. 36-19, or 


: f 
A 3 ug = — В?. (38-17) 
2uo 

Thus, as in the LC circuit, energy is shuttled back and forth between the 
electric and the magnetic fields. However, these fields no longer occupy 
completely separate regions of space. 


We state without proof that the angular frequency of oscillation for the electro- 
magnetic cavity of Fig. 38-8 is, in the fundamental mode shown in that figure, 


p ok 
a 


in which а is the cavity radius and с is the speed of electromagnetic radiations in 
free space. We will see in Section 39-5 that с may be written in terms of electro- 
magnetic quantities as 1/+/uceo. As the field patterns of Fig. 38-8 suggest, the 
resonant frequency of oscillation of the cavity, for the mode of oscillation shown, 
depends only on the radius of the cavity and not on its length. : 

Table 38-2 summarizes some characteristics of thé four oscillating systems that 
we have discussed so far. For lumped systems it gives expressions for the two kinds 


Table 38-2 


Four OSCILLATING SYSTEMS 


Electromagnetic Systems 
Lumped LC circuit 
systems Ux = imv Ов = 1л? 
d Us = 01/0) 
us NE Comin CT) 
m L. 
Distributed Acoustic cavity Electromagnetic cavity 
systems | ux = Sew," up = is 
up = 3B(Ap/p)' Ug = 36 
1.19c [3s 
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of energy involvèd and for the (single) oscillation frequency. For the distributed 
systems it gives expressions for the two kinds of energy density involyed and for the 
oscillation frequency in the fundamental mode. The student should study carefully 
all the correspondences, similarities, and differences that occur in the table. 

The expression given above for the fundamental resonant angular frequency w of 
the cavity is derived by applying the basic equations of electromagnetism (Table 
38-3) to the space inside the cavity and by invoking this boundary condition: E 
must be zero inside the cavity wall and can have no tangential component anywhere on 
the cavity wall. If this were not true, an infinite current would be set up in the as- 

` sumed resistanceless wall by the tangential component of E. This boundary con- 
dition is similar in spirit to the requirement that a clamped string must have zero 

. amplitude of oscillation at the points at which it is clamped or that a velocity node 

‚ must exist at the end walls of an acoustic cavity resonator. Granted this boundary 
condition, on Е, it can be shown that, assuming a perfectly conducting wall, (a) no 
time-varying magnetic field can exist inside the cavity wall and (b) no time-varying 
currents can exist inside the wall. A tangential magnetic field can exist on the surface, 
however; surface charges can exist, and surface currents can flow. 


Fig. 38-8c? 
At the.first instant the energy is all electric and at the second it is all magnetic. 


e The total energy U, found by integrating the energy density over the volume of the 
cavity, must be the same at these two instants, or 8 3 


U = fus m dV = funn av, 


or : ine f En? dV = f By? dV. » 


The quantity f£, dV can be written as EnV, where V is the eavity volume and 


2: the average.value of E,3 throughout the cavity. Treating B,, in the same way 
eads to . 


en = By? 
or, taking square roots, V B! = Vino УБ. 


We can represent VB, by Biss, a so-called "root-mean-square" value of B5. 

- In computing Brms, note that the averaging is done throughout the volume of the 
cavity, at the instant corresponding to Fig. 38-8c. It is not a time average for a 
particular point in the cavity. Doing the same for E yields 


Bess = уре Е. = V (ar X 10-7 weber/amp-m)(8.9 X 10-12 coul?/nt-m?) E; ms 
= (3.3 X 10—° sec/meter) E, s. ; 
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If Ej, equals 10* volts/meter, a reasonable value, then 
Brana = (8.8 X 107* sec/meter)(10* volts/meter, 
= 3.3 X 107* weber/meter* = 0.33 gauss. 


What is the total stored energy in the cavity under these conditions, assuming the 
cavity to be 10 em long and 3,0 cm in diameter? > 

The student will recall that in Example 6, Chapter 36, we showed the energy 
density for a magnetic field of "ordinary" laboratory magnitude (say, 1 weber /meter*) 
to be enormously greater than that for an electric field of “ordinary” magnitude 
(say, 10° volts/meter). This fact is consistent with the present example. - < 


38-7 Induced Magnetic Fields 


To understand the electromagnetic cavity oscillations in terms of electro- 
magnetic theory, we must complete our description of the basic equations of. 
electromagnetism by introducing a new concept, namely, that a changing 
electric field produces a magnetic field. This concept, which is the symmetrical 
counterpart of Faraday’s law of induction, is of fundamental significance. 
We will develop this concept by a symmetry argument and will let the 
agreement with experiment of our: final conclusions speak for itself. This 
comparison with experiment, which is worked out largely in Chapters 39 
and 40, forms one of the chief experimental bases of electromagnetic theory. 
A central achievement was the demonstration that the experimentally 
measured speed с of visible light in free space could be related to purely 
electromagnetic quantities by - : x 


B Cm ape (38-18) 


This demonstration not only revealed optics as a branch of electromagnetism 
but led directly to the concept of the electromagnetic spectrum, which in 
turn resulted in the discovery of radio waves. . 

Figure 38-9a shows a uniform electric field E filling а cylindrical region of 
space. 1% might be produced by a circular parallel-plate capacitor, as sug- 
gested in Fig. 38-9b. We assume that E is increasing at a steady rate 
dE /di, which means that charge must be supplied to the capacitor plates at a 
steady rate; to supply this charge requires a steady current iinto the pos- 
itive plate and an equal steady current 7 out of the negative plate. 

If a sufficiently delicate experiment could be performed, it would be found 
that a magnetic field is set up by this changing electric field. Figure 38-9a 
shows B for four arbitrary points. Figure 38-9 suggests а beautiful exampie 
of the symmetry of nature. A changing magnetic field induces ап electric 
field (Faraday’s law); now we,see that a changing electric field induces а 
magnetic field. Y : 

To describe this new effect quantitatively, we ere guided by analogy with 
Faraday’s law of induction, 


7 фе тыр (38-19) 
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Fig. 38-9 (а) Showing the induced thagnetic fields B at four points, produced by a chang- 
ing electric field E, Th. electric field is increasing in magnitude. Compare Fig. 35-10. 
(b) Such a changing electric field may be produced by charging а parallel-plate capacitor as 


which asserts that an electric field (left term) is produced by a changing 
magnetic feld (right term). For the symmetrical counterpart we might 
write * 

фв.а E (38-20) 

erm 

Equation 38-20 asserts that а magnetic field (left term) can be produced by 
а changing electric field (right term). The student should compare-carefully 
Fig. 35-10, which illustrates the production of an electric field by a changing 
Magnetic field, with Fig. 38-9a. In each case the appropriate flux Фв or Фк 
is increasing. However, experiment shows that the lines of E in Fig. 35-10 
are counterclockwise, whereas those of B in Fig. 38-9a are clockwise. This 
difference requires that the minus sign of Eq. 38-19 be omitted from Eq. 
38-20. \ 
In Section 34-1 we saw that a magnetic field can also be set up by a cur- 
rent in à wire. We described this quantitatively by Ampére's law: 


f фв-а "ui; 


“in which û is the conduction current passing through the loop around which 
the line integral is taken. Thus there are at least two ways of setting up 


— * Our system of units requires that we insert the constants < and uo in Eq. 38-20. In 
some unit systems they would not appear. 
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a magnetic field: (a) by a changing electric field and (b) by a current. In 
general, both possibilities must be allowed for, or * 


‘ dtr d 
gpa = тю 7 + uoi. (38-21) 
Maxwell is responsible for this important generalization of Ampére’s law. 
In Chapter 34 we assumed that no changing electric fields were present so 
that the term d@g/dt in Eq. 38-21 is zero. In the discussion just given we 
assumed that there were no conduction currents in the space containing the 
electric field. Thus the term 7 in Eq. 38-21 i$ zero. We see now that each 
of these situations is а special case. 
> Example 5. A parallel-plate capacitor with circular plates is being charged as 
in Fig. 38-9. (a) Derive an expression for the induced magnetic field at various radii 
т. Consider both r < R and r > R. 
From Eq. 38-20, о 
db; 
фв-а = uou 
we can write, for r < R, ў * 


(BY ar) = м й (Ber?) = pocorn? ү 


Solving for B yields В = шєт — (т < №). 
For т 5 R, Eq. 38-20 yields 


(By) = изе & KERD] = vocor R? (45. 
or В = Sop ESE (т SR). 


(b) Find B atr = R for dE/dt = 10” volts/m-sec and for R=50cm. Atr = В 
the two equations for B reduce to the same expression, or 8 


B= Ьеч А8 à 

= (4)(4r X 107" weber/amp-m)(8.9 310 7® coul? /nt-m?) 
(5.0 X 107? meter) (10! volts/m-sec) 

= 2.8 X 10-7 weber/ meter” = 0.0028 gauss. 


This shows that the induced magnetic fields in this example are so small that they 
сап scarcely be measured with simple apparatus, in sharp contrast to induced -electric 
fields (Faraday’s law), which can be demonstrated easily. This experimental dif- 


* Actually, there ika third way of setting up а magnetic field, by the use of magnetized 
bodies. In Section 37-7 we saw that this could be ‘accounted for by inserting а magnetizing 
current term їм on the right side of Ampére’s law. This law would then read, in its full 


generality, 
4 фв-а = ив F + uot + uot. 


In all that follows we assume that no magnetic materials are present so that im = 0. 


b 


ference is in part due to the fact that induced emfs can easily be multiplied by using 
а coil of many turns. No technique of comparable efficiency exists for magnetic 
fields. In experiments involving oscillations at very high frequencies dE/dt above 

- ean be very large, resulting in significantly larger values of the induced magnetic 
field. 


4 


۰ 


38-8 Displacement Current 


Equation 38-21 shows that the term ey ddg"dt has the dimensions of & 
eurrent. Even though ne motion of charge is involved, there are advantages 
in giving this term the name displacement * current. Thus we can say that a 
magnetic field can be set up either by a conduction current 7 or by a displace- 
ment current (= eû dbz/dt), and Eq. 38-21 can be rewritten as f 


фв-а РУ (38-22) 


‘The concept of displacement current permits us to retain the notion that 
current 1$ continuous, a principle established for steady conduction currents 
in Section 31-1. In Fig. 38-9b, for example, a current 7 enters the positive 
plate and leaves the negative plate. The conduction current is not continuous 
across the capacitor gap because no charge is transported across this gap. 
‘However, the displacement current i; in the gap will prove to be exactly i. 
thus retaining the concept of the continuity of current. = 

_~ To calculate the displacement current, recall (see Eq. 30-5) that E in the 
_ gap is given by E 


Differentiating gives RE Ба ctor = a 
d i SE А 
Тһе displacement ‘current 4; is by definition 
$ d?e (ЕА) A dE З 
а dt di 
Combining these two equations leads to 


SS 4(0) = 
e ) OL 


which shows that the displacement current in-ihe gap is identical with the 
conduction current in the lead*wires. — 


a The word "displacement" was introduced for historical reasons that need not concern 
us here. х. А 


1 We may write this more generally, taking the presence of magnetic materials into 
Account, as 


$B-a = иш + i + iy). 
See the footnote on p. 961. А 
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> Example 6. What is the displacement current for the capacitor of Example 5? 
From the definition of displacement current, 


б аф 
ig = aê = eo (BRD) = «и 


dt 
= (8.9 X 10—12 coul*/nt-m?)(x)(5.0 X 107? meter)*(10" volts/m-sec) 
= 0.070 amp. 
Even though this displacement current is reasonably large, it produces only a small 
magnetic field (see Example 5) because it is spread out over a large area. 4 


38-9 Maxwell's Equations d 


Equation 38-21 completes our presentation of the basie equations of elec- 
tromagnetism, called Mazwell's equations. They are summarized in Table 
38-3. Allequations of physies that serve, as these do, to correlate experi- 
ments in a vast area and to predict new results have a certain beauty about 
them and ean be appreeiated, by those who understand them, on an aesthetic 
level. This is true for Newton's laws of motion, for the laws of thermody- 
namics, for the theory of relativity, and forthe theories of quantum physies. 
As for Maxwell’s equations, the German physicist Ludwig Boltzmann (quot- 
ing a line from Goethe) wrote “Was it agod who wrote these lines. . . ." In 
more recent times J. R. Pierce,* in a book chapter entitled “Maxwell's Jon- 
derful Equations” says: ““То anyone who is motivated by anything be; ond 
the most narrowly practical, it is worth while to understand Max well's equa- 
tions simply for the good of his soul." The scope of these equations is re- 
markable, including as it does the fundamental operating principles of all 
large-scale electromagnetic devices such as motors, cyclotrons, electronic 
computers, television, and microwave radar. 


38-10 Maxwell's Equations and Cavity Oscillations 


In this section we show how the oscillations of un electromagnetic cavity 
can be understood in terms of Maxwell's equations. A completely formal 
treatment, which is beyond our scope here, would start from these equations - 
and would end with mathematical expressions for the variation of B and E 
with time and with position in the cavity for all modes of oscillation of the 
cavity. We confine ourselves to the fundamental mode only, illustrated in 
Fig. 38-8, fer which we postulated the variations of B and E given in that 
figure; we will show that these postulated fields are completely consistent 
with Maxwell’s equations. Ў 

Figure 38-10 presents two views of the cavity of Fig. 38-8d, in which both 
electric and magnetic fields are present. Study of Fig. 38-8 reveals that B 
is decreasing in magnitude and E is increasing at this phase of the cycle of 
oscillation. Let us apply Faraday's law, - 

fea = - е; 
-dt 
'— * Electrons, Waves and Messages, Hanover House, 1956. This book is recommended ES 


collateral reading in electromagnetism.. 
e -= Уз „Аид: ———— 07 


Table 38-3 Г 


THE. Basic Equations оғ ELECTROMAGNETISM (MAXWELL's EQUATIONS) * 
! : : xai р : ^ 
A АЛ б 
Name Equation Describes Crucial Experiment Text, 
: ў Reference 
D { > 
Ee EE ; T п Ё 
Gauss's law for éo фЕ-48 =q | Charge and the elzctric field | 1. Like charges repel and unlike charges attract, ав | Chapter 28 d 
electricity К the inverse square of their separation. E 
1’. A charge on an insulated conductor moves to its E 
outer surface. e $ 
Gauss’s law for | фв-аѕ = 0 The magnetic field :2. It is impossible to create an isolated magnetic | Section 37-2 ` © 
magnetism , pole. | @ 
I Ñ - В 
Атрёге'в law (as ex- 1 фа The magnetic effect of а |3. The speed of light can be calculated from purely | Section 39-5 Б 
tended by Maxwell) dd, changing electric field or electromagnetic measurements. 5 
= ро (6 "dr + i) of a current 3’. A current in à wire sets up a magnetic field near | Chapter 34 й 
the wire. 
Faraday's law of in- ' | фе-а = ahs The electrical effect of a 4. A bar magnet, thrust through a closed loop of | Chapter 35 
duction di changing magnetic field wire, will set up a current in the loop. 
Q 
E 
* Written on the assumption that no dielectric or magnetic material is present. © 
8 
О ОЧЕРЕТУ SPENT, OS RARO КИГЕН ЧЕ BED ACRI SPE SH Т ЛОН O SASE PINE EES EE rae 
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(a) (b) 


Fig. 38-10 Two cross sections of an electromagnetic resonant cavity at а phase of oscilla- 
tion corresponding to Fig. 38-8d. (a) The dashed circle is a path suitable for applying 
Ampére's law. (b) The dashed rectangle is a path suitable for applying Faraday's law. 


to the rectangJe of dimensions Л and a — г. There is a definite flux Pg 
through the rectangular path in question, and this flux is decreasing with 
time because B is decreasing. The line integral above is 


феа = REG), 5 


in which E(r) is the value of E at a radius r from the center of the cavity. 

Note that E equals zero for the upper leg of the integration path (which 
lies in the cavity wall) and that E and dl are at right angles on the two side 
legs. Combining these equations yields 2 

K ) ldég  - 38-23) 
СЕ : 

Equation 38-23 shows that H(r) depends on the rate at which g through _ 
the path shown is changing with time and that it has its maximum Value 
when d,;/dt is a maximum. This occurs when В is zero, that is, when B is 
changing its direction; the student will recall that a sine or cosine is changing ` 
most rapidly, that is, it has the steepest tangent, at the instant it crosses the 
axis between positive and negative values. Thus the electric field pattern 
in the cavity will have its maximum value when the magnetic field is zero 
everywhere, consistent with Figs. 38-8a and e and with the concept of the 
interchange of energy between electric and magnetic forms. The student 
should demonstrate, by applying Lenz’s law, that the electric field in Fig. 
38-10b points to the right as shown, if the magnetic field is decreasing. 

Figure 38-10a shows an end view of the cavity; the electric lines of force 
are entering the page at right angles to the page and the magnetic lines form - 
clockwise circles. Let us apply Ampére's law in the form 


dög i dmi З 
$a = юа + wi (88-21) 
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to the cireular path of radius r shown in the figure. No charge is transported 
through the ring so that the conduction current i in Eq. 38—21 is zero. The 
line integral on the left is (B)(2z7) so that the equation reduces to 


dà 
Ec E (38-24) ОШ 


Equation 38-24 shows that the magnetie field B(r) is proportional to the А. 
rate at which the electric flux Фр through the ring is changing with time. 
The field B(r) has its maximum value when dg /dí is at its maximum ; this 
occurs when E — 0, that is, when E is reversing its direction. Thus we see 
that B has its mazimum value when E is zero for all points in the cavity. 
This is consistent with Figs. 38-8c and g and with the concept of the inter- 
change of energy between electric and. magnetie forms. A comparison with 
Fig. 38-9a, which, like Fig. 38-10a, corresponds to an increasing electric 
field, shows that the lines of B are indeed clockwise, as viewed along the di- 
rection of the electric field. : 

Comparison of Eqs. 38-23 and 38-24 suggests the complete interdepend- 
ence of B and Е in the cavity. As the magnetic field changes with time, it 
induces the electric field in а way deseribed by Faraday’s law. The electric 
field, which also changes with time, induces the magnetic field in a way | : 

‘described by Maxwell’s extension of Ampére’s law. The oscillations, once 
established, sustain each other and would continue indefinitely were it not 
for losses due to Joule heating in the cavity walls or leakage of energy from 
openings that might be present in the walls. In Chapter 39 we show that 
this interplay of B and E occurs not only in standing electromagnetic waves 
in cavities but also in traveling electromagnetic waves, such as radio waves 
or visible light. 


Let us now analyze the currents—both -conduction and displacement—that occur 
in the cavity and examine their connections to the electric and the magnetic fields. - 
Figure 38-11 shows two views of the cavity, taken at an instant corresponding to that 
of Fig. 38-10. For simplicity the fields E and В are not Shown; the arrows represent 
currents. ' Ў 
: Since E is increasing at this instant, the positive charge on the left end cap must be 
increasing. Thus there must be conduction currents in the walls pointing from right 
to left in Fig. 38-115. These current are also shown by the dots (representing the 
tips of arrows) hear the cavity walls in Fig. 38=11a, 

Bearing in mind that eo do s/dt is а, displacement current, we can write Eq. 38-24 as 

ш dbe mo. 1 
A) gE i Bd 


This equation stresses that B in the cavity is associated with a displacement current; 
compare Bq. 34-4, Applying the right-hand rule in Fig, 38-10a shows that the dis- : 
placement current 4; must be directed into the plane of the figure if it is to be associ- 
ated with the clockwise lines of B that are present, 

The displacement current is represented in Fig. 38-115 by the arrows that point to 
the right and in Fig. 38-11a by the crosses that represent arrows entering the page. 
Study of Fig. 38-11 shows that the current is continuous, being directed up the 


є 
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(a) (5 


Fig. 38-11 The cavity of Fig. 38-10 showing (a) the conduction current coming up the 
walls and displacement current going down the cavity volume and (b) the displacement 
current (black arrowheads) in the volume of the cavity and the conduction currents (white 
arrowheads) at the walls. The arrows in each case represent current densities. Note 
the continuity of current (conduction + displacement), that is, it is possible to form 
closed current loops. (For a truly resistanceless cavity the conduction current would 
lie entirely on the surface, requiring a modification of our definition of current density; 
we leave this small complication for the student to consider.) y 


walls as а conduction current and then back down through the volume of the cavity as 
a displacement current. If we apply Ampeére's law as extended by "Maxwell, 


фв-а = шш + i), (38-25) 


to the circular path of radius rı in Fig. 38-110, we see that B at that path is due 
entirely to the displacement current, the conduction current 7 within the path being 
zero. 

For the path of radius rs, the net current enclosed is zero because the conduction 
current in the walls is exactly equal and opposite to the displacement current in the 
cavity volume. Since i equals i4 in magnitude, but is oppositely directed, it follows 
from Eq. 38-25 that B must be zero for all points outside the cavity, in agreement 
with observation. x 


QUESTIONS 


1. Why doesn't the LC circuit of Fig. 38-1 simply stop oscillating when the capacitor 
has been completely discharged? $ 

2. How might you start an LC circuit into oscillation with its initial condition being 
represented by Fig. 38-1c? Devise a switching scheme to bring this.about. 

3. In an oscillating LC circuit, assumed resistanceless, what. determines (a) the fre- 
quency and (b) the amplitude of the oscillations? 

4. Tabulate as many mechanical or electric systems as you can think of that possess в 
natural frequency, along with the formula for that frequency if given in the text. 

5. Resonance in LC circuits, judged by Eq. 38-14 and Fig. 38-6, occurs when the fre- 
quency w of the “driving force" is exactly equal to the (undamped) natural frequeney 
of the LC circuit. In Section 15-10 we saw that resonance for mass-spring systems, 
judged by Eq. 15-41 and Fig. 15-19, occurs when о" is close to, but not exectly equal to, 
the (undamped) natural frequency of the mass-spring system. Is there a failure of the 
principle of correspondence here? ; ; У 
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6. Suppose that, in а low frequency oscillating LCR circuit, one could display on the 
Screen of a cathode-ray oscilloscope a potential difference proportional to the temperature 
of the (specially designed) resistor as it changed with time in response to the heating effect 
of the oseillating current, What would the connection be between the frequency of this” 
temperature-time waveform and that of the oscillations of current, as measured by the 
potential difference across the resistor? 3 

7. Discuss the periodic flow of energy, if any, from point to point in an acoustic resonant 
cavity. — j 

8. Can з given circuit element (a capacitor, say) behave like a “lumped” element under 
some circumstances and like a “distributed” element under others? 

9. List as many (a) lumped and (b) distributed mechanical oscillating systems as you 
10. An air-filled acoustic resonant cavity and an electromagnetic resonant cavity of the 
same size have resonant frequencies that are in the ratio of 10° or so. Which has the higher 
frequency and why? ' 

: 11. What constructional difficulties would you encounter if you tried to build an LC' 

| circuit of the type shown in Fig. 38-1 to oscillate (a) at 0.01 eps, or (b) at 101° eycles/sec? 
12. Could an electromagnetic cavity of the type shown in Fig. 38-8 be designed to 

operate at 60 cycles/sec? - [f so, give some details of its construction. " 

13. The “sharpness of tuning” of a copper electromagnetic cavity can be considerably 
increased by immersing it in liquid air. Explain. Be guided by Fig. 38-6, which shows 
“tuning curves” for an LC circuit. 

-14. Electromagnetic cavities are often silver plated on the inside. Explain. 
* .. 19. Why is Faraday’s law of induction more familiar than its symmetrical counterpart, 

` Eq. 38-20? У 4 

16. Why is the quantity eo dog /dt referred to as a (displacement) current? 

17. In Fig. 38-1c à displacement current is needed to maintain continuity of current in 
the capacitor. How can one exist, since there is no charge on the capacitor? 


18. Discuss the symmetries that appear between (a) the first two and (b) the second two ~~ 


of Maxwell’s equations. 


current in the cavity of Fig. 38-8 be zero? 
2 20. Discuss the time variation during one complete cycle of the charges that appear 
at various points on the inner walls of the oscillating electromagnetic cavity of Fig. 38-8. 


PROBLEMS 


1. You are given a 10-mh inductor and two capacitors, of 5.0- and 2.0-uf capacitance. 
What resonant frequencies can be obtained by connecting these elements in various ways? 
2. Given a 10-mh inductor, how would you make it oscillate at 1.0 X 10° cycles/sec? 
3. An inductor is connected across a capacitor whose capacitance can be varied by 
turning a knob. We wish to make the frequency of the LC oscillations vary linearly with 
the angle of rotation of the knob, going from 2 X 105 cycles/sec to 4 X 10° cycles/sec аз 
the knob turns through 180°. If L = 1.0 mh, plot С ава function of angle for the 180° 
rotation. $ 
4. А 0-henry coil has а resistance of 180 ohms. What size of capacitor must be put in 
series with it if the combination is to “resonate” when connected to a 60-cycle/sec outlet? 
5. Derive the differential equation for an LC circuit (Eq. 38-5) using the loop theorem. 
6. Derive Eq. 38-12, the differential equation for forced oscillations in an LCR circuit, 
‚ from the principle of conservation of energy. 
YE Show that a damped LC circuit (see Example 3) loses half its energy to Joule heat in 
a/time given approximately by 0.6977, in which 7L is the inductive time constant. 
8. A circuit has L = 10 mh and С = 1.0 „f. How much resistance must, be inserted in 
the cireuit to reduce the (undamped) resonant frequency by 0.01%? 
y ] 


19. At what parts of the cycle will (а) the conduction current and (b) the displacement - z 
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9. Suppose that in an oscillating LCR circuit the amplitude of the charge oscillations 
drops to one-half its initial value after n cycles. Show that the fractional reduction in 
the frequency of resonance, caused by the presence of the resistor, is given to a close 
approximation by 

w—w 0.0061 
Sree 


which is independent of L, C, or R. Apply to the decay curve of Fig. 38-3. 
10. Show that, for low damping, the current in a damped LC circuit is given approxi- 
mately by 


i = gwae PL gin (wt + Ф), 


in eh gn a 
in which Ф = ten y 
Start from Eq. 38-10. 

11. “Q” for a circuit. In the damped LC ciréuit of Example 8 show that the fraction 
of the energy lost per cycle of oscillation, AU/U, is given to a close approximation by 
2xR/eL. The quantity wL/R is often called the “Q” of the circuit (for quality"). A 
“high-Q” circuit has low resistance, low fractional energy loss per cycle (= 2x/Q) and 
(see Fig. 38-6) a sharp resonance or "tuning" curve. 

12. Show that the amplitude of the charge oscillations in an oscillating LCR clreult ls 


given by 
dm = Eher ME. ҮР ыг. 
m 
[ - 1\2 e 
"p ZH 
(5 L c) + (aR) 


| For what value of o” will фы, Бе а maximum? _. 

\ 18. An LCR circuit has L = 1.0 henry, C = 20 af, and R = 20 ohms. For what 
frequency о" of an applied emf will it resonate with maximum response? At what fre- 
quencies will the response be one-half its maximum value? ae 

14. Show that the fractional half-width of the resonance curves of Fig. 38-6 is given, 
to a close approximation, by а ә 


1n which w is the resonant frequency and Aw is the width of the resonance peak at i = $in- 

` Note (see Problem 11) that this expression may be written as 1/3/Q which shows clearly 
‚ thata “high-Q” circuit has a sharp resonance peak, that is, a small A/a. 

15. A resistor-inductor-capacitor combination Rj, Lı, Сз (connected in series) exhibits 

resonance at the same frequency as а second combination Ra, Lo, C2. If the two com- 

| binations are now connected in series, at what frequency would the whole circuit resonate? 

16. In Example 5 show that the displacement current density ja is given, for r < Е, by 


-— ав 
Ja =e di 


17. Prove that the displacement current ina parallel-plate capacitor can be written as 


5 dV z 
a= e : ў 


i 18. You are given a 1.0-иЁ capacitor. How would you establish an (instantaneous) dis- - 
. placement current of 1.0 amp in the space between its plates? ; 
19. In Example 5 how does the displacement current through а concentric circular loop 
of radius т vary with r?- Consider both r < R andr > R. : 
| 


z 
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20. In microscopic terms the principle of continuity of current may be expressed 
фо + 50-48 = 0, 


in which j is the conduction current density and j4 is the displacement current o 
The integral is to be taken over any closed surface; the equation essentially says 
whatever current flows into the enclosed volume must also flow ош. (а) Apply this 
tion to the surface shown by the dashed lines in Fig. 38-12 shortly after switch 5 ı4 
(0) Apply it to various surfaces that may be drawn in the cavity of Fig. 38-11, inc 
some that cut the cavity walls. 


21. A cylindrical electromagnetic cavity 5.0 em in diameter and 7.0 em long is oscil T 
in the mode shown in Fig. 38-8. (a) Assume that, for points on the axis of the «а 
Em = 10* volts/meter. For such axial points what is the maximum rate (d£ /d!)m at w 
E changes? (b) Assume that the average value of (d#/di)m, for all points over a em 
section of a cavity, is about one-half the value found above for axial points. Оп 
"assumption, what is the maximum value of B at the cylindrical surface of the cavity? 
22. Collect and tabulate expressions for the following four quantities, considering 
r <R andr >R. Copy down the derivations side by side and study them as inte 
applications of Maxwell's equations to problems having cylindrical symmetry. 
(a) B(r) for a current i ima long wire of radius R (see Section 34-2). 
(b) E(r)for п long uniform cylinder of charge of radius R (see Section 28-6; also Pro! 
Chapter 28). — , X 
. © Bír) for а parallel-plate capacitor, with circular plates of radius R, in which E 
changing at a constant rate (see Section 38-7). 
(d Er) for a cylindrical region of radius R in which a uniform magnetic field В 
< changing at a constant rate {see Section 35-5). е 


Electromagnetic Waves ` 


CHAPTER 39 


Ld 


39-1 Transmission Line 


In Chapter 38 we studied electromagnetic energy confined, as а sanding 
wave, to а restricted region of space, the interior of an electromagnetic 
resonant cavity. Such energy can also be transferred from place to place as 
a traveling wave. An arrangement of conductors for facilitating such trans- 
fers is called a transmission line. Figure 39-1 shows one type of line, а 
coarial cable, ita input end being connected to a switch 8. For the time 
being we assume that the cable is infinitely long and that the cable elemente 
have zero resistance. 

When S is closed on b, the central and the outer conductors are at the same 
potential. If the switch is tben thrown to a, a potential difference V sud- 
denly appears between these elements. This potential difference does no 
appear instantaneously all along the line but is propagated with a finite 


. 


Fig. 39-1 An electromagnetic pulse сап be sent along the coaxial cable by throwing 
switch S from 5 to a. 

1 Р 
. * This subject is treated in greater depth in Supplementary Topic У at the end of 
the book. х 


.Fig.39-2 (а) The variation with iin of the оне difference between the оја 
f Comal cable at a aoe 1 from put end. xb) An instantaneous por of 


Fah ee 


a idal utput. 
3 Кум: 
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If switch S is periodically thrown from b to a and back again, a wave dis- 
turbance like that of Fig. 39-2c is propagated. This suggests that if the 
battery and switch arrangement is replaced by an electromagnetic oscillator 
with a sinusoidal output of frequeney f a wave like that of Fig. 39-2d will 
be propagated. 

A traveling wave in & resistanceless transmission line will exhibit a wave- 
length А given by 


A sm =® 
» 


If the oscillator frequency is 60 cycles/sec, the common commercial power 
frequency, the wavelength is 5 X, 10° meters, which is about 3000 miles. At 
this low frequency traveling waves are not apparent in any line of normal 
length. By the time the polarity of the oscillator has changed appreciably, 
the energy fed into the line at the delatae end has been delivered to the 
load. 

Frequencies in the radio or the microwave range are much higher and the: 
wavelengths correspondingly smaller. Commercial television frequencies as · 
established by the Federal Communications Commission ránge from 54 X 
10° to 980 X 10° cycles/sec. In terms of wavelength this is a range of 5.6 
to 0.31 meter. At these wavelengths the patterns of potential difference in 
the transmission lines used to send television signals across the country can 
be described aptly as traveling waves. Microwaves, used in radar systems, 
and for communication purposes, have even smaller EIR in the 
' range of about 20 em to about 0.5 mm. : 

These considerations suggest another way of viewing the difference be- . 

tween lumped and distributed cireuit elements. A system is “distributed” ` 
.if the wavelength is about the same size as, or less than, the dimensions of the 
system. If the wavelength is much larger than the dimensions of the 
system, we are dealing with lumped components. ^A transmission line 50 
meters long would be a lumped system for electromagnetic radiation at 60 
cycles/sec (А = 5 X 10° meters) but a distributed system at 10° cycles/sec 
(X = 3 meters). In a lumped system the circuit analysis is normally carried 
out in terms of lumped system parameters such as L, C, and R; in a distrib- 
uted system the analysis is often carried out in terms of the fields that are 
set up and the charges and currents that are related to them. 


P Examplel. A potential difference given by , m > 


= Vin sinet . 


is applied between the terminals of a long resistanceless transmission line; the fre- 
quency v (= w/2m) is 3 X 10° cycles/sec. Write an equation for V(t) at a point P . 
which is 1.5 wavelengths down the line from the oscillator. : 

The general ишн for a wave traveling in the x direction (те Eq. 19-10) ів 


V = V, sin (wt — kr), 
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where k (= 2т/Х) is the wave number. At x = 0 this gives correctly the time vari- 
ation of the input terminal potential difference. At = = 1.5\ we have 


E 2r Я 
Vp = Vasin [e = (J) as] = Vn sin (cot — 3л) 
ў = — Va, sin ot. 
Thus Vp is always equal in magnitude to Vo but is opposite in sign. What is the 
wavelength in this example?’ — д; 4 


\ 


zz 2 ГЕРЙ 


LL 


22 We 3 
4— ج‎ 
Conduction 
AS current 
EREN 268 


' ——ъ سي‎ —P 


Displacement 
| а current 


o + zs < 


Fig. 39-3 (а) The electric and magnetic fields іп a coaxial cable, showing a wave traveling 
to the right at speed с. (b) A cross-sectional view at a plane through zz in (a); the wave is 
emerging from the page. (c) Conduction current (open arrows) and displacement currente 
(filled arrows) associated with the wave in (a); the arrows in each case represent current 
density vectors. р 


39-2 Coaxial Cable—Fields and Currents 


Figures 39-3a and b are “snapshots” of the electric and magnetic fiel 
configurations in а coaxial cable. The electric field is radial and the magneti 
field forms concentric lines about the central conductor. The entire patter 
moves siong the line, assumed resistanceless, at speed c. 

The field patterns in this figure obey the boundary condition required for 
line that is assumed to be resistanceless, namely, that E for all points c 
either conducting surface has no tangential component (see p. 957). T! 
field patterns can be deduced mathematically from Maxwell's equations | 


Á 


c 


| 
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imposing this requirement.’ The configuration shown is the simplest of 
many different wave patterns that can travel along the line. The coaxial 
cable, unlike the electromagnetic cavity of Fig. 38-8, is not a resonant de- 
vice. The angular frequency w of waves that travel along it can be varied 
continuously, as is the case for all traveling waves, such as transverse waves 
in a long stretched cord. f 

Figure 39-3c shows the currents in the cable at the instant corresponding 
to Figs. 39-3a and b. The arrows parallel to the cable axis represent conduc- 
tion currents in the central and the outer conductors. The vertical arrows 
with filled heads represent displacement currents that exist in the space be- 
tween the conductors. Note that the conduction current and the displace- 
ment current arrows form closed loops, preserving the concept of the con- 
tinuity of current. i 5 


> Example 2. Verify that the displacement current represented in Fig. 39-3c is 
consistent with the pattern of B and E shown in Fig. 39-3a. 

Consider a small surface element AS shown edge-on in Fig. 39-3; it is shown as 
viewed from above in Fig. 39-4. This hypothetical element is stationary with respect 
to the cable while the field configuration moves through it at speed с. Figure 39-4a 
shows the electric lines of force in the vicinity of this element. It ig.clear from sym- 
metry that, at the instant shown, the net flux Фр through this area is zero. However, 
even though Фр is zero in magnitude, it is, at this instant, changing al its most rapid 
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Fig. 39-4. The area element S in Fig. 39-3 (9 


enlarged and viewed from above, showing 
the adjacent (a) electric and (b) magnetic 
fields. à 
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- > “> 
_ rale, since E at the element AS is at the very moment of reversing its direction as the 3 
wave moves through. Thus the displacement current, which is given by i 
T $ dbz 
х S i= Mr ed 
also has its maximum value. f 
Figure 39-4b shows the magnetic field in the vicinity of the element of area. Let 


us apply the generalized form of Ampére's law, 


ОЕ UN — B-d = poli + ia), 
; s 
to the element. The conduction current û is zero since no charge is transported 
through AS. The displacement current û is not zero, having, in fact, its maximum 
value, Thus, since the right side of this equation (= giz) does not vanish, the left 


side must not vanish. Study of Fig. 39-4b shows that $5.a around the boundary 


of this square has, indeed, a nonzero value. Thus the field and displacement current 
configurations of Figs. 39-3a-c are consistent. We have not discussed the direc- 
tion of їч; that is, does it point into the plane of Fig. 39-4, as Fig. 39-3c asserts, or 
- out of it? We leave this as a question for the student. He may be guided by.con- 
_ sidering the direction of the displacement current in Figs. 38-9a and b. 


3 Example 3. Show that the conduction currents in Fig. 39-3с are appropriately 
related to the magnetic field pattern. | } i 


РА 


Fig. 39-5 Example 3. The coaxial cable of 
Fig. 39-3b, showing the conduction currents 
in the central and outer conductors. The 
wave is emerging from the page. 


Figure 39-5 shows'a cross section of the cable at a plane through za in Fig. 39-3a. 
Let us apply Ampére’s law, 


фв-а = ui + ia), 


‘to the ring of radius f. The displacement current through this ring is zero, this 
current being at right angles to the central conductor. The conduction current û 
in the central conductor, shown by the X’s in the figure, does pass through this 
ring so that the equation becomes 


(Br) = pot, 


б, К Hot 
or. ; B пул 


"Note that В is related to the current їп the central conductor by the usual right-hand 
rule and that the expression for B is that found earlier (Eq. 34-4) for a long straight 


_ wire. carrying а steady current. 
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к Loudspeaker 


Fig. 39-6 An acoustic transmission line, showing а sound wave traveling to the right. 
The small arrows with filled heads show the directed drift velocities for small volume ele- 
ments of the gas. Compare Fig. 39-3a. 


If we apply Ampére’s law to the large ring of radius r’, we must put the net conduc- 
tion current equal to zero because the current in the outer conductor, shown by the 
dots, is equal and opposite to that in the inner conductor: This means that B must 
be zero for points outside the cable, in agreement with experiment. 4 


It is interesting to compare ће electromagnetic oscillations in a typical traveling 
wave, such as that of Fig. 39-3, to those in а cavity resonator, such as that of Fig. 
38-8. The latter oscillations are an electromagnetic standing wave. In а traveling 
wave E and B are in phase, which means that at a given position along the trans- 
mission line they reach their maxima at the same time. However, Fig. 38-8 shows 
that at a given position in a cavity resonator E and B reach their maxima one-fourth 
of a cycle apart; they are 90° out of phase. 

A complete analogy exists in mechanical systems. In the acoustic resonator of 
Fig. 38-7 the time variations of pressure and velocity for the standing acoustie wave 
are also 90° out of phase, in exact correspondence to the electromagnetic cavity 
oscillations of Fig. 38-8. The acoustic analogy to a transmission line (Fig. 39-6) 
would be an infinitely long gas-filled tube, one end being connected to an acoustic 
oscillator such as a loud-speaker. The entire configuration of Fig. 39-6 moves to 
the right with speed w. The pressure variations, suggested by the dots, and the 
instantaneous velocities, suggested by the arrows, are in phase, just as are E and В 
in the coaxial cable of Fig. 39-3. 5 


39-3 Waveguide 6 2 


It is possible to send electromagnetic waves through a hollow metal pipe. We 
assume that the inner walls of such a pipe, or waveguide as it is called, are resistance- 
less and that the cross section is rectangular. : 

Figure 39-7 shows a typical electric and magnetic field pattern. We imagine that _ 
a microwave oscillator is connected to the left end and sends electromagnetic energy 
down the guide. Figure 39-7а shows a side view of the guide and Fig. 39-7b, a top 
view; Fig. 39-7c shows the cross section. As for the coaxial cable, the field patterns 
are such that E has no tangential component for any point on the inner surface of the . 
guide. The fields E and B are in phase, again like the coaxial cable. Y 

As for all traveling waves, the angular frequency w of electromagnetic waves 
traveling down a guide can be varied continuously. In a'waveguide of given dimen- 
sions, however, there exists, for every mode of transmission, that is, for every pattern” 
of E and B, a so-called cutoff frequency wo. A given guide will not transmit waves in a 
given mode if their frequency is below the cutoff value for that mode in that guide. 
The field patterns of Fig. 39-7 show the dominant mode for a rectangular guide; this 

the mode with the lowest cutoff frequency. Given the frequency о of electromag- 
netic waves to be transmitted, it is common practice to select a guide whose dimen- 
sions are such that o is larger than the cutoff frequency wo for the dominant mode. 
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Fig. 39-7 A waveguide, showing (а) a side view of the lines of E, (b) a top view of the 
lines of B, and (с) a cross-sectional view of ће lines of E. In (c) the wave is emerging from 
the page. For simplicity the lines of B are not shown in (a) and (c), nor are the lines of E 
shown in (b). 


but smaller than the cutoff frequencies of all other modes. Under these conditions 
the dominant mode of propagation is the only one possible. 

In a (resistanceless) coaxial cable the wave patterns travel at speed c. In the 
acoustic transmission line of Fig. 39-6 (assumed "resistanceless") the waves also 
travel at a speed v, which is the same as the propagation speed in an infinite medium. 
In à waveguide, however, the speed is not c. In waveguides we must distinguish 

“between (a) the phase speed vpn, which is the speed at which the wave patterns of 
Fig. 39-7 travel, and (b) the group speed vgr, which is the speed at which electre 
netic energy or information-carrying “signals” travel along the guide. These speeds, 
which are identical for electromagnetic. waves in a coaxial cable and for acoustic 
waves in a tube, are different for waves in a waveguide. 

The phase speed i ts not directly measurable. The wave pattern is a repetitive struc- 
ture, and there is no way to distinguish one wave maximum from another. The waves 
can be observed to enter one end of the guide and to leave at the other, but there is no 
way to identify a particular wave maximum во that its passage down the guide can 
be timed. We can put a signal" on the wave by increasing the power level of the 
oscillator for a short time. This power pulse could be timed as it passes through 
the, guide, but there is no guarantee that it travels at the same speed as the wave 
pattern and; indeed, it does not, The speed of such signals or markers is the speed 
at which energy is propagated, that is, the group speed. 
` From Maxwell's equations it can be shown that the phase speed and the group 

‚ speed for the mode of Fig. 39-7 dre 


; eot 
уе: ў Voh = e : 
B UTI 

= and А = call = (2); (39-2) 


in which a is the width of the guide and А the free-space wavelength. Note that as 
а — ©, which corresponds to free-space conditions, Uph = Ver = c. 

. The phase speed vpn is greater than the velocity of light, the group speed vg, being 
correspondingly less. In relativity theory we learn that no speed at which signals or 
energy travel can be faster than that of light. However, signals or energy cannot be 
transmitted down a guide at speeds exceeding c; they travel with speed Ver which is 
always less tnan c so there is по conflict with the theory of relativity. 


(39-1) 
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The wavelength А in Eqs. 39-1 and 39-2 is the wavelength that would be measured 
for the oscillations in free space, that is, 


« с 
ме (39-3) 


‘ 


where c is the speed in free space and v is the frequency. For waves of a given fre- 
quency, the wavelength exhibited in a guide (A,) must differ from the free-space 
wavelength А because the speed vp, has changed. The so-called guide wavelength №, 
is given by — 

Soh ть Yes. 


№ = 2 = 3 


» ch e 


= à — (39-4) 
NAUES 


Thus the guide wavelength, which is the wavelength exhibited by the field patterns 
in Fig. 39-7, is larger than the free-space wavelength. 


From Eq. 39-1 this yields 


> Example 4. What must be the width a of a rectangular guide such that the 

energy of electromagnetic radiation whose free-space wavelength is 3.0 cm travels 

down the guide (a) at 95% of the speed of light? (b) At 50% of the speed of light? 
From Eq. 39-2 we have 


vg = 0.95с = ei = (2). 


Solving for a yields а = 4.8 cm; repeating for v,, — 0.50c yields a — 1.7 em. 

This formula illustrates the cutoff phenomenon described above. If À = 2a, then 
vg, = 0 and energy cannot travel down the guide. For the radiation considered in 
this example = 3.0 em, so that the guide must have a width a of at least і x 3.0 em = 
1.5 em if it is to transmit this wave. The guide whose width-we calculated in (a) 
above can transmit radiations whose free-space wavelength is 2x 4.8 em — 9.6 em 
or.less. 5 X 4 


39-4 Radiation ) 

The acoustic transmission line of Fig. 39-6 cannot be infinitely long. Its 
far end may be sealed by a solid cap or left open, or it may have a flange, 
a horn, or some similar device mounted on it. If the far end is not sealed, 

- energy will eseape into the medium beyond. This is called acoustic radiation. 
In general, some energy will also be reflected back down the transmission 
line. H acoustic radiation is desirable, the designer's task is to fashion a 
termination (that is, an "acoustic antenna") for the transmission line such 
that the smallest possible fraction of the incident energy will be reflected 
back down the line. Such a termination might take the form of a flared 
horn. Acoustic radiation, of course, requires a medium such as air in order 
to be propagated. : 

An electromagnetic transmission line such as a coaxial cable or a wave- 
guide can also be terminated in many ways, and energy can éscape from the 
end of the line into the space beyond. In contrast to sound waves, a physical 
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— medium i^ not required. Thus eleetromagnetie energy can te radiated 
-  _ е end of the transmission line, to form a traveling eincinimagnete 
а free apace. . 

Figure 39-8 shows an effective termination fot а coaxial cadie it 
af two wires arranged as shown and is called an electese dips somma 
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39-5 Traveling Waves and Maxwell's Equations 
In earlier sections we have postulated the existence of certain magn 
and electric field distributions, in resonant cavities, coaxial cables, and wi 
guides, and we have shown that these postulated distributions are cons 
ent with Maxwell’s equations, as are the distributions of conduction | 
displacement currents associated with the fields. The student who purs 
his studies of electromagnetism will learn how to derive mathemati 
pressions for E and B by subjecting Maxwell’s equations to the 
conditions appropriate to the problem at hand. In this section we ed 
our program by showing that the postulated patterns of E and B 
traveling electromagnetic wave are completely consistent with i 
equations, In doing so, we will be able to.show that the speed of such wi 
in free space is that of visible light and thus that visible light is itself 
electromagnetic wave. 
If the observer at P in Fig. 39-9d is a considerable distance from 
source, the wavefronts described by the electric and magnetic field 
reach him (see Fig. 39-10) will be planes and the wave that moves p 
will be a plane wave (see Section 19-2). Figure 39-11 shows а "s 
of a plane wave traveling in the.z direction. The lines of E are parallel 
the z axis and those of B are parallel to the y axis. The values of B and 
for this wave depénd only on z and ¢ (not on y or z). We postulate th 
they are given in magnitude by 
B = B, sin (kz — wt) 
and E = E, sin (kz — wt). 


Figure 39-12 shows two sections through the three-dimensional diag 
Fig. 39-11. In Fig. 39-12a the plane of the page is the zz plane 


Fig.39-11 А plane electromagnetic wave traveling to the right at opel c. Lines of B 
are parallel to the y axis; those of E are parallel to the z sxis. The shaded ee 0 
the right refer to Fig. 39-12. 
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ты р = 
в) 
Pe. 39-12 The wave of Fig. 20-11 viewed (a) in the ze plane and @) in the ay plane. 


Fig. 39-125 it is the zy plane. Note that, as for the traveling waves in a 
coaxial cable (Fig. 39-34) and in a waveguide (Fig. 39-7), E and B are in 
phase, that is, at any point through which the wave is moving they reach 
their maximum values at the same time. 

The shaded rectangle of dimensions dz and A in Fig, 39-12a is fixed in 
space. As the wave passes over it, the magnetic flux, through the rectangle 
will change, which will give rise to induced electric fields around the rectangle, 
according to Faraday's law of induction. These induced electric fields are, 
in fact, simply the electric component of the traveling wave. 

Let us apply Lenz's law to this induction process. The flux 4s for the 
shaded rectangle of Fig. 39-12a is decreasing with time because the wave is _ 
moving through the rectangle to the right and a region of weaker magnetic 
fields is moving into the rectangle. The induced field will act to oppose this 
change, which means that if we imagine that the boundary of the rectangle 
is a conducting loop a counterclockwise induced current would appear in it. 
This current would produce a field of B that, within the rectangle, would 
point out of the page, thus opposing the decrease in Фр. There is, of course, 
no conducting loop, but the net induced electric field E does indeed act 
counterclockwise around the rectangle because E + dE, the magnitude of 
E at the right edge of the rectangle, is greater than Е, the magnitude of E { 
at the left edge. Thus the electric field configuration is entirely consistent 
with the concept that it is induced by the changing magnetic field. k 
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For a more detailed analysis let us apply Faraday's law of induction, or 
m, 
фе. pe аы (39-8) 


going counterclockwise around the shaded T of Fig. 39-12a. There — 
is no contribution to the integral from the top or bottom of the rectangle 
because E and dl are at right angles here. The integral then becomes 


феа = (Е + dE)(h)] — [(Е)(Һ)] = dE h. 
The flux 4g for the rectangle is 


Фв = (B)(dz h), 


where B is ie magnitude of B at the rectangular strip and dz h is the area 
of the strip. Differentiating gives 


d$g dB 
di dt 
From Eq. 39-8 we have then 
В 
dE h = —hdz ae 
di 
or Vu ad (39-9) 
dz d 


- Actually, both В and E are functions of x and t; see Eqs. 39-6 and 39-7. 

In evaluating dE/dz, it is assumed that £ is constant because Fig. 39—12a is 
an “instantaneous snapshot." Also, in evaluating dB/dt it is assumed that 
z is constant since what is required is the time rate of change of B at a 
particular place, the strip in Fig. 39—12a. The derivatives under these cir- 
cumstances are called partial derivatives, and а somewhat different notation 
7 is used for them; see the footnote on p. 725. In this notation Eq. 39-9 
becomes 


peta a ма (39—10) 


The minus sign in this equation is appropriate and necessary, for although 
` E is increasing with x at the site of the shaded rectangle in Fig. 39-12a, В 

is decreasing with t. Since E(z,t) and B(z, P are known (see Eqs. 39-6 and 

39-7), Eq. 39-10 reduces to 

kEm cos (kr — wt) = wBm cos (kz — wt), 
E, 
or (see Eq.39-5) — - NAR e uS NE (39-11a) 
E Be 


Thus the speed of the wave c is the ratio of the amplitudes of the electric 
and the magnetic components of the wave. From Eqs. 39-6 and 39-7 we 
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see that the ratio of amplitudes is the same us the ratio of instantaneous 


values, or 
E = cB. (39-115) 


This important result will be useful in later sections. 

We now turn our attention to Fig. 39-125, in which the flux Фу for the 
shaded rectangle is decreasing with time as the wave moves through it. 
According to Maxwell’s third equation (with 7 = 0, because there are no 
conduction currents in a traveling electromagnetic wave), 5 


аф, » 
faa = pot ae, (39-12) 


this changing flux will induce a magnetic field at points around the periphery 
of the rectangle. This induced magnetic field is simply the magnetic com- 
ponent of the electromagnetic wave. Thus, as in the cavity resonator of 
Section 38-10, the electric and the magnetic components of the wave are 
intimately connected with each other, each depending on the time rate of 
change of the other. 

Comparison of the shaded rectangles in Fig. 39-12 shows that for each 
the appropriate flux, Фа ог $g, is decreasing with time. However, if we pro- 
ceed counterclockwise around the upper and lower shaded rectangles, we 


see that fea is positive, whereas фв-а is negative. This is as it should 


be. If the student will compare Figs. 35-10 and 38-9a, he will be reminded 
that although the fluxes Pg and dg in those figures are changing with time 
in the same way (both are increasing) the lines of the induced fields, E and 
B, respectively, circulate in opposite directions. Я 


The integral in Eq. 39-12, evaluated by proceeding counterclockwise 
around the shaded rectangle of Fig. 39—125, is 


фв-а = [- (B + dB)(h)] + [(B)(h)] = —h dB, 
where B is the magnitude of B at the left edge of the strip and B + dB is 


its magnitude at the right edge. 
The flux Фе through the rectangle of Fig. 39—120 is 


Фк = (E)(h dz). 
: d MS: dg dE 
Differentiating gives FEA hdz 29 P 


Equation 39-12 can thus be written 


h dB (к=) 
T = рою F22 


or, substituting partial derivatives, 


= = Дес (39-13) 
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Again, the minus sign in this equation is appropriate and necessary, for, 
although В is increasing with x at the site of the shaded rectangle in Fig. 
39-12b, E is decreasing with /. 

Combining this equation with Eqs. 39-6 and 39-7 yields 


—KB,, соз (kr — ot) = — uoeyoE,, cos (kx — wi), 


` or (see Eq. 39-5) = = 6 : (39-14) 


ў Bn Koco Ho €o€ 
Eliminating Em/Bm between Eqs. 39-11a and 39-14 yields 


leds E (39-15): 
Substituting numerical values yields 
1 
“~~ Vr X 1077 weber/amp-m) (8.9 x 10—12 coul?/nt-m?) 
= 3.0 X 10° meters/sec, (39-16) 


which is the speed of light in free space! This emergence of the speed of 


\ 


light from purely. electromagnetic considerations is the crowning achieve- 
ment of Maxwell's electromagnetic theory. Maxwell made this prediction 
before radio waves were known and before it was realized that light was elec- 
tromagnetic in nature. His prediction led to the concept of the electro- 
Magnetic spectrum, which we discuss in Chapter 40, and to the discovery 
of radio waves by Heinrich Hertz in 1890. It made it possible to discuss 
optics as a branch of electromagnetism and to derive its fundamental laws 
from Maxwell's equations. е 

A conclusion as fundamental as Eq. 39-15 must be subject to rigorous 
experimental verification. Of the three quantities in that equation, one, ио, 
has an assigned value, namely, 4r X 107 weber/amp-m. The speed of 
light c is one of the most precisely measured physical constants, having the 
presently accepted value of 2.997924 X 108 meters/sec. Тһе remaining 
quantity, eo, can be measured by making measurements on an accurately 
constructed parallel-plate capacitor, as described in Section 30-2. The best 
measured value, by Rosa and Dorsey of the National Bureau of Standards 
(U.S.A.) in 1906, is 8.84025 X 107 coul?/nt-m?. To this accuracy Eq. 


: 39-15 is completely verified. Our confidence in electromagnetic theory, 


bolstered by numerous suctessful predictions and agreements with experi- 

ment, is now such that we reverse the foregoing procedure and calculate | 
our presently accepted value of «y (see Appendix A) from the measured 

speed of light, using Eq. 39-15. 


39-6 The Poynting Vector 


One of the important characteristics of an electromagnetic wave is that 
it can transport energy from point to point. As we show below, the rate of 
energy flow per unit area in a plane electromagnetic wavé can be described 
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by a vector S, called the Poynting vector after John Henry Poynting (1852- 
1914), who first pointed out its properties. We define S from 


S= hs ExB. (39-17) 
Ho » 

In the mks system S is expressed in watts/meter?; the direction of S gives 
the direction in which the energy moves. The vectors E and B refer to 
their instantaneous values at the point in question. If Eq. 39-17 is applied 
to the traveling plane electromagnetic wave of Fig. 39-11, it is clear that 
E x B, hence S, point in the direction of propagation, Note, too, that S 
points parallel to the axis for all points in the coaxial cable of Fig. 39-3. 

We get meaningful results if we extend the Poynting vector concept to 
other electromagnetie situations involving either traveling or standing elec- 
tromagnetic waves, as we will see in Examples 5 and 6. If we extend it to 
cireuit situations involving steady or almost steady currents and lumped 
circuit elements, we are led to some interesting conclusions, which we ex- 
plore in Problems 11, 17, and 18. > 
> Example 5. Analyze energy flow in the cavity of Fig. 38-8, using the Poynting 
vector. ` 


Study of Fig. 39-13 shows that when the energy is all electric (Figs. 39-13a and e) 
it is concentrated along the axis, because this is the region in which E has its maximuin 


Fig. 39-13 Example 5. Energy surges back and forth periodically between the central 
region of the cavity and the region near the walls, as indicated by the Poynting vector S 


x 
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value. When the energy is all magnetic (Figs. 39-13c and g), it is concentrated near 
the walls, Thus the energy surges back and forth periodically between the central 
~ region and the region near the walls. The figure shows, by the open arrows, the 
direction of S at various points in the cavity and at various times in the cycle. Note 
that S equals zero for Figs. 39-134, c, e, and g, which is appropriate because at these 
‘instants of time the field configurations are momentarily stationary and energy 
is not flowing. A pendulum bob at the end of its swing and at the bottom of its 
trajectory forms a mechanical analogy. The student should verify from Eq. 39-17 
that these arrows point in the correct directions. > 4 


— Te 


Figure 39-14 can be used to derive the Poynting relation for the special case of в 
traveling plane electromagnetic wave. It shows a cross section of a traveling plane 
wave, along with в thin “box? of thickness dz and area A. The box, a mathematical 

_ construction, is fixed with respect to the axes while the wave moves through it. 


- fig. 39-14 А plane wave is traveling to the right at speed c; compare Fig. 89-12). The 
‘dashed rectangle in this figure represents a three-dimensional box, of area A and thickness 
dz, that extends at right angles to the piane of the figure. 


At any instant the energy stored in the box, from Eqs. 30-27 and 36-19, is 
aU = dUg + dUg = (ug + ив)(А dz) 


1 
(hE? в) Аа. (39-18) 


where A dz is the volume of the box and Е and B are the instantaneous values of the 


field vectors in the box. 
Using Eq. 39-115 (Е = cB) to eliminate one of the E'sin the first term in Eq. 39-18 


and one of the B's in the second term leads to 
1 ,f/E 
aU = [+В (В) +З ei Ad 


_ (moo? ++: EBA 4) 
E" 


From Ед. 39-15, however, uot" = 1, so that 


dU = ЕВА dz. 
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This energy dU will pass through the right face of the box in a time dt equal to 
dz/c. Thus the energy per unit area per unit time, which is S, is given by 


dU EBA dx 1 


Be eT TIE ET 


This is exactly the prediction of the more general relation Eq. 39-17 for a traveling 
plane wave. 

This relation refers to values of S, E, and B at any instant of time. We are usually 
more interested in the average value of S, taken over one or more cycles of the wave. 
An observer making intensity measurements on a wave moving past him would 
measure this average value 5. We can easily show (see Example 6) that S is related 
to the mazimum values of E and B by 


E 
2uo 

> Example 6. An observer is at a great distance r from a point light source whose 
power output is Po. Calculate the magnitudes of the electric and the magnetic fields. 
Assume that the source is monochromatic, that it radiates uniformly in all directions, 
and that at distant points it behaves like the poker plane wave of Fig. 39-11. 

The power that passes through a sphere of radius r is (S)(4r7?), where S is the average 
value of the Poynting vector at the surface of the sphere. This power must equal Po, ° 
or 

Po = $4тт?. 


From the definition of S (Eq. 39-17), we have 
1 
8- G EB). 


Using the relation E = cB (Eq. 39-115) to eliminate В leads to 


The average value of E? over one cycle is $E". since E varies sinusoidally (see Eq. 
39-7). This leads to 


ES 
Po = a) (4тт?), 
1 JR 
РЕ 1 |^ E x 


For Ро = 103 watts and r = 1.0 meter this yields 
1 [10° watts)4r X 107 weber/amp-m)(3 X 10% meters/sec) 


Em 


= (L0m) p 
= 240 volts/meter. 
The relationship E, = cB (Eq. 39-112) leads to Y 


Em 240 volts/meter 


== = 107" webe ter. 
Bm c 3 X 108 meters/sec Re Зере 
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Note that E, is appreciable as judged by ordinary laboratory standards but that Bm 
(= 0.008 gauss) is quite small. ў + 


QUESTIONS 


1. In the coaxial cable of Fig. 39-1, what are the directions of the conduction current 
(a) in the central conductor and (b) in the outer conductor, shortly after the switch is 
thrown to position a? Consider points that have been reached by the wavefront of Fig. 
39-2a and b and those that have not. б 

2. Compare а coaxial eable and a waveguide, used as а transmission line. Point out 
both similaritiés and differences. 

3. What is the relation between the wavelength in the cable and that in free space for a 
coaxial cable? 

4. Can traveling waves with а continuous range of wavelengths be sent down (a) a 
coaxial cable and (b) a waveguide? Can standing waves with a continuous range of wave- 
lengths be set up in a resonant cavity? Develop mechanical or acoustical analogies to 
support your answers. 

5. If a certain wavelength is larger than the cutoff wavelength for a guide in its dominant 
mode, can energy be sent down it in any other mode? 

8. Explain why the term e d®g/dt is needed in Ampére’s equation to understand the 
propagation of electromagnetic waves. 

7. In the equation c = 1/ уге (Eq. 39-15), how can c always have the same value if 
uo is arbitrarily assigned and «o is measured?, 

8. Is it.conceivable that electromagnetic theory might some day be able to predict the 
value of c (3 X 109 meters/sec), not in terms of yo and «, but directly and numerically 
without retourse to any measurements? 

9. What is the direction of the displacement current in Fig. 39-4? Give an argument 
to support your answer. 

10. In a coaxial cable is the energy transported in the conductors, through the agency 
of the currents, or in the space between them, through the agency of the fields? 


PROBLEMS 


1, Using Gauss's law, sketch the instantaneous charges that appea. on the conductors 
of the coaxial cable of Fig. 39-3 and show that this pattern of charges is appropriately 
related to the conduction currents shown in Fig. 39-3. Е 

2. For а rectangular guide of width 3.0 em, plot the phase speed, the group speed, and 
PUR wavelength as а function of the free-space wavelength. Assume the dominant 
mode. 

3. For a -ectangular guide of width 3.0 em, what must the free-space wavelength of 
radiation be if it is to require 1.0 psec (= 107° sec) for energy to traverse a 100-meter 
length of guide? What is the phase speed under these circumstances? 

4. Under what conditions will the guide wavelength in the guide of Fig. 39-7 be double 
the free-space wavelength? 

5. How does the displacement current vary with space and time in а traveling plane 
electromagnetic wave? 

6. Prove that for any point in an electromagnetic wave such as that of Fig. 39-11 the 
density of energy stored in the electric field equals that stored in the magnetic field. 

7. А resonant cavity is constructed by closing each end of the coaxial cable of Fig. 39-3 

- witha metal cap. The cavity contains three half-waves. Describe the patterns of E and B 
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that occur, assuming the same mode of oscillation as that shown in Fig. 39-3. (Hint: 
Remember that E can have no tangential component at a conducting surface and that 
B and E must be 90° out of phase.) 

8. If а coaxial cable has resistance, energy must flow from the fields into the conducting 
surfaces to provide the Joule heating. How must the electric lines of force of Fig. 39-3a 
be modified in this case? (Hint: The Poynting vector near the surface must have а com- 
ponent pointing toward the surface.) 

9. What guide wavelength does 10-cm radiation (free-space wavelength) exhibit in a 
rectangular guide whose width is 6.0 cm? Assume the dominant mode, What is the cutoff 
wavelength for this guide? 

10. Sketch five more figures to complete the sequence of Fig. 39-9, showing radiation 
from an oscillating dipole. Include an indication of the lines of B in your drawings. 

11. Figure 39-15 shows a long resistanceless transmission line, delivering power from a 
battery to a resistive load. A steady current i exists as shown. (a) Sketch qualitatively 
the electric and magnetic fields around the line, and (6) show that, according to the 
Poynting vector point of view, energy travels from the battery to the resistor through the 

' space around the line and not through the line itself. (Hint: Each conductor in the line 
is an equipotential surface, since the line has been assumed to have no resistance.) 


d | 5 


Fig. 39-15 


12. Analyze the flow of energy in the waveguide of Fig. 39-7, using the Poynting 
yector. 

13. A cube of edge a has its edges parallel to the z-, y-, and z-axes of a rectangular 
coordinate system.. A uniform electric field Е is parallel to the y-axis and a uniform 
magnetic field B is parallel to the z-axis. Calculate (a) the rate at which, aeeording to 
the Poynting vector point of view, energy may be said to pass through each face of the 
eube and (b) the net rate at which the energy stored in the cube may be said to change. 

14. A #10 copper wire (diameter, 0.10 in.; resistance per 1000 ft, 1.00 ohm) carries а 
current of 25 amp. Calculate E, B, and S for а point on the surface of the wire. 

15. Sunlight strikes the earth, outside its atmosphere, with an intensity of 2.0 8 /em?- 
min. Calculate Em and Bm for sunlight, assuming it-to be a wave like that of Fig. 39-10. 

16. A plane radio wave has Em = 10 volt/meter. Calculate (a) Bm and (b) the in- 
tensity of the wave, as measured by 5: 

17. Figure 39-16 shows a cylindrical resistor of length J, radius a, and resistivity p, 
carrying a current i: (a) Show that the Poynting vector S at the surface of the resistor is 
everywhere directed normal to the surface, as shown. (6) Show that the rate P at which 
energy flows into the resistor through its cylindrical surface, calculated by integrating the 
Poynting vector over this surface, is equal to the rate at which Joule heat is produced; 
that is, 


f S-dA = ÛR, 


where dA is an element of area of the cylindrical surface. This shows that, according to 
the Poynting vector point of view, the energy that appears in a resistor as Joule heat does 
not enter it through the connecting wires but through the space around the wires and the 
resistor.’ (Hint: E is,parallel to the axis of the cylinder, in the direction of the current; B 
forms concentric circles around the cylinder, in a direction given by the right-hand rule.) 


` 
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Fig. 39—16 К Fig. 39—17 


18. Figure 39-17 shows a parallel-plate capacitor being charged. (a) Show that the 
Poynting vector S points everywhere radially into the cylindrical volume. (b) Show that 
the rate P at which energy flows into this volume, calculated by integrating the Poynting 
vector over the cylindrical boundary of this volume, is equal ES the rate at which the - 
stored electrostatic energy increases; that is, that 


fs^- ad û (ol, 


where Gd is the volume of the capacitor and { «2 is the energy density for all points within | 
that volume. This analysis shows that, according to the Poynting vector point of view, 
the energy stored in a capacitor does not enter it through the wires but through the space - 
around the wires and the plates. (Hint: To find S we must first find B, which is the | 
magnetic field set up by the displacement current during the charging process; see Fig. 
38-9. Ignore fringing of the lines of E.) 


Nature and Propagation of Light 
CHAPTER 40 


40-1 Light and the Electromagnetic Spectrum 


Light was shown by Maxwell to be a component of vhe electromagnetic 
spectrum of Fig. 40-1. All these waves are electromagnetic in nature and 
have the same speed с in free space. They differ in wavelength (and thus 
‘in frequency) only, which means that the sources that give rise to them and 
the instruments used to make measurements with them are rather different. * 
The electromagnetic spectrum has no definite upper or lower limit. The 
labeled regions in Fig. 40-1 represent frequency intervals within which a 
- common body of experimental technique, such as common sources and com- 
mon detectors, exists. Al] such regions overlap. For example, we can pro- 
duce radiation of wavelength 1073 meter either by microwave techniques 
(microwave oscillators) or by inf rared techniques (incandescent sources). 


105  10* 10° 1 10? 10-4 1075 107 1070 107" 10-8 
ү Wavelength, meters 


Fig. 40-1 The electromagnetic spectrum. Note that the wavelength and frequency 
scales are logarithmic. 


* For a report ‘of electromagnetic waves with wavelengths as long as 1.9 X 107 miles 
the student should consult an article by James Heirtzler in the Scientific American for ~ 


March 1962. 
993 
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400 450 - 500 550 600 ~ 700 
Wavelength, mu 


Fig. 40-2 The relative eye sensitivity of an assumed standard observer at different wave- 
lengths for normal levels of illumination. The shaded areas represent the (continuously 
graded) color sensations for normal vision. 


“Light” is defined here as radiation that can affect the eye. Figure 40-2, 
which shows the relative eye sensitivity of an assumed standard observer to 
radiations of various wavelengths, shows that the center of the visible region 
is about 5.55 X 1077 meter. Light of this wavelength produces the sensa- 
tion of yellow-green.* 

In optics we often use the micron (abbr. и) the millimicron (abbr. my), 
and the Angstrom (abbr. А) as units of wavelength. They are defined from 


1 и = 107 meter 
1 mp = 107? meter 
1А = 101° meter. 


Thus the center of the visible region can Бе expressed as 0.555 и, 555 mp, or 
5550 А. 
The limits of the visible spectrum are not well defined because the eye 
sensitivity eurvé approaches the axis asymptotically at both long and short 
' wavelengths. If the limits are taken, arbitrarily, as the wavelengths at 
which the eye sensitivity has dropped to 1% of its maximum value, these 
limits are about 4300 A and 6900 A, less than a factor of two in wavelength. 
The eye can detect radiation beyond these limits if it is intense enough. In 
many experiments in physies one can use photographie plates or light-sensi- 
tive electronic detectors in place of the human eye. 
* See "Experiments in Color Vision" by Edwin Н. Land, Scientific American, May 
` 1959, and especially “Color and Perception: the Work of Edwin Land in the Light of 
Current Concepts" by M. H. Wilson and R. W; Brocklebank, Contemporary Physics, 


December 1961, for a fascinating discussion of the problems of perception and the distinc- 
‚ tion between color as a characteristic of light and color as a perceived property of objects. 


^ 


b 
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40-2 Energy and Momentum 


Energy is earried by electromagnetic waves from the sun to the earth or 
from an open fire to а hand placed nearby, The transport of energy by such 
a wave in free space was described in Section 39-6 by the Poynting vector S, 


or 


s4 EsB, (40-1 
no 
where E and B are the instantaneous values of the electric and magnetic field 
vectors 

Less familiar is the fact that electromagnetic waves may also transport 
lincar momentum, In other words, it is possible to exert а pressure (a 
radiation pressure *) onan object by shining a light on it. Such forces must 
be small in relation to forces of our daily experience because we do not 
ordinarily notice them. The first measurement of radiation pressure was 
made in 1901-1903 by Nichols and Hull in this country and by Lebedev in 
Russia, about thirty years after the existence of such effects had been pre- 

dicted theoretically by Maxwell. i 
Let а parallel beam of light fall on an object for a time (, the inci ight 
being entirely absorbed by the object. If energy U is absorbed during this 
time, the momentum p delivered to the object is given, according to Max- 
well's prediction, by i Mc J Ў 
y (total absorption), | (40-2a) | 


Е 


where c is the speed of light. The direction of p is the direction of the in- 
cident Беат. If the light energy U is entirely reflected, the momentum de- 


livered will be twice that given above, or vides 
2U : 3 à 
p-— (total reflection). С (402b) 


In the same way, twice as much momentum is delivered to an object when 
a perfectly elastie tennis ball is bounced from it as when it is struck by a 
perfectly inelastic ball of the same mass and speed. If the light energy u 
is partly reflected and partly absorbed, the delivered momentum will lie 
between U/c and 2U /c. 
> Example I. A parallel beam of light with an energy flux S of 10 watts/cm* falls 
for 1 hr on a perfectly reflecting plane mirror of 1.0-cm? area. (a) What momentum 
is delivered to the mirror in this time and (b) what force acts on the mirror? + 
(a) The energy that is reflected from the mirror is У c AC 
U = (10 watts/cm*)(1.0 сш?)(3600 sec) = 3.6 X 10* joules. _ 


The momentum delivered after 1 hr’s illumination is 
„220. NBS x 10tjoules) с. у жы» 


= uu 
c 8 X 10° meters/sec f pea Bs 
~. See “Radiation Pressure," б. E. Henry, Scientific American, р. 99, June 1957. 


996 NATURE AND PROPAGATION OF LIGHT Chap. 40 3 


\ 
(b) From Newton's second law, the average force оп the mirror is equal to th | 
average rate at which momentum is delivered to the mirror, or 3 


Г ГҮ, 24 X 107* kg-m/sec _ 2: 
F сне RT = 6.7 X 1075 nt. 


This is a small force.. a 


Nichols апа Hull, їп 1903, measured radiation pressures and verified 
Eq. 40-2, using a torsion balance technique. They allowed light to fall on 
mirrors M in Fig. 40-3; the radiation pressure caused the balance arm to _ 
turn through a measured angle 0, twisting the torsion fiber F. Assuming & 
suitable calibration for their torsion fiber, the experimenters could arrive at I 
a numerical value for this pressure. ‘Nichols and Hull measured the in- 

- tensity of their light beam by allowing it to fall on a blackened metal i 
of known absorptivity and by measuring the temperature rise of this disk. 
In a particular run these experimenters measured a radiation pressure ail 
7.01 X 10~° nt/meter?; for their light beam, the value predicted, using Eq. | 
40-2, was 7.05 X 10-5 nt/meter?, in excellent agreement. Assuming 23 
mirror area of 1 em?, this represents a force on the mirror of only 7 X 107% 
nt, about 100 times smaller than the force calculated in Example 1. 

The success of the experiment of Nichols and Hull was the result in large 
part of the care they took to eliminate spurious deflecting effects caused by _ 
changes in the speed distribution of the molecules in the gas surrounding ће а 
mirror. These changes were brought about by the small rise in the tempera- 
ture of the mirror as it absorbed light energy from the incident beam. This 8 

“radiometer effect” is responsible for the spinning action of the familiar toy — 
radiometers when placed in a beam of sunlight. In a perfect vacuum such — 
effects would not occur, but in the best, vacuums available in 1903 radiometer | i 
effects were present and had to be taken specifically into account in the de- 
sign of the experiment. 


To demonstrate the transport of momentum from Maxwell's equations in a par- 
ticular case, let a plane electromagnetic wave traveling in the z direction fall on а 


Torsion 
Suspension 


Fig. 40-3 


Incident 
light 
beam 
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Fig. 40-4 Ап incident plane light 
wave falis on an electron in а thin 
resistive sheet. — instantaneous 
values of E, B, the electron veloc- 
ity v, and the radiation force F, are 
shown. 


large thin sheet of a material of high resistivity as in Fig. 40-4. A small part of the 
incident energy will be absorbed within the sheet, but most of it will be transmitted 
if the sheet is thin enough.* 
The incident wave E and B vary with time at the sheet as 
Е = E, sin aX ? (49-3) 


.and B = B, sin ot (40-4) 


where E is parallel to the +y axis and B is parallel to the +z axis. 

In Section 31-4 we saw that the effect of a (constant) electric force (= —eE) on a 
conduction electron in a metal was to make it move with a (constant) drift speed ty. 
The electron behaves as if it is immersed in a viscous fluid, the electric force acting on 
it being counterbalanced by a “viscous” force, which may be taken as 1 


_ to the electron speed. Thus for a constant field E, after equilibrium is established, 


eE = bva, (40-5) 
where b is a resistive damping coefficient. The electron equilibrium speed, dropping 
the subscript d, is thus E 

- = $ (40-6) 


If the applied electric field varies with time and if the variation is slow enough, 
the electron speed can continually readjust itself to the changing value of E so that its 


. speed continues to be given essentially by its equilibrium value (Eq. 40-6) at all 


times. These readjustments are more rapidly made the more viscous the medium, 
just as a stone falling in air reaches a constant equilibrium rate of descent only rela- 
tively slowly but one falling in a viscous oil does so quite rapidly.. We assume that the 
sheet in Fig. 40—4 is so viscous, that is, that its resistivity is so high, that Eq. 40-6 
remains valid even for the rapid oscillations of E in the incident light beam. 

As the electron vibrates parallel to the y axis, it experiences a second force due to 
the magnetic component, of the wave. This force F, (= —ev xB) points in the z 
direction, being at right angles to the plane formed by v and B, that is, the zy plane. 
The instantaneous magnitude of Е, is given by 


F, - «В = "ЕВ. CO о 


* Some of the incident energy will also be reflected, but the reflected wave is of such low 
intensity that it ean be ignored in the derivation that follows; see Optics by В. Rossi, 
Addison-Wesley Publishing Company, р. 411, 1957, from which this derivation is adapted. 
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F, always points in the positive 2 direction because v and B reverse their di 
simultaneously; this force is, in fact, the mechanisrh by which the radiation р 
acts on the sheet of Fig. 40-4. 

From Newton's second law, Р, 18 the rate dp./dt at which the incident wave 
livers momentum to each electron in the sheet, or 


dp, _ ФЕВ. 
ЛАР. 


Momentum is delivered at this rate to every electron in the sheet and thus 
sheet itself. It remains to relate the momentum transfer to the sheet to the abso! 
of energy within the sheet. 

The electric field component of the incident wave does work on each osci 
electron at an instantaneous NE Eq. 40-6) given by 


dU. _ usd i (eB) (4) = Е. 


Note that the magnetic force F;, always being at right angles to the velocity 

no work on the oscillating electron. Equation 39-11b shows that for a plane 

~~ free ue B and E are related by 
i E = Bc. 


шешш above for one of the E's leads to 
dU, &EBc. 


а b 


This equation represents the rate, per electron, at which energy is absorbed 
incident wave. - 
Comparing Eqs. 40-8 and 40-9 shows that 


apa 21.80. 
xs di c dt 
EUM t dp 1 p dU. 
I ti 1 *di-- = 
орз ng yields ; q^ T 3 dt, 
ЛӨР, HE p. 


where p, is the momentum delivered to a single electron in any given time t and 

is the energy absorbed by that electron in the same time interval. Multiplying í 

side by the number of free electrons in the sheet leads to Eq. 40-2a. 

Although we derived this relation (Eq. 40-10) for a particular kind of absot 

no characteristics of the absorber—for example, the resistive damping coef 
b—remain in the final expression. This is as it should be because Eq. 40-1 

` general property of radiation absorbed by any material. 


40-3 The Speed of Light * 


Light travels so fast that there is nothing in our daily experience to sug 
that its speed is not infinite. It calls for considerable insight even to 
“How fast does light travel?" Galileo asked himself this question and ti 
to answer it experimentally. His chief work, Two New Sciences, publis 


* See “The Speed of Light," J. H. Rush, Scientific American, p. 67, August 1955 


t 
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in the Netherlands in 1638, is written in the form of & conversation among 
three fictitious persons called Salviati, Sagredo, and Simplicio. Here is part 
of what they say about the speed of light. 


Simplicio: Everyday experience shows that the propagation of light is instan- 
taneous; for when we see a piece of artillery fired, at a great distance, the flash 
reaches our eyes without lapse of time; but the sound reaches the ear only after a 
noticeable interval. 

Sagredo: Well, Simplicio, the only thing I am able to infer from this familiar bit 
of experience is that sound, in reaching our ear, travels more slowly than light; it 
does not inform me whether the coming of the light is instantaneous or whether, 
although extremely rapid, it still occupies time. . . . 


Sagredo, who evidently is Galileo himself, then describes a possible method 
for measuring the speed of light. He and an assistant stand facing each other 
some distance apart, at night. Each carries a lantern which can be covered 
or uncovered at will. Galileo started the experiment by uncovering his lan- 
tern. When the light reached the assistant he uncovered his own lantern, 
whose light was then seen by Galileo. Galileo tried to measure the time 
between the instant at which he uncovered his own lantern and the instant 
at which the light from his assistant’s lantern reached him: For a 1-mile 
separation we now know that the round trip travel time would be only 11 X 
106 вес. This is much less than human reaction times, so the method fails. - 

To measure a large velocity diréctly, we must either measure a small time interval 


or use а long baseline. This situation suggests that astronomy, which deals with great 
distances, might be able to provide an experimental value for the speed of light; 


this proved to be true. Although it would be desirable to time the light from the sun 


as it travels to the earth, there is no way of knowing when the light that reaches us at 
any instant left the sun; we must use subtler astronomical methods. 

Note, however, that microwave pulses are quite regularly reflected from the moon; 
this gives a 7.68 X 10*-meter base line (there and back) for timing purposes. The 
speed of light (and of microwaves) is so well known now from other experiments that 
these measurements are used to measure the lunar distance accurately. Microwave 
signals have also been reflected from Venus. - T 

In 1675 Ole Roemer, a Danish astronomer working in Paris, made some observa- 
tions of the moons of Jupiter (see Problem 9) from which a speed of light of 2 x 108 
meters/sec may be deduced. About fifty years later James Bradley, an English 
astronomer, made some astronomical observations of an entirely different kind from 
which a value of 3.0 X 108 meters/sec may be deduced. 3 


In 1849 Hippolyte Louis Fizeau (1819-1896), a French physicist, first 


© measured the speed of light by a nonastronomical method, obtaining a value 


of 3.13 X 108 meters/sec. Figure 40-5 shows Fizeau's apparatus. Let us 
first ignore the toothed wheel. Light from source $ is made to converge by 
lens Ly, is reflected from mirror My, and forms in space at F an image of the 
source. Mirror Mi is à so-called “half-silvered mirror”; its reflecting coating 
is so thin that only half the light that falls on it is reflected, the other half 
being transmitted. = у " 
Light from the image at F enters lens Lo and emerges as a parallel beam; 
after passing through lens Ls it is reflected back along its original direction by 
mirror Ms. In Fizeau's experiment the distance l between М» and Ё was 


Fig. 40-5 Fizeau's apparatus for measuring the speed of light. 


~ 


8630 meters-or 5.36 miles. When the light strikes mirror M, again, some will 
be transmittéd, entering the eye of the observer through lens L4. 

The observer will see an image of the source formed by light that has 
traveled a distance 21 between the wheel and mirror М» and back again. To 
time the light beam a marker of some sort must be put on it. This is done by ` 
“chopping” it with a rapidly rotating toothed wheel. Suppose that during 
the round-trip travel time of 21/c the wheel has turned just enough so that, 
when the light from a given "burst" returns to the wheel, point F is covered 
by a tooth. The light will hit the face of the tooth that is toward М» and 
will not reach the observer’s eye. 

If the speed of the wheel is exactly right, the seen will not see any of 

- the bursts because each will be screened by a tooth. The observer measures 
с by inereasing the angular speed c of the wheel from zero until the image of 
source S disappears. Let 0 be the angular distance from the center of a gay 
to the center of a tooth. The time needed for the wheel to rotate a distance 
0 is the dn travel time 2//е. In equation form, 

f = 2 or с = 200 (40-11) 
Ў w с 0 7 
This “chopped beam" technique, suitably modified, is used today to measure 
the Speeds of neutrons and other particles. 


» хатар! 2. The wheel used by Fizeau had 720 teeth. What is the smallest angu- 
lar speed at which the image of the source will vanish? 

The angle 0 is 1/1440 rev; solving Eq. 40-11 for w gives 
сб 2. (3.00 X 10% meters/sec)(1/1440 rev) 
2l (2)(8630 meters) 


The French physicist -Foucault (1819-1868) greatly improved Fizeau’s 
method by substituting a rotating mirror for the toothed wheel. The Amer- 
ican physicist. Albert A. Michelson’ (1852-1931) conducted an extensive 


w= = 12.1 геу/вес. 4 


series of measurements of б, extending over a fifty-year per iod, using this 7 


technique. - 


t 
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‚ Table 40-1 


Tue SPEED or ELECTROMAGNETIC RADIATION IN Free SPACE 
(Some selected measurements) 


| ve Ist Uncer- 
Date Experimenter Country Method | Speed, tainty, 
| | km/see | xin 
| ^ 
1600(?) | Galileo Italy Lanterns and “Tf not instantane- 
shutters ous, it is extraor- 
dinarily rapid” 
1675 Roemer France Astronomical 200,000 : 
1729 Brad!ey England || Astronomical 304,000 
1849 | Fizeau France | Toothed wheel 313,300 
1862 Foucault. France Rotating mirror 298,000 | 500 
1876 Cornu France Toothed wheel 299,990 | 200 
1880 Michelson U.S.A. Rotating mirror 299,910 50 
1883 Newcomb England | Roteting mirror 299,860 30 
1853 Michelson U.S.A. - Rotating mirror 299,853 60 
1906 Rosa and Dorsey | U.S.A. Electromagnetic 299,781 10 
| theory 
1923 Mercier . France Standing waves on | 299,782 15 
wires ; 
1926 Michelson U.S.A: Rotating mirror 299,796 4 S 
1928 Karolus and Mit- | Germany | Kerr cell 299,778 10 
telstaedt > 
1932 Michelson, Pease, | U.S.A. Rotating mirror | 299,774 11 
and Pearson ^ 
1940 Huettel Germany | Kerr cell _ | 299,768 10 
1941 Anderson U.S.A. Kerr сё 299,776 14 
1950 Bergstrand Sweden | Geodimeter 299,792.7 0.25 
1950 Essen England | Microwave cavity | 299,792.5| 3 
1950 Houston Scotland | Vibrating crystal | 299,775 9 
1950 Bol and Hansen | U.S.A. Microwave cavity | 299,789.38 0.4 
1951 Aslakson U.S.A. Shoran radar 299,794.2 1.9 
1952 Rank, Ruth, and | U.S.A. Molecular spectra | 299,776 1 
Ven der Sluis > 5 > 
1952 Froome "England. | Microwave inter- | 299,792.60 | 0.7 
ferometer 
1954 Florman U.S.A. Radio interferom- | 299,795.1 3.1 
eter 
1954 Rank, Shearer, „| U.S.A. Molecular spectra | 299,789.8 30 
and Wiggins 
1956 Edge Sweden | Geodimeter - 299,792.9 | 02 


` microwave or the short radio wave region of the electromagnetic spectrum. We | 
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We must view the speed of light within the larger framework of the speed | 

of electromagnetic radiation in general. It is a significant experimental e 

confirmation of Maxwell's theory of electromagnetism that the speed in | 

free space of waves in all parts of the electromagnetic spectrum has the 99 

same value c. Table 40-1 shows some selected measurements that have ^ 

- been made of the speed of electromagnetic radiation since Galileo’s day. 108 

‘stands as а monument to man's persistence and ingenuity. Note in the last a 

column how the uncertainty in the measurement has improved through the 8 

, years. Note also the international character of the effort and the variety m 
of methods. 

` The task of arriving at a single “best” value of c from the many listed in 9 

` the table is difficult, for it involves a careful study of each reported measure- | 

ment and a selection from among them, based on the reported uncertainty 

‘and the selector's judgment of the probable presence or absence of hidden 

` error. In the final averaging measurements with small uncertainties will Бей 

given more weight than those with large ones. By careful analysis of such . 

measurements the “best” value, as of 1964, is 


с = 2.997925 X 108 meters/sec. 


The uncertainty of measurement is less than 0.000003 X 10° meters/sec 
or 0.0001 %. З 


Since about 1940, nearly all precise measurements of с have been made in the о 
describe here the “microwave cavity method” used by Essen in England and by Bol ~~ 
and Hansen in the U.S.A. It employs standing electromagnetic waves confined to a 
cavity rather than traveling waves in free space. 

It is possible to convert a section of waveguide such as that of Fig. 39-7 into a 
resonant cavity by closing it with two metal caps; see Fig. 40-6. The pattern of 
oscillations in the cavity is closely related to that in the guide and exhibits the same 
"guide wavelength” ),. The guide wavelength is related to the cavity length Г by 


2 
= 2 = 1,2,3, «5, (40—12) 


which is the same relationship used for acoustic waves in closed pipes; n (= 3 for Fig. «= 
40-6) gives the number of half-waves contained in the cavity. 


Fig. 40-6 А resonant cavity con- 
Structed from а section of waveguide; 
compare Fig. 39-7. For simplicity 


== E 

Е | the lines of E are not shown in (a) and : в | 
TMT Lm SES as (b) those of B are not shown in (b). 3 
iti і tH 1 
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The procedure is to measure A, for such a cavity, which has been tuned to resonance, 


апа then, using Eq. 39-4, 
М = А - 
eT 05; (40-13) 
2a 


calculate the free-space wavelength A. From the measured resonant frequency, the 
speed c can be found from c = Av. - 


> Example 3. Essen of the National Physical Laboratory in England made a 
resonant cavity measurement of the speed of electromagnetic waves. His cavity was 
made of a circular waveguide rather than a rectangular one; it can be shown that, for 
the oscillation pattern used by him, the geometrical factor 2a in Eq. 40-13 must be 
isplaced Бу 1.64062R, where R is the guide radius. The cavity radius was 3.25876 
cm; the cavity length was 15.64574 cm and it proved to resonate at 9.498300 x 10° 
cycles/see. At resonance it was determined that there were eight half-waves in the 
cavity. What value of c results? x | 
From Eq. 40-12, computing only an approximate result, 


21. (256 em) 
n 8 


A, = = 3.90 cm. 


Substituting into Eq. 40-13, suitably modified for a circular waveguide, yields 
3.90 cm = Fy TRC: t 
E F E с) 


Solving this equation for à yields X = 3.15 em. Finally, we have 
с = № = (3.15 em)(9.50 X 10° cycles/sec) = 2.99 xX 10° meters/sec. 


For practical reasons Essen analyzed his data in а more roundabout way than that 
given. His final result, based on many measurements under different, conditions and 
carried to much greater accuracy than that illustrated in the above example, was , 
2.997925 X 10% meters/sec with an uncertainty of 0.000030 х 108 meters/sec. 4 


40-4 Moving Sources and Observers Ў 5 

When we say that the speed of sound in dry air at 0°C is 331.7 meters /see, 
we imply a reference frame fixed with respect to the air mass., When we say 
that the speed of light in free space is 2.997925 X 103 meters/sec, what 
reference frame is implied? It cannot be the medium through which the 
light wave travels because, in contrast to sound, no medium is required. 

The concept of a wave requiring no medium was abhorrent. to the physi- 
cists of the nineteenth century, influenced as they then were by a false’ 
analogy between light waves and sound waves or other purely mechanical 
disturbances. These physicists postulated the existence of an ether, which 


was a tenuous substance that filled all space and served as a medium of. — 


transmission for light. The ether was required to have a vanishingly small 
density to account for the fact that it could not be observed by any known 
méans in an evacuated space. WM : parse 
The ether concept, although it proved useful for many years, did not. . 
survive the test of experiment. In particular, careful attempts to measure - i 
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Fig. 40-7 Observers S and 3S’, who 
are in relative motion, each observe 
alight pulse P. The pulse is emitted 
from а source, not shown, that is at 
rest in the S’ frame of reference. 


the speed of the earth through the ether always gave the result of zero.* 
Physicists were not willing to believe that the earth was permanently at 
rest in the ether and that all- other bodies in the universe were in motion 
through it. Other hypotheses about the nature of the propagation of light 
also proved unsatisfactory for one reasoa or another. 

Einstein in 1905 resolved the difficulty of understanding the propagation 
of light by making a bold postulate: If a number of observers are moving 
(at uniform velocity) with respect to each other and to a source of light and 
if each observer measures the speed of the light emerging from the Source, 
they will all obtain the same value. This is the fundamental assumption of 
Einstein's theory of relativity. It does away with the need for an ether by 
asserting that the speed of light is the same in all reference frames; none is 
singled out as fundamental. The theory of relativity, derived from this 
postulate, has been subject to many experimental tests, from which agree- 
ment with the predictions of theory has always emerged. These agreements, 
extending over half a century, lend strong support to Hinstein’s basic 
postulate about light propagation. ; 

Figure 40-7 focuses specifically on the fundamental problem of light 
propagation. A source of light, at rest in reference frame S', emits a light 
pulse P whose speed v’ is measured by an observer at rest in this same frame. 
From the point of view of an observer in reference frame S, frame 3’ and its 
associated observer are moving in the positive x direction at speed v. Ques- 
tion: What speed v would observer S measure for the light pulse Р? Ein- 


Stein's hypothesis asserts that each observer would measure the same speed 
с, or that 1 : 


This hypothesis contradicts the classical law of addition of velocities (see 
Section 4—6), which asserts that, 


б =v + и. (40-14) 


This law, which is so familiar that it seems (incorrec 
true, is in fact based on observations of gross movin 
about us. Even the fastest of these—an earth satell 


tly) to be intuitively 
g objects in the world 
ite, say—is moving at 


* See Section 43-7, which describes the crucial experiment of Michelson and Morley. 


| 
| 
| 
| 
| 
| 
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a speed that is quite small compared to that of light. The body of experi- 
mental evidence that underlies Eq. 40-14 thus represents a severely re- 
stricted area of experience, namely, experiences in which и «€ c and u € c. 
If we assume that Eq. 40-14 holds for all particles regardless of speed, we 
are making a gross extrapolation. Einstein's theory of relativity predicts 
that this extrapolation is indeed not valid and that Eq. 40-14 js a limiting 
case of a more general relationship that holds for light pulses and for ma- 
terial particles, whatever their speed, or ‘ 


v+u 
y 1 + v'u/c* 


Equation 40-15 is quite indistinguishable from Eq. 40-14 at low speeds 
that is, when v' < c and u < c; see Example 4. 

If we apply Eq. 40-15 to the-case in which the moving object is a ligh 
pulse, and if we put о = c, we obtain 


ctu 
ES ew A 


This is consistent, as it must be, with the fundamental assumption on whicl 
the derivation of Eq. 40-15 is based; it shows that both observers measun 
the same speed c for light. Equation 40-14 predicts (incorrectly) that the 
speed measured by S will be c + u. Figure 40-8 shows that the (correct) 
Eq. 40-15 and the (approximate) Eq. 40-14 cannot be distinguished from 
each other at speeds that are small compared to the speed of light. 


(40-15) 


0 0.2 04 0.6 08 1.0 
шс 


VERS AES UT SES 
Fjg. 40-8 The speed of a particle P, ss seen by observer S in Fig. 40-7, for the special - 


case of »/ = u. All speeds are expressed as a ratio to c, the speed of light. The vertical 
arrow corresponds to 5. X 10" miles/hr. | Ex 


4 
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> Example 4. Suppose that v' = и = 25,000 miles/hr. What per cent error is _ E 


made in'using Eq. 40-14 rather than Eq. 40-15 to calculate v? The speed of light is 
6.7 X 10° miles/hr. Sez 


Equation 40-14 gives 


y = v' + u = 25,000 miles/hr + 25,000 miles/hr = 50,000 miles/hr. 
Equation 40-15 gives : ^ 
Уз vtu 
1 E 0'u/c? : 
_ 25,000 miles/hr + 25,000 miles/hr 
X 14 (25,000 miles/hr)? 
(6.7 X 10* miles/hr)? 


_ 50,000 miles/hr 


-. 10000000014 ' 
Even at 25,000 miles/hr the error in Eq. 40-14 is immeasurably small. 


3 Example 5. Two electrons are ejected in opposite directions from radioactive 


atoms in a sample of radioactive material. Let each electron have a speed, as 


. measured by a laboratory observer, of 0.6c (this corresponds to a kinetic energy of 130 


"Equation 40-15 gives 


kev). What is the speed of one electron as seen from the other? 
Equation 40-14 gives 


v= v + u == 0.6c + 0.6с = 1.920, 


Ta Ytu _ 06c + 0.6с 
1 vue 1+ (0.6c)2/c? 


= 0.88с. 


` This example shows that for speeds that are comparable to c, Eqs. 40—14 and 40—15 


yield rather different results, A wealth of indirect experimental evidence points to 
1 4 


= the latter result as being correct. 


40-5 Doppler Effect 
We have seen that the same speed is measured for light no matter what the 


relative speeds of the light source and the observer are. The measured fre- 


queney and wavelength will change, but always in such a way that their 
product, which is the velocity of light, remains constant, Such frequency 
shifts are called Doppler shifts, after Johann Doppler (1803-1853), who first ` 


predicted them. 2 
In Section 20-7 we showed that if a source of sound is moving away from 


an observer at а speed и, the frequency heard by the observer (sce Eq. 


_ 20-10, which has been rearranged with u substituted for vs) is 


x 1. sound wave 
ГА = ор. 


Ў Tuy. 


2. observer fixed in medium — (40-16) 


3. source receding from observer 


.. Ín this equation > is the frequency heard when the source is at rest and v is 
|. the speed of sound. 


| 
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If the source is at rest in the transmitting medium but the observer is 
moving away from the source at speed u, the observed frequency (see Eq. 
20-9b, in which и has been substituted for vo) is 


l. sound wave 
u 
y= r(1 — 3! 2. source fixed in medium (40-17) 
3. observer receding from source 


Even if the relative separation speeds u of the source and the observer are 
the same, the frequencies predicted by Eqs. 40-16 and 40-17 are different. 
This is not surprising, because a sound source moving through a medium in 
which the observer is at rest is physically different from an observer moving 
through that medium with the source at rest, as comparison of Figs. 20-10 
and 20-11 shows. 

We might be tempted to apply Eqs. 40-16 and 40-17 to light, substituting 
c, the speed of light, for v, the speed of sound. For light, as contrasted with 
sound, however, it has proved impossible to identify a medium of transmis- ` 
sion relative to which the source and the observer are moving. This means 
that “source receding from observer” and “observer receding from source" 
are physically identical situations and must exhibit ezactly the same Doppler 
frequency. As applied to light, either Eq. 40-16 or Eq. 40-17 or both must 
be incorrect. The Doppler frequency predicted by the theory of relativity 
is, in fact, ‹ 1 à 4 

120 l. light wave 


y= . 2. 40-18 
" AUT source Lr observer ( ) 


In all three of the foregoing equations we obtain the appropriate relations 
for the source and the observer approaching each other if we replace u by =u. 

Equations 40-16, 40-17, and 40—18 are not so different as they seem if the 
ratio u/c is small enough. This was made clear in Example 3, Chapter 20, 
for the first two of these equations. Let us expand Eqs. 40-16, 40-17 and 
40-18 by the binomial theorem, as in the example referred to. The equations 
then become, substituting с for », 


ee = 
P (1 = =), 6 40-170) 
and уш pte E P (40-180) 


Тһе ratio u/c for all available monochromatic light sources, even those of 
atomic dimensions, is small. This means that successive terms in these 


у 
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equations become small rapidly and, depending on the accuracy required, 
only a limited number of terms need be retained. 
Under nearly all cireumstances the differences among these three equations 
„аге not important. Nevertheless, it is of extreme interest to carry out at 
least one experiment precisely enough to serve as a test of Eq. 40-18a and 
thus, in part, of the theory of relativity. 


‚Н. E. Ives and G. R. Stilwell carried out such a precision experiment in 1938. 
. They sent а beam of hydrogen atoms, generated in a gas discharge, down a tube at 
speed u, as in Fig. 40-9a. They could observe light emitted by these atoms in & 
direction opposite to u (atom 1, for example) using a mirror, and also in a direction 
parallel to п (atom 2, for example). With a precision spectrograph, they could 
photograph a particular characteristic spectrum line in this light, obtaining, on a 
“frequency scale, the lines marked vı’ and vz’ in Fig. 40-9b. It is also possible to 
photograph, on the same photographic plate, a line corresponding to light emitted 
from resting atoms; such a line appears as v in Fig. 40-95. A fundamental meas- 
ured quantity in this experiment is Av/v, defined from 


ETE Ар (40-19) 
v v 


х ; 
(see з. 40-96). It measures the extent to which the frequency of the light from 

resting atoms fails to lie halfway between the frequencies vı’ and уз. Table 40-2 

shows that the measured results agree with the formula predicted by the theory of 
relativity (Eq. 40-18a) and not with the classical formula borrowed from the theory of 
sound propagation in a material medium (Eq. 40-162). 

Ives and Stilwell did not present their experimental results as evidence for the 
support of Einstein's theory of relativity but rather gave them an alternative the- 
oretical explanation. Modern observers, looking not only at their excellent experi- 
ment but at the whole range of experimental evidence, now give the Ives-Stilwell 
experiment the interpretation we have described for it above. 


100 v 30: kv 


lot 
filament 


Hydrogen Acceleration 
arc region region (a) 
1 T | Av; | Ave | 
d vy y» vy! 
- (b) 


Fig. 40-9 The I ves-Stilwell experiment. 
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Table 40-2 


Tue Ivgs-SrIL.WELL EXPERIMENT * 


| Speed of moving atoms (= u), 10* meters/sec 


âr, 105 
» i: Е чый 
0.865 
Theoretical value according to 


classical theory (Eq. 40-16a) . 1.67 


Theoretical value according to the 
theory of relativity (Eq. 40-18a) 0.835 


Experimental value 0.762 


* See Eq. 40-19; the table shows only part of the.data taken by Ives and Stilwell. 


The Doppler effect for light finds many applications in astronomy, where 
it is used to determine the speeds at which luminous heavenly bodies are 
moving toward us or receding from us. Such Doppler shifts measure only 
the radial or line-of-sight components of the relative velocity. All galaxies * 
for which such measurements have been made (Fig. 40-10) appear to be 
receding from us, the recession velocity being greater for the more distant 
galaxies; these observations are the basis of the expanding-universe concept. 


(a) 


Fig. 40-10 (a) The central spot is а nebula in the constellation Corona Borealis; it is 
130,000,000 light years distant. (b) The central streak shows the distribution in wave- 
length of the light emitted from this nebula. The two vertical dark bands show the 
presence of calcium. The horizontal arrow shows that these calcium lines occur at longer 
wavelengths than those for terrestrial light sources containing calcium, the length of the 
arrow representing the wavelength shift. Measurement of this shift shows thet the galaxy 
is receding from us at 13,400 miles/sec. The lines above and below the central streak 
represent light from a terrestrial source, used to establish a wavelength scale. (Courtesy 
Mount Wilson and Mount Palomar Observatories.) 


* See “The Red-Shift,” Allen R. Sandage, Scientific American, p. 171, September 1956. 


` Since we,must have \’y’ = dv = c, we сап write this as 
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> Fxsinple 6. Certain characteristic wavelengths i in the light from а galaxy im 


the constellation Virgo are observed to be increased in wavelength, as compared with | E 


terrestrial sources, by about 0.4%. What is the radial speed of this galaxy with - 
respect to the earth? Is it approaching or receding? 
IfA is: the wavelength for a terrestrial source, then 


M = 1:004). 


2t еы Р и! = 0.996». 


This frequency shift is so small that, in calculating the source velocity, it makes no _ 


practical difference whether we use Eq. 40-16, 40-17, or 40-18. Using Eq. 40-17 
we obtain 


у! = 0.996 = ‚(1 = 2i 


с 


Solving yields u/c = 0.004, or u = (0. 004)(3 X 108 meters/sec) = 1.2 X 10° meters/ 
sec or 2.7 X 10° miles/hr. The galaxy is receding; had и turned out to be negative, 
the galaxy would have been moving toward us. 4 


QUESTIONS = 
1. How might an eye-sensitivity curve like that of Fig. 40-2 be measured? 
_2. Why are danger signals in red, when the eye is most sensitive to yellow-green? 
3. Comment on this definition of the limits of the spectrum of visible light given by а 


- physiologist: “The limits of the visible spectrum occur when the eye is no better adapted 
- than any other organ of the body to serve as a detector.” 


4. How сап an object absorb light energy without absorbing momentum? 


5. A searchlight sends out a parallel beam of light. Does the searchlight experience any, — 


force associated with the emission of light? 


6. Name two historic experiments, in addition to the radiation pressure measurements 
- of. Nichols and Hull, in which a torsion balance was used. Both are described in this 


book, one in Part 1 and.one in Part 2. 

7. ‘Show that for complete absorption of a parallel beam of light the radiation pressure 
on the absorbing object is given by р = S/c, where S is the magnitude of the Poynting 
vector and ¢ is the speed of light in free space. 

8. How could Galileo test experimentally that reaction times were an overwhelming 


` source of error in his attempt to measure the speed of light, deseribed on p. 999? 


9. It has been suggested that the velocity of light may change slightly in value as time — 
goes оп. Can you find any evidence for this in Table 40-1? 7 

10. A friend asserts that Einstein's postulate (that the speed of light is riot affected Бу 
е uniform оноп of the source or the observer) must be discarded because it viglates 

“common sense.” How would you answer him? d 

11. Ina vacuum, does the speed of light depend on (à) the wavelength, (b) the frequency; 
(c) the intensity, (d) the speed of the source, or (e) the speed of the observer? 

12. Can a galaxy be so distant that its recession Speed equals c? If во, how can we see 
the galaxy? That is, will its light ever reach us? 
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PROBLEMS 


1. (a) At what wavelengths does the eye sensitivity have half its maximum value? 
b) What are the frequency and the period of the light for which the eye is most sensiti 
2. It has been proposed that a spaceship might propel itself in the solar system by radi- 
ation pressure, using а large sail made of aluminum fail. How large must the sail be if the 


radiation force is to be equal in magnitude to the sun's gravitational attraction? Assume 
that the mass of the ship + sail is 100 slugs, that the sail is perfectly reflecting, and that 
the sail is oriented at right angles to the sun's rays. The sun's mass is 1.97 X 10” kg 

3. Radiation from the sun striking the earth has an intensity of 1400 watts/meter*. 
Assuming that the earth behaves like a flat disk at right angles to the sun's rays and that 
all the incident energy is absorbed, caleulate the force on the earth due to radiation 
pressure. Compare it with the force due to the sun’s gravitational attraction 

4. Prove, for a plane wave at normal incidence on a plane surface, that the radiation 
pressure on the surface is equal to the energy density in the beam outside the surface. 
This relation holds no matter what fraction of the incident energy is reflected 

5. Prove, for a stream of bullets striking a plane surface at right angles, that the ''pres- 
sure” is twice the (kinetic) energy density in the stream above the surface; assume that the 
bullets are completely “absorbed” 
by the surface. Contrast this with 
the behavior of light«(Problem 4). a Jupiter's n 

6. A small spaceship whose mass, E -Jüpiter 
with occupant, is 100 slugs is drift- 
ing in outer space, where no gravi- 
tational field exists. If it shines a 
searchlight, which radiates 10* watts, 
into space, what speed would the 
ship attain in one day because of 
the reaction force associated with 
the momentum carried away by the 
light beam? 

7. What is the radiation pressure 
1.0 meter away from a 500-watt light 
bulb? Assume that the surface on 
which the pressure is exerted faces 
the bulb and is perfectly absorbing 
and that the bulb radiates uniformly 
1n all directions. 

8. 'The uncertainty of the distance 
to the moon, as measured by the 
reflection of radar waves from it, is 
about 0.5 mile. Assuming that this 
uncertainty is associated only with 
the measurement of the elapsed 
time, what uncertainty in this time 
is implied? 

9. Roemer's method for measur- 
ing the speed of light consisted in 
observing the apparent times of re- mA 
volution of, one of the moons of Jupiter. The true period of revolution is 42.5 hr. (a) 
Taking into account the finite speed of light, how would you expect the apparent time of 
revolution to alter as the earth moves in its orbit from point z to point y in Fig. 40-11? 
(b) What observations would be needed to compute the speed of light? Neglect the mo- 
tion of Jupiter in its orbit. Figure 40-11 is not drawn to scale. 
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Fig. 40—11 
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10. Suppose that light is timed over а 1-mile base line and its speed is measured Yo 
accuracy quoted on p. 1002. How large an error in the length of the base line could 
tolerated, assuming other sources of error to be negligible? 

11. For what value of u/c does Eq. 40-17 differ from Eq. 40-18 by 1%? 

- 12. The “red shift” of radiation from a distant nebula consists of the light (H,), km 

z to have a wavelength of 4340 X 10% em when observed in the laboratory, врреа in 
have a wavelength of 6562 X 1075 ст: What is the speed of the nebula in the line oft T 

relative to the earth? (6) Is it approaching or receding? 2: 

13. The difference in wavelength between an incident microwave.beam and on 
flected from an approaching or receding car is used to determine automobile speeds oi 
highway. (a) Show that if v is the speed of the car and » the frequency of the inciden 
beam, the change of frequency is approximately 2vy/c, where c is the speed of the elegy 
magnetic radiation. (b) For microwaves of frequency 2450 megacycles/sec, what is 

` change of frequency per mile/hr of speed? 

14. Bhow that, for slow speeds, the Doppler shift can be written in the appro 

form DN 
У * Ax u 
fa X 3 c 
where AN is the change i in wavelength. 
15. The period of rotation of the sun at its equator is 24.7 days; its radius is 7.00€ 
` meters. What Doppler wavelength shifts are expected for characteristic wavelength 
the vicinity of 5500 A emitted from the edge of the sun’s disk? 
= 16: Ап earth satellite, transmitting оп а frequency of 40 X 10° cycles/see (e 
passes directly over а radio receiving station at an altitude of 250 miles anc at a speed 
18,000 miles/hr. Plot the change in frequency, attributable to the Doppler effect, 
- function of time, counting t = 0 as the instant the satellite is over the station. (Hir 
T The speed иіп the Doppler formula is not the actual velocitv ^f the satellite but its 00 
- ponent in the direction of the station. Use the nonrelativistic formula (Eq. 40-160 
„neglect the curvature of the earth and of the satellite orbit.) 

\_ 17. A rocketship is receding from the earth at a speed of 0.2c. A light in the roc 
_ appears blue to passengers on the ship. What color would it appear to be to an o 
оп the earth? See Fig. 40-2. 

- 18. In the experiment of Ives and Stilwell the speed и of the hydrogen atoms in а | 
ticular run was 8.61 X 10° meters/sec. Ceiculate Avy, Av, and Av/», on the assum 
tions that (а) Eq. 40-18a is correct and (5) that Eq. 40-160 is correct; compare yo 
results with those given in Table 40-? for this speed. Retain the first three terms ОП 
in Eqs. 40-18a and 40-160. f 
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Reflection and Refraction— 
Plane Waves 


and Plane Surfaces 
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CHAPTER 41 


41-1 Reflection and Refraction 


In Fig. 41-1a a light beam falling on a water surface is both refi. eted from 
the surface and bent (that is, refracted) as it enters the water. The incident 
beam is represented in Fig. 41-15 by a single line, the incident ray, parallel to 
the direction of propagation. The incident beam is assumed in Fig. 41-15 to 
be a plane wave, the wavefronts being normal to the incident ray. The re- 
flected and refracted beams are also represented by rays. The angles of 
incidence (01), of reflection (6,'), and of refraction (0) are measured between 
the normal to the surface and the appropriate ray, as shown in the figure. 


^ Wavefront 


Fig. 41-1 (a) A photograph showing reflection and refraction at an air-water interface. 
(b) A representation using rays. 
N xn 1013 
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The laws governing reflection and refraction can easily be found from ex 
periment: EI 
1. The reflected and the refracted rays lie in the plane formed by the in- 
cident ray and the normal to the surface at the point of incidence, that is, 
the plane of Fig. 41—15. 

2. For reflection: ; 
6,’ = 01. (41-1) 


3. For refraction: 
: sin 6, 
= t= 721, (41-2) | 
sin 02 1 Ц 


where na is a constant called the indez of refraction of medium 2 with respect) 
to medium 1. Table 41-1 shows the indices of refraction for some common 


Table 41-1 


Some INDICES OF REFRACTION * 
(For А = 5890 A) 


^ Index $ 
‘Medium of 
Refraction 
Water 1.33 
: . Ethyl alcohol 1.36 
Carbon bisulfide 1.63 
Air (1 atm and 20°C) | 1.0003 
Methylene iodide 1.74 
Fused quartz 1.46 / 
Glass, erown* 1:52 
Glass, dense flint 1.66 
Sodium chloride 1.53 
=: Polyethylene 1.50-1.54 


Fluorite 1.43 


* Measured with respect to a vacuum. The index with respect to air (except, о 
course, the index of = itself—see item 4) will be negligibly different in most cas 


ES with respect to a vacuum for a wavelength of 5890 A (sodiu E 
light). 1 
The index of refraction of one medium with respect to another generally | у. 
varies with wavelength, as Fig. 41-2 shows. Because of this fact refractions) 
unlike reflection, can be used to analyze a beam of light into its component j: 
wavelengths. Figure 41-3, taken from, N ewton’s Opticks, shows howi 
Newton; using glass prism ABC, formed & ( spectrum of sunlight entering his 
window through a small hole at F. 
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1.480 
1475 
8 1470 
Fig. 41-2 The index of refrac- = 
tion of fused quartz at 18°C, ? 1.465 
with respect to a vacuum. 5 
E 1460 


3000 4000 5000 6000 7000 8000 
Wavelength, A (in air at STP) 


The law of reflection was known to Euclid. That of refraction was dis- 
covered experimentally by Willebrod Snell (1591—1626) and deduced from 
the early corpuscular theory of light by René Descartes (1596-1650). The 
law of refraction is known as Snell’s law or (in France) as Descartes’ law. 

The laws of reflection and refraction сап be derived from Maxwell’s 
equations, which means that these laws should hold for all regions of the 
electromagnetic spectrum. Figure 41-4a shows an experimental setup for in- 
vestigating the reflection of microwaves from’ a large metal sheet. Figure 
41-4b shows the reading of the detector as a function of the angular position 
of the mirror. The existence of a reflected’beam at the proper angle confirms 
the law of reflection for microwaves. There is ample experimental evidence 
that Eqs. 41-1 and 41-2 correctly describe the behavior of reflected and 
refracted beams in all parts of the electromagnetic spectrum. 

It is common knowledge that a polished steel surface will form a well-defined reflected 
beam if an ‘incident beam falls on it, but a sheet of paper will reflect light 
more or less in all directions (diffuse reflection). It is largely by diffuse reflection that 
we see nonluminous objects around us. The difference between diffuse and specular 
(that is, mirror-like) reflection is a matter of surface roughness; a reflected beam will 


Fig, 41-3 auus from a hole Ё in a screen is refracted by prism АБ forming а spee- 
trum on screen MN; from Newton’s Орен (1704). К 
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96 AA LM oscillator N arabai 
DUI MEL : reflector 
Reflected ray 


una : v Я “Microwave y 
vis (a) detector 


| 


100 


D. АЕ 
í се 
z ао 
"u 232 201 
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` Fig. 41-4 (а) An apparatus to test the law of reflection for microwaves. 45) 4 reflected 
beam (for А = 10 e appears for the expécted orientation of the mirror. 


е "oed ЗШЕ if the average depth of the surface irregularities of the reflector 

- substantially less than the wavelength of the incident light. This criterion of surfa 

` roughness has different implications in different regions of the electromagnetit 8 
-. trum. The bottom of a cast-iron skillet for example is а good reflector for microwa 
- of wavelength 0.5 em but it is not а good reflector for visible light (that is, one cann 

` shave by it). 
_ А second requirement; fot: the existence of a reflected beam is that the transyel 
"dimensions of the reflector must be substantially larger than the wavelength ol 
incident beam. Ifa beam of visible light falls on a polished metal disk the size 0 
_ dime, a reflected beam will be formed. However,'if the same disk is placed in a 
- of short radio waves with, say, А = 1.0 mete, radiation will be scattered in 
directions from it, and no well-defined unidirectional beam will appear. We invi 


bud нА are not Ren the deseription of reflection and tef raction ‘in terms 
rays, whose behavior is governed by Eqs. 41-1 and 41-2, is not valid. EI 
> Example I. Figure 41-5 shows an incident ray i striking a plane mirror MM | 
‘at angle of incidence 0. Trace this ray. 


The reflected ray makes an angle 0 with the normal at and falls as an incident М 1 
on mirror MM’. Its ange. of incidence @' on this mirror is т/2 — 0. A seco! 
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3 ekes an angle 0' with the normal erected at b. Rays (nd r’ are 
antiparallel for any value of 0. To see this, note that 


e-r-3 er-2(7-0) = 2. 
Two lines are parallel if their opposite interior angles for an intersectig line ( and 26) 


are equal 
Repeat the problem if the angle between the mirrors is 120° ryther than 90°. 


Fig. 41-5 Example 1. 


Incident 
ray 


—— Mirror 


Example 2. An incident ray in air falls on the plane surface of a block of quartz 
and makes an angle of 30° with the normal. This beam contains two wavelengths, 
4000 and’ 5000 A.- The indices of refraction for quartz with respect to air (Mga) at 
these wavelengths are 1.4702 and 1.4624, respectively. What is the angle between 
the two refracted beams? 

From Еч. 41-2 we have. for the 4000-A beam, 

Sin 6; = Mga sin 0», 

ог sin 30° = (1.4702) sin 65, 
which leads to 62 = 19.88°. 
For the 5000-A beam we have 

sin 30° = (1.4624) sin 0, 
or 6/,— 19,99°. : 
The angle A@ between the beams is 0.11?, the shorter wavelength component being 
bent through the larger angle, that is, having the smaller angle of refraction. 
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Fig. 41-6 Example 3. 


Example 3. An incident ray falls on one face of a glass prism in air as in Fig. 41-6, | 

he angle @ is so chosen that the emerging гау also makes an angle # with the normal) 
to the other face. Derive an expression for the index of refraction of the prism 
material with respect to air. | | 

Note that Z abe = о, the two angles having their sides mutually perpendicular: 


Therefore 
7 а = 3$. (41-8) | 
The deviation angle ү is the sum of the two opposite interior angles in triangle” 
aed, or 1 
y — 2(0 — o). 1 
Substituting 3¢ for a and solving for 6 yields | 
6=4 + 9). а (414) 


At point a, 6.is the angle of incidence and a the angle of refraction. The law of | 
refraction (see Eq. 41-2) is 
sin Ө = n,, Sin a, 
in which nga is the index of refraction of the glass with respect to air. 
From Eqs. 41-3 and 41-4 this yields. 


iur ج‎ e e Унет 


sin 0 masin $ \ 
_ вш ф+Ф f 
or figa = sin (@/2) | | 


which is the desired relation. This equation holds only for 0 so chosen that the light Н 
ray passes symmetrically through the prism. For this condition the deviation angle И 
V is a minimum; if @ is either increased or decreased, a larger deviation will be "A i 
duced. : H 


4 


41-2 Huygens’ Principle 


A theory of light would not be accepted if it were not able to predict е | 
well-established laws of reflection and refraction. These laws can be derived? 
from Maxwell’s equations, but mathematical complexity prevents us from 
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doing во, Fortunately, thes f can be derived 
on the basis of a simpler but th ‹ it, put forward 
by the Dutch physicist Christi uygens in 1678. This theory simply 
assumes that light is a waver tream of particles. 14 say 


since Maxwe 


nothing about the nature of 


theory of electromagnetism appe ared only after tbe lapse of a century 


gives no hint of the electromag » character of light. Huygens did not 


know whether light was a transverse wave or a longitudinal one; he did 


not know the wavelengths of visible light; he had little knowledge of the 


speed of light Nevertheless, his theory was a useful guide to experiment for 
many years and remains useful today for pedagogic and certain other prac- 
tical purposes, We must not expect it to yield the same wealth of detailed 
information that Maxwell's more complete electromagnetic theory does 
Huygens’ theory is based on a geometrical construction, called Huygens’ 
principle, that allows us to tell where a given wavefront will be at any time 
in the future if we know its present position; it is; АШ points on a wavefront 
spherical secondary 


can be considered as point sources for the production of 
wavelets. After a time t the new position of the wavefront will be the surface of 
tangency to these secondary wavelets 

example: Given a wavefront (ab in Fig. 41-7) 


We illustrate this by a triv 
in a plane wave in free space, where will the wavefront be a time ¢ later? 
Following Huygens’ principle, we let several points on this plane (see dots) 
serve as centers for secondary spherical wavelets. Іа а time ¢ the radius of 
these spherical waves is ct, where c is the speed of light in free space. _ The 
plane of tangency to these spheres at time ¢ is represented by de. As we 


Fig. 41-7 The propagation of 
a plane wave in free space is 
described by the Huygens con- 
struction. Note that the ray 
(horizontal arrow) representing 
the wave is perpendicular to the 
wavefronts. 


а wave should be radiated back- Е; 
=7. This result is avoided by assuming= = 
not uniform in all directions but varies ; 
d direction to а minimum of zero in the 


.. Figure 41-8a shows three wav. 
` MM’, For convenience they are 
. that6, the angle between the wa 

` angle between the incideut тау 


efronts in a plane wave falling on mirror 
chosen to be one wavelength apart. Note 
vefronts and the mirror, is the same as the 
and the normal to the mirror. In other 


Fig. 41-8. Тһе reflection of a plane 
wave as described by the Huygens 
construction. 
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words, 6, is the angle of incidence. The three wavefronts are related to each 
other by the Huygens construction, as in Fig. 41-7. 

In Fig. 41-8) a Huygens wavelet centered on point a will expand to 
include point 1 after a time \/c. Light from point p in this same-wavefront 
cannot move beyond the mirror but must expand upward as a spherical 
Huygens wavelet. Setting a compass to radius À and swinging an are about 
p provides a semicircle to which the reflected wavefront must be tangent. 
Since point / must lie on the new wavefront, this tangent must pass through /. 
Note that the angle ê, between the wavefront and the mirror is the same as 
the angle between the reflected ray and the normal to the mirror, In other 
words, 6,' is the angle of reflection, 4 

Consider right triangles alp and a'lp. They have side Ip in common and 
side al (= X) is equal to side ap. The two right triangles are thus congruent 
and we may conclude that у у 

Oy = 017; 


as required by the law of reflection, If the student recalls that the Huygens 
construction is three-dimensional and that the ares shown represent segments 
of spherical surfaces, he will be able to convince himself that the reflected , 
ray lies in the plane formed by the incident ray and the normal to the mirror, 
that is, the plane of Fig. 41-8. This is also a requirement of the law of re- 
flection; see p. 1014. y 


41-4 Huygens’ Principle and the Law of Refraction 


Figure 41-9 shows four stages in the refraction of tnree successive wa ve-, 
fronts in a plane wave falling on an interface between air (medium 1) and 
glass (medium 2). For convenience, we assume that the ineident wavefronts 
are separated by №, the wavelength as measured in medium 1. Let the 
speed of light in air be v; and that in glass be рз. We assume that 

т V < vi- — (41-5) 
This assumption about the speeds is vital to the derivation that follows. 
Tt was not possible to test it experimentally because of technical difficulties 
until 1850, when the assumption was shown by Foucault. to-be correct. 

The wavefronts in Fig. 41-9a are related to each other by the Huygens ` 
construction of Fig. 41-7. As in Fig. 41-8, 6, is the angle of incidence. 
In Fig. 41-9b consider the time (— M Го) during which a Huygens wavelet, 
from point e moves to include point c. Light from point A, traveling through 
glass at a reduced speed (reeall the assumption of Eq. 41-5) will move a 
shorter distance _ : : y rice. 
ر‎ eA (41-6) 
E vi 5 
during this time. The refracted wavefront must be tangent to an arc of this 
radius centered on A. Since с lies оп the new wavefront, the tangent must 
pass through this point, as shown. Note. that 89, the angle between е 
refracted wavefront and the air-glass interface, is the same as the angle - 


——-— + L к, 
~ v y 
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Fig. 41-9 The refraction of a plane, _ 
wave as described by the Huygens _ 
construction; the reflected wave is 
omitted for simplicity. Note the 
change in wavelength on refraction. 


* 


between the refracted га, 
. 02 is the angle of refraction. Note, 
less than the wavelength in air (,) j 

For the right triangles hce and hee’ we тау write ; = 


y and the normal to this interface. In other words, — 
too, that the wavelength in glass (А) is 


sin 6, = (lor hee) 
and EON for hee! 
% E (for e). 


. Dividing and using Eq. 41-6 yields 


2d % sin) м 0. Constant. : (41-7) 
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The law of refraction, as stated in Eq. 41-2, is 


= л), (41-2) 


so that ng, is now revealed as the ratio of the speeds of light in the two 
media, or 


im : 41-8 
ume ( ) 


We may rewrite Eq. 41-7 as 


=) cin, = (— )sin 6, аә 
i (2) S А 


in which с is the speed of light in free space. The quantities (c/vi) and 
(с/о) (see Eq. 41-8) are the indices of refraction of medium 1 and of medium 
2, respectively, with respect to à vacuum. Introducing the symbols n, and 
ng for these quantities allows us to write the law of refraction as 


nı Sin; = na sin &5. r (41-10) 


If we assume that the medium above the glass in Fig. 41-9 is а vacuum 
rather than air, the speed vı becomes c and the wavelength, called №; in 
Fig. 41-9, assumes a value А that is characteristic of the wave in free.space. 
Equation 41-6 may thus be written 


vg ۸ 
кы = м (41-11) 
c Ma 


This shows specifically that the wavelength of light in a material medium is 
less than the wavelength of the same wave ina vacuum. Figure 41-9 shows 
clearly the difference in wavelength in the two media. 


The application of Huygens’ principle to refraction requires that if a light ray is 
bent toward the normal in passing from air to an optically dense medium then the 
speed of light in that optically dense medium (glass, say) must be less than that in air; 
see Eq. 41-5. This requirement holds for all wave theories of light. For the early 
particle theory of light put forward by Newton, refraction can be explained only if 
the spéed of light in the medium in which light is bent toward the normal (the 
optically dense medium) is greater than that in air. The dense medium was thought 
to exert attractive forces on the light “corpuscles” as they neared the surface, speeding 
thém up and changing their direction to cause them to make a smaller angle with the 
normal. Figure 41-10 shows a figure from a 1637 work of René Descartes, in which he 
makes an analogy between the refraction of light and the motion of a tennis ball on 
entering a medium in which it moves more slowly. ’ 

‘An experimental comparison of the speed of light in water and in air is decisive, 
therefore, between the wave and corpuscular theories of light. Such a measurement 
was first carried out by Foucauft in 1850; he showed conclusively that light travels 
more slowly in water than in air, thus ruling out the corpuscular theory of Newton. 
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Fig. 41-10 According to the early 
(incorrect) corpuscular theory of 
light, ABI is the path ofa ray on 
entering a medium in which'its speed 


prediets that for the ray shown the 
Speed in the lower medium. (below 
BE) must be greater; from Des- 
cartes’ La Dioptrique (1637). 


41-5 ' Total Internal Reflection 


Let light rays in an optically dense medium (glass, say) fall on a surface 
on the other side of which is a less optically dense medium (air, say); see 
Fig. 41-11. As tlie angle of incidence 0 is increased, a situation is reached 
(see ray e) at which the refracted ray points along the surface, the angle of 
refraction being 90°. For angles of incidence larger than this critical angle 6; 
no refracted ray exists, giving rise to a phenomenon called total internal 
reflection. 

The critical angle is found by putting 0, = 90° in the law of refraction 
(see Eq. 41-10): 

nı Sin 0; = пә sin 90°, 


n 
ог sin 8. = —- (41-12) 
ИЛ 


Fig. 41-11 | Showing the total internal reflection of light from a source 5; the critical angle 
is б, : 


is less. The (correct) wave theory” 
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For glass and air sin @ = (1.00/1.50) = 0.667, which yields 8, = 41.87. 
Total internal reflection does not occur when light originates in the medium 
of lower index of refraction. 


Light can be “piped” from one point to another with little loss by allowing it to 
enter one end of а rod of transparent plastic. The light will undergo total internal 


Fig. 41-12 A bundle of tapered fibers (below) is placed over the letter S. Above, with 
the aid of a mirror, we see that the image, reduced in size, is transmitted to the top of the 
bundle by total internal reflection in the individual fibers, (Courtesy Dr. N. 8. Kapany, 


‚ Optics Technology, Inc.) 


reflection at the boundary of the rod and will follow its contour, emerging at ite iar 
end. Images may be transferred from one location to another, using a bundle of ine 
glass fibers, each fiber transmitting a small fraction of the image.* Such bundlescan 
be made in which a (flexible) seven-foot length delivers half the energy entering itat 
the far end. Ina fiber in such a bundle a typical ray may undergo 48,000 reflections. 
Most of the energy loss is due to absorption within the glass, reflection being almost 


* See “Fiber Optics,” by N. S. Kapany, Scientific American, November 1960. 
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Fig. 41-13 A photomicrograph of light emerging from the end of a bundle of fibers. The 
fiber diameters approach the wavelength of light so that each fiber acts like an “optical 
waveguide." We have here convincing visual evidence that light is an electromagnetic 
wave. (Courtesy of Dr. N. S. Kapany, Optics Technology, Inc.) 


truly total. Measurable amounts of light can be transmitted through single fibers 
150 feet long. j 

' Fiber opties techniques make possible many useful optical devices for transmitting 
and transforming lurhinous images. Figure 41-12 shows a short fiber bundle con- 
structed so that the fibers taper in diameter along its length. The wide end is shown 
placed over the letter S in the printed word "OPTICS." We see, with the aid of а 
mirror placed above the bundle, that a letter S, reduced in size, has been transmitted 
by total internal reflection through the bundle to its narrow end. 

Figure 41-13 is an enlarged view of a cross section of such a fiber bundle in which 
the diameters of the individual fibers are made so small that they are of the order of 
magnitude of the wavelength of light. This condition violates the spirit of our 
assumption of p. 1016, namely that the transverse dimensions of reflecting and 
refracting surfaces would be large compared to the wavelength of light. Conse- 
quently, a description of the reflection and refraction of light in terms of rays, as in 
Figs. 41-15 and 41—11, is not possible. Figure 41-13 is readily interpreted, however, 
on the basis of the electromagnetic wave theory of light and provides convincing 
pictorial supporting evidence for that theory. The fibers behave like waveguides * 


* A dielectric rod can serve as a waveguide in the same way that a hollow metal pipe 
can, and it has similar properties. 


[ттт тит ЧЫКЕ 


ti коЛ‏ ا 
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(see Section 39-3), and the patterns of darkness and light represent the distribution 
of the E and B vectors for various modes of oscillation of the electromagnetic waves 
traveling down the "guides." 


P» Example 4. Figure 41-14a shows a triangular prism of glass, a ray incident ' 


normal to one face being totally reflected. If Ө, is 45°, what can you conclude about 
the index of refraction n of the glass? * 


Fig. 41-14 Example 4. 


(а) (5) 


The angle 6; must be equal to or greater than the critical angle 0. where 6, is given 
by Eq. 41-12: ЕА 
пб, 

ni n 
in which, for all practical purposes, the index of refraction of air (= nz) is set equal 
to unity. Suppose that the index of refraction of the glass is such that total internal 
reflection just occurs, that is, that б, = 45°. This would mean 


= 1.41. 


n= Ы 
sin 45° 


Thus the index of refraction of the glass must be equal to or larger than 1.41. If it ` 
were less, total internal reflection would not occur. $ 


Example 5. What happens if the prism in Example 4 (assume that n — 1.50) is 
immersed in water (n = 1.33)? See Fig. 41-145. 
The new critical angle, given by Eq. 41-12, is 


which corresponds to б, = 62.5°, The actual angle of incidence (= 45°) is less than 
this so that we do not have total internal reflection. : 
There is a reflected ray, with an angle of reflection of 45°, as Fig. 41-14 shows. 


There is also a refracted ray, with an angle of refraction given by 
тепе = msin®. 
(1.50) (sin 45°) = (1.33) sin 6s, 

which yields 8; = 52.9*. 4 


Maxwell’s equations permit us to calculate how the incident energy is divided : 
„between the reflected and the refracted beams. Figure 41-15 shows the theoretical 


4 A лр! 
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Fig. 41-15 (а) The per cent of the energy reflected and refracted when an incident wave | 
in air falls on glass (n = 1.50). (b) The same for the incident wave in glass, showing total 1 


internal reflection. " 


prediction for (a) a light beam in air falling on a glass-air interface and (5) а light beam 
in glass falling on such an interface. Figure 41-15a shows that for angles of incidence ш 
up to about 50°, less than 10% of the light energy is reflected. At grazing incidence, — 
however (that is, angles of incidence near 90°), the surface becomes an excellent Ej 
reflector. We are all familiar with the high reflecting power of a wet road for light | 
from automobile headlights that strikes near grazing incidence. Ж 

Figure 41-15b shows clearly that at a certain critical angle (41.8? in this case; see 1 
Eq. 41-12) all the light is reflected. For angles of incidence appreciably below this | 
value, about 4%, of the energy is reflected. Е 


41-6 Fermat's Principle й T 


In 1650 Pierre Fermat discovered a remarkable principle which we often express 
today in these terms: A light ray traveling from one point to another will follow a path 
such that, compared with nearby paths, the time required is either a minimum or à — 
maximum or will remain unchanged (that is, it will be stationary). 

"Тһе laws of reflection and refraction ean readily be derived from this principle. 


B 
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Fig. 41-16 А ray from A passes through В after reflection at Р 


Figure 41-16 shows two fixe! points А and B anda ray APB connecting them.* 
The tota! length Г of this ray is 


l= Mal фак ми (d- zi 
where т locates the point P at which the ray touches the mirror. 

According to Fermat's principle, P will have a position such that the time of travel 
of the light must be a minimum (or a maximum ог musv remain unchanged). Ex- 
pressed in another way, the total length | of the ray must be а minimum (or x. ma 
imum or must remain unchanged). In either case, the metnods cf the calculus re: 
quire that di/dz be zero. Taking this derivative yields 


d 
i 


which can be rewritten as 


(3)(a? + z?) (2) + ЦУ + (d — z)'-"*Q)(d = z)(—1) =+ 0 


r = d-—z y 
ма? + т? у? + (d — г)? 
Comparison with Fig. 41-16 shows that this can be written as 


sin 6,', 


sin 6; 
or à = 0, 


which is the law ef reflection. Ae ai \ : Т 
To prove the law of refraction from Fermat's principle, consider Fig. 41-17, w ich 
shows two points A and B in two different media and a ray APB connecting them. 
The time ¢ is given by í ; 
1 1 


t=-+- 


v v2 
Using the relation n = с/о this can be written as 
Fc mh + т 1 


с с 


The quantity | (= nil + nal) is called the optical path length of the ray. Equation 
41-11 (written аз А = nÀn) shows that the optical path length is equal to the length 


* We assume that ray APB lies in the plane of the figure; see Problem 20. 
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Fig. 41-17 А ray from A passes through B after refraction at P. 


x 


that this same number of waves would have if the medium were a vacuum. The m 
optical path length must not be confused with the geometrical path length, which is. 9 
h+ ds. 

Fermat's principle requires that | be a minimum (or a maximum or must remain © 
unchanged) which, in turn, requires-that т be so chosen that dl/dz = 0. The optical ` 
path length is 


l = nih a nala = пуа? HE 22 + пу + (d— yn 
Differentiating yields 


к OD H Q2) + mI + (4 — 21-4 — (0-0 = 0, 


which can be rewritten as 


Ta £ n ES 
8 rp es | 
Ma! + a V+ (d — гу? 


Comparison with Fig. 41-17 shows that this, in turn, can be written as 


nı sin 0у = na sin Өз, 


which is the law of refraction. 

In each of the examples of this section the time required, or, what is equivalent, 
the optical path length, proves to be a minimum. Problem 22 deseribes a case in - ^ 
which it may be a maximum, a minimum, or stationary. 


QUESTIONS 


1, Discuss the propagation of spherical and of cylindrical waves, using Huygens’ 3 
. principle. 
- 2. Does Huygens’ principle apply to sound waves in air? E 
3. If Huygens’ principle predicts the laws of reflection and refraction, why isit necessary ШШ 
or desirable to view light as an electromagnetic wave, with all its attendant complexity? 
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4. Would you expeet sound waves to obey the laws of reflection and of refraction obeyed 
by light waves? 

5. A street light, viewed by reflection across a body of water in which there are ripples, 
appears very elongated. Explain. 

6. The light beam in Fig. 41-1a is broadened on entering the water. 

7. By what per cent does the speed of blue light in fused quarta differ from that of red 
light? 

8. Can (a) reflection phenomena or (b) refraction phenomena be used to determine the 
wavelength of light? 

9. How did Foucault's measurement of the speed of light in water decide between the 
wave and the particle theories of light? 

10. Why does а diamond "sparkle" more than а glass imitation cut to the same shape? 
> 11. Is it plausible that the wavelength of light should change in passing from air into 

glass but that its frequency should not? Explain. 

12. How can one determine the indices of refraction of the media in Table 41-1 relative 
to water, given the data in that table? 

13. You are given а cube of glass. How can you find the speed of light (from a sodium 
light source) in this cube? 

14. Describe and explain what'a fish sees as he looks in various directions above his 
"horizon." 

15. Design a periscope, taking advantage of total interna] reflection. What are the 
advantages compared with silvered mirrors? 

16. What characteristics must a material have in order to serve as an efficient “light 
pipe"? 

17. Can the optical path length between two points ever be less than the geometrical. 
path length between those points? 


PROBLEMS 


1. One end of a stick is dragged through water at a speed v which is greater than the 
speed и of water waves. Applying Huygens’ construction to the water waves, show that 
а conical wavefront is set up and that its half-angle a is given by- 


sina = u/t. 


This is familiar as the bow wave of a ship.or the shock wave caused by an object moving 
through air with a speed exceeding that of sound, as in Fig. 20-12. 

2. Prove that if a mirror is rotated through an angle a, the reflected beam is rotated 
through an angle 2a. Is this result reasonable for а = 45°? 

3. What is the speed in fused quartz of light of wavelength 5500 A; see Fig. 41-2? 

4. The wavelength of yellow sodium light in air is 5890 А. (а) What is its frequency? 
(b) What is its wavelength in glass whose index of refraction is 1.52? (c) From the results 
of (a) and (b) find its speed in this glass. 

5. The speed of yellow sodium light in a certain liquid is measured to ће 1.02 x 10* 
meters/sec. What is the index of refraction of this рн with respect {о air, for sodium 
light? f 

6. Suppose that the speed of light in air has been measured with an uncertainty of, say, 
1 km/sec. In caleulating the speed in vacuum, suppose that it is not certain whether п 
for air is 1.00029 or 1.00030. (a) How much extra uncertainty is introduced into the 


calculated value forc? (b) Estimate how accuratei_ -vuld ое known for this purpose. i 


7. In Fig. 41-6 show by graphical ray tracing, using a protractor, that if @ for the 
incident ray is either increased or decreased, the deviation angle ¥ is increased. The 
symmetrical situation shown 1n this figure is called the position of minimum Чайан. 
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8. A ray of light is incident normally on the face ab of a glass prism (п = 1.52), as 
shown in Fig. 41-18. (a) Assuming that the prism is immersed in air, find the largest value 
for the angle $ so that the ray is 
totally reflected at face ac. (b) 
Find $ if the prism is immersed 
in water. 

9. Show that for a thin prism 
(¢ small) and light not far from 
normal incidence (0; small) the de- 
viation angle is independent of the 
angle of incidence and is equal to 

Fig. 41-18 (n — 1) ¢ (see Fig. 41-6). 

10. A glass prism with an apex 
angle of 60° hasn = 1.60. (a) What is the smallest angle of incidence for 
enter one face of the prism and emerge from the other? (b) What angle of in 
be required for the ray to pass through the prism symmetrically, as in Fig. 41-6? 

11. A 60° prism is made of fused quartz. А ray of light falls on one face, making an 
angle of 45° with the normal. Trace the ray through the prism graphically with some 
are, showing the paths traversed by rays representing (a) blue light, (b) yellow-green light, 
and (c) red light. See Figs. 40-2 and 41-2. 

12. Ptolemy, who lived at Alexandria toward the end of the first century A.D., gave 
the following measured values for the angle of incidence # and the angle of refraction 62 
for a light beam passing from air to water: 


ch a ray сай 
ce would 
› 


a 02 A ГА 
10° 7°45 50° 35°07 
20° 15°30’ 60° 40°30! 
30° 22°30! 70° 45°30 
40° 29°0 80° 50°0’ 


Are these data consistent with Snell's law; if so, what index of refraction results? These 
data are interesting as the oldest recorded physical measurements. ; 
13. Prove that a ray of light 
incident оп the surface of a sheet of 
plate glass of thickness ¢ emerges 
from the opposite face parallel to 
its initial direction but displaced 
sideways, asin Fig. 41-19. Show 
that, for small angles of incidence 
6, this displacement is given by 


ni 
z = t0 


n 


where n is the index of refraction 
and @ is measured in radians. 

14. A plane wave of white light 
traveling in fused quartz strikes & 
plane surface of the quartz, mak- 
ing an angle of incidence 0. Is it 
possible for the internally refleeted 2 Fig. 41-19 
beam to appear (a) bluish or (b) 
reddish? Roughly what value of 0 must be used? (Hint: White light will appear bluish 4 
if wavelengths corresponding to red are removed from the spectrum.) d 

15. A point source of light is placed a distance h below the surface of a large deep lake: © 

‚ (a) Show that the fraction f of the light energy that escapes directly from the water surface 
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„f water, (Note: Absorption within the water and reflec- 


where п 


tion at the surface—except where it ix total—have been перес ed.) (b) Evaluate thir 

fraction for n = 1.33 
16. Figure 41-20 sho 

glass, it is equivalent to two 307-60 7-90" prisms and one 45°-45°-90° pris 


1 constant-deviation prism. Although made of one pieee of 


is incident in the direction i. 0; is changed by rotating the prism so that, in биги 


» made to follow the path shown, emer r. Show that, 


any desired wavelength ma 


if sin 8, 1, then бу = 9, and beams ї and r are at right angles 


Emergent ray 


Fig. 41-20 


17. A drop of liquid may be placed on а semicireular slab of glass as in Fig. 41-21 
Show how to determine the index of refraction of the liquid by observing total internal 
reflection. The index of refraction of the glass is unknown and must also be determined 
Is the range of indices of refraction that can be measured in.this way restricted in any 


sense? 


Reflected ray 


Fig. 41-21 


Ы 
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18. A light ray falls on а square glass slab as in Fig. 41-22. What must the index, of 
refraction of the glass be if total internal: reflection occurs at the vertical face? 


eit ghee) i ae 


Fig. 41-22 


E 
19: A glass cube has a small spot at its center. What parts of the cube face must be 
covered to prevent the spot from being seen, no matter what the direction of viewing? 
` What fraction of the cube surface must be so covered? Assume a cube edge of 1.0 em 
and an index of refraction of 1.50. (Neglect the subsequent behavior of an internally 
reflected ray.) 
20. Using Fermat’s principle, prove that the reflected ray, the incident ray, and the 
normal lie in one plane. 
21. Prove that the optical path lengths for reflection and refraction in Figs. 41-16 — 
. and 41-17 are minima when compared with other nearby paths connecting the same two 
points. 

22. Figure 41-23 shows two points A and B connected by a dens ray AvB. Show that, 
by comparison with nearby rays, such as AcB, the ray AvB represents а minimum; & 
stationary, or a maximum optical path, depending on whether the distance a is respec- 
tively less than, equal to, or greater than, the quantity 


| у шын 
x nc 


R is the radius of curvature of the spherical surface and n is the index of refraction of the | 
medium to the right of this surface. (Hint: Express the optical path length 1 of the árbi- 
trary path AcB in terms of the angle ¢ in Fig. 41-23: Use approximations that are ap- 
propriate when is small, since AcB must be a nearby path. ‘Take the first and second 
derivatives of | with respect to Ф.) 


Fig. 41-23 


—————————————————— MÀ á—X 


Reflection and Refraction— 
Spherical Waves 
and Spherical Surfaces 


CHAPTER 42 


42-1 Geometrical Optics and Wave Optics 7 

In Chapter 41 we described the reflection and refraction of plane waves 
at plane surfaces. In this chapter we consider the more general case of 
spherical waves falling on spherical reflecting and refracting surfaces. АП 
of the results of Chapter 41 will emerge ав special cases of the results of this 
chapter, since a plane can be viewed as a spherical surface with an infinite 
radius of curvature. 3 

Both in Chapter 41 and in this chapter we make extensive use of rays. 
Although а гау is a convenient construction, it proves impossible to isolate 
one physically. Figure 42-1a shows schematically а plane wave of wave- 
length A falling бп a slit of width a = 5. We find that the light flares out 
into the geometrical shadow of the slit, a phenomenon called diffraction. 
Figures 42-1b (a = 33) and 42-1с (a = A) show that diffraction becomes 
more pronounced as a/A — 0 and that attempts to isolate a single ray from 
the incident plane wave are futile. 

Figure 42-2 shows water waves in a shallow ripple tank, produced by” 
tapping the water surface periodically and automatically with the edge of a 
flat stick. We see that the plane wave so generated flares out by diffraction 
when it encounters а gap in a barrier placed across it. Diffraction is сһат-. 
acteristic of waves of all types. We can hear around corners, for example, 
because of the diffraction of sound waves. 

The diffraction of waves at a slit (or at an obstacle such as a wire) is ex- 
pected from Huygens’ principle. Consider the portion of the wavefront 
that arrives at the position of the slit in Fig. 42-1. Every point on it can be 
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Rea nar 


j 


_, Diffracted wave 


Incident] wave 


[| 


Fig.42-1 Ар attempt to isolate a гау by reducing the slit width a fails because of diffrac- 
tion, which becomes more pronounced as 4/ approaches zero. 


viewed as the site of an expanding spherical Huygens’ wavelet. The 'bend- 
ing" of light into the region of the geometrical shadow is associated with the 
blocking off of Huygens’ wavelets from those parts of the incident wavefront 
that lie behind the slit edges. 

Figure 42-3 was made by allowing parallel light to fall on a slit placed 
50 cm in front of à photographie plate. In Fig. 42-3a the slit width was 
about 6 X 10? mm. The central band of light is much wider than this, 
showing that light has “flared out” into the geometrie shadow of the slit. 
In addition, many secondary maxima, omitted from Fig. 42-1 for simplicity, 
‚ appear. Figure 42-3b shows what happens when the slit width is reduced 
by a factor of two. The central maximum becomes wider, in agreement with 
Fig. 42-1. Figure 42-3c shows the effect of reducing the slit width by an 
additional factor of 7, to4 x 107* mm. The central maximum is now much 
wider and the secondary maxima, whose intensities relative to the central 
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Fig. 42-2 Diffraction of water waves at a slit in a ripple tank. Note that the slit width 
is about the same size as the wavelength. (Courtesy of Educational Services Incorporated.) 


maximum have been deliberately overemphasized by long exposure, are very 
evident. 

Diffraction сап be ignored if the ratio a/A is large enough, а being a measure 
of the smallest sideways dimension of the slit or obstacle. If a >A, light 
appears to travel in straight lines which can be represented by rays that obey 
the laws of reflection (Eq. 41-1) and refraction (Eq. 41-2). In Chapter 41 
this condition, called geometrical optics, prevailed, the ‘lateral dimensions of 
all mirrors, prisms, etc., being much greater than the wavelength. We as- 
sume in this chapter also that the conditions for geometrical optics are 


satisfied. < 
ШШ 5 


Fig. 42-3 (a) The intensity of light diffracted from a slit of width a £6 X 107? mm 
and falling on a screen 50 cm: beyond. (b) The slit width is reduced by a faetor of two. 
(с) The slit width is f urther reduced by ап additional factor of seven. Note that secondary 
maxima, made prominent in this case by deliberate overexposure, appear on either side 
of the central maximum. These secondary maxima have been omitted from Fig. 42-1 


for simplieity. 


1038 REFLECTION AND REFRACTION—II Chap. 42 


If the requirement for geometrical optics is not met, we cannot describe 
the behavior of light by rays but must take its wave nature specifically into 
account. This subject is called wave optics; it includes geometrical optics as 
an important limiting case. We will treat wave optics in succeeding chapters, ^ 


42-2 Spherical Waves—Plane Mirror 


Figure 42-4 shows a point source of light О, the object, placed a distance o 
in front of a plane mirror.. The light falls on the mirror as a spherical wave 
represented in the figure by rays emanating from O.* At the point at which 

-each rev strikes the mirror we construct a reflected ray. If the reflected rays 
are extended backward, they intersect in a point / which is the same distance 


Fig. 42-4 А point object 0 
forms a virtual image J in a 
plane mirror. The rays appear 
to emanate from 7, but actually 
light energy does not pass 
through this point. 


behind the mirror that the object O is in front of it; I is called the image of 0. 

Images may be real or virtual. In a real image light energy actually passes 
through the image point; in a virtual image the light behaves as though it 
diverges from the image point, although, in-fact, it does not pass through 
«this point; see Fig. 42 -4. Images in plane mirrors are always virtual. We 
know from daily experience how “real” such a virtual image appears to be 
and how definite-is its location in the space behind the mirror, even though 
this space may, in fact, be occupied by a brick wall, 

Figure 42-5 shows two rays from Fig. 42-4, One strikes the mirror at, 0, 
along a perpendicular line. The other strikes it at an arbitrary point а, 
making an angle of incidence”? with the normal at that point. Elementary 


* In our discussion of reflection from mirrors In Chapter 41 (see Fig. 41-8) we assumed 
an incident plane wave; the incident rays are parallel to each other in that case. 
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Fig. 42-5 Two rays from Fig. 
42-4; ray Oa makes an arbi- 
trary angle @ with the normal. 


geometry shows, that the angles aOv and alv are also equal to 9. Thus tne 
right triangles aOva and alva are congruent and 


o= —i, (42-1) 


in which the minus sign is arbitrarily introduced to show that J and О are оп 
opposite sides of the mirror. Equation 42-1 does not involve 6, which means 
that all rays striking the mirror pass through J when extended backward, as 
we have seen above. Beyond assuming that the mirror is truly plane and 
that the conditions for geometrical optics hold, we have made no approxi- 
mations in deriving Eq. 42-1. `A point object produces a point image ina 
plane mirror, with o = —т, no matter how large the angle 8 in Fig. 42-5. 

Because of the finite diameter of the pupil of the eye, only rays that lie 
fairly close together can enter the eye after reflection at à mirror. For the 
eye position shown in Fig. 42-6 only a small pateh of the mirror near point a 
is effective in forming the image; the rest of the mirror may be covered up 
or removed. If the eye is moved to another location, a different patch of the 
mirror will be effective; the location of the virtual image I will remain un- 
changed, however, as long as the object remains fixed. 

If the object is an extended source such as the head of a person, a virtual 
image is also formed. From Eq. 42-1, every point of the source has an image 
point that lies an equal distance directly behind the plane of the mirror. 
Thus the image reproduces the object point by point. 

Images in plane mirrors differ from objects in that left and right are inter-. 
changed. The image of a printed page is different from the page itself. 
Similarly, if a top is made to spin clockwise, the image, viewed in a vertical 
mirror, will seem to spin counterclockwise. Figure 42-7 shows an image of 
a left hand, constructed by using point-by-point application of Eq. 42-1; the 
image has the symmetry of a right hand.* 

* See “The Overthrow of Parity” by Philip Morrison, Scientific American, April, 1957, 
for a discussion of the distinction in nature between right and left. 
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Fig. 42-6 A pencil of rays from 0 enters the eye after reflection at the mirror. Only а 
small portion of the mirror near a is effective. The small arcs represent portions of 
spherical wavefronts. 


Fig. 42-7 A plane mirror reverses right. and left. 
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> Example 1. How tall must a vertical mirror be if a person 6 ft high is to be able 
to see his entire length? Assume that his eyes are 4 in. below the top of his head, 

Figure 42-8 shows the paths followed by light rays leaving the top of the man's 
head and the tips of his toes. These rays, chosen so that they will enter the eye e 
after reflection, strike the vertical mirror at points а and b, respectively. The mirror 
need occupy only the region between these two points, Calculation shows that b is 
2 ft, 10 in. and ais 5 ft, 10 in. above the floor. The length of the mirror is thus 3 ft, or 
half the height of the person. Note that this height is independent of the distance 
belween the person and the mirror. Mirrors that extend below point b show reflec- 
tions of the floor between the person an^ the mirror: 


Fig. 42-8 Example 1. A person can view his 
full-length image in a mirror that is only half 
his height. ; 


Example 2. Two plane mirrors are placed at right angles, and а point object 
O is located on the perpendicular bisector, as shown in Fig. 42-9a. Locate the images. 
Images J; and /» are formed in mirrors ab and cd, respectively. There is also a third 
image; it may be considered to be the image of J; in mirror cd or the image of J» in 
mirror ab. The three images and the object O lie on a circle whose center is on the 
line of intersection of the mirrors and whose plane is at right angles to that line. 

In viewing J; the light entering the observer's eye is reflected twice after leaving the 
source. Figure 42-96 shows a typical bundle of rays. In viewing I, or Ts, the light 
is reflected only once, as'in Fig. 42-6. 4 


42-3 Spherical Waves—Spherical Mirror ۴ 


In Fig. 42-10 a spherical light wave from a point object O falls on a соп- 
cave spherical mirror whose radius of curvature is r.* A line through О and 
the center of curvature C makes a convenient reference axis. 

А ray from O that makes an arbitrary angle a with this axis intersects the 
axis at I after reflection from the mirror ata. A ray that leaves O along the 
axis will be reflected back along itself at v and will also pass through J. Thus, 
for these two rays at least, J is the image of О; it is a real image because light 
energy actually passes through J. Let us find the location of J. 

A useful theorem is that the exterior angle of a triangle is equal to the sum 
of the two opposite interior angles. Applying this to triangles OaCO and 


* A spherical shell, viewed from inside, is everywhere concave; viewed from outside it is 
everywhere convex. ‘In this chapter concave and convex will always be judged from the 
poirt of view-of an obsérver sighting along the direction of the incident light. 


* 


D 
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Fig. 42-9 Example 2, (a) Ob- 
ject О has three virtual images. 
(b) А typical bundle of rays 
used to view Js. 


Fig. 42-10 Two rays from О 
converge after reflection in a 
spherical concave mirror, form- 
ing a real image at J. 
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OaIO in Fig. 42-10 yields 
В=а +6 


апа ү = «+ 29. 
Eliminating 0 between these equations leads to i 

«+ 7 = 28. | (42-2) 
In radian measure we бап write angles a, 8, and y as 


av ар ` 


(42-3) 


Note that only the equation for 8 is exact, for the reason that the center of 
curvature of are av is at C and not at O or I. However, the equations for 
a and for у are approximately correct if these angles are sufficiently small. 
In all that follows we assume that. the rays diverging from the object make only 
a small angle a with the axis of the mirror. Such rays, which lie close to the 
mirror axis, are called paraxial rays. We didnot find it necessary to make 
such an assumption for plané mirrors. Substituting these equations into 
Eq. 42-2 and canceling av yields 5 : 

Lele шд А : 

v 3 (42-4) 

gir UL Cet EA 
in which o is the object distance and 1 is the image distance. Both these dis- 
tances are measured from the vertex of the mirror, which is the point v at 
which the axis intercepts the mirror. | 

Significantly, Eq. 42-4 does not contain о (or 8, 7, or 6), so that it holds 
for all rays that strike the mirror provided that they are sufficiently paraxial. 
In an actual case the rays сап be made as paraxial as one likes-by putting a 
circular diaphragm in front of the mirror, centered about the vertex v; this 
will impose a certain maximum value ofa. — ^ : 

As o in. Fig. 42-10 is permitted to become larger, it will become less true 
that а point object will form a point image; the image will become extended 
and fuzzy. No sharp criterion for deciding whether à given ray is paraxial 
can be laid down. 1f the maximum permitted value of о is reduced, the rays 
will become more paraxial and the image will become sharper. Unfortu- 
nately, the image. will also become fainter because less total light energy 

` will be reflected from the mirror. A compromise must often be made be- 
tween image brightness and image quality. : 

As for plane mirrors, the image (real or virtual) in a spherical mirror can 
be seen only if the eye is located so that light rays from the object can enter 


P Curr 
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Fig. 42-11 The eye must be 
properly located to sec image Г. 2 


it after reflection. In Fig. 42-11 a bundle of light rays is shown entering 
the-eye in position т; only the small patch of mirror near a is effective for 
this eye position. If the observer moves his eye to position y, the image 
will vanish for him because the mirror does not exist near point a’. 

Although Eq. 42-4 was derived for the special case in which the object is 
located beyond the center of curvature, it is generally true, no matter where 
the object islocated. It is also true for convex mirrors, as in Fig. 42-12. 

In applying Eq. 42-4, we must be careful to follow a consistent convention 
of signs for o, 4, and r. As the basis for the sign conventions to be used in 
this book, we start from this statement: 


~ In Fig. 42-10, in which light diverges from a real object, falls on 
a concave mirror, and converges after reflection to form areal image, the 
quantities о, 7, and r in Eq. 42-4 are given positive numerical values. 


Figure 42-10 was used to derive Eq. 42-4 and the student should associate 
them in his mind as an aid in getting the signs correct. 

Let us fix our minds on the side of the mirror from which incident light 
comes. Because mirrors are opaque, the light, after reflection, must remain 
on this side, and if an image is formed here it will be a real image. There- 


Fig. 42-12 Two rays from О 
diverge after reflection’ in a 
spherical convex mirror, form- 
ing a virtual image at J, the 
point from which they appear 
to originate. Compare Fig. 
42-10. 
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fore, we call the side of the mirror from which the light comes the A-side (for 
real image). We call the back of the mirror the V-side (for virtual image), 
because images formed on this side of the mirror must be virtual, no light 
energy being present on this side.* 

In the indented statement above we assoeiated real images with positive 
image distances. This suggests our first sign convention: 


1. The image distance ? is positive if the image (real) lies on the R-side 
of the mirror, as in Fig. 42-10; i is negative if the image (virtual) lies on the 
V-side, as in Fig. 42-12. 

If the mirror in Fig. 42-10, which is concave as viewed from the direction 
of the incident light, is made convex, the rays will diverge after reflection 
and will form a virtual image, as Fig. 42-12 shows. Thus the indented 
statement above suggests our second sign convention: 

2. The radius of curvature r is positive if the center of curvature of the 
mirror lies on the R-side, as in Fig. 42-10; r is negative if the center of curva- 
ture lies on the V-side, as in Fig. 42-12. м j 


The student should not commit these sign conventions to memory but 
should deduce them in each ease fróm the basic statement on p. 1044, using 
Fig. 42-10 as a mnemonic aid. 


For all cases in this book the object distance o is to be taken as-positive. In 
systems of two or more mirrors (or combinations of mirrors and refracting surfaces) 
it is possible to arrange that converging light falls on the mirror. In such cases the 
object is called virtual and the object distance o is negative; we limit our discussion 
here to real objects. 


P Example 3. A convex mirror has a radius of curvature of 20 cm. If a point 
source is placed 14 em away from the mirror, as in Fig. 42-12, where is the image? 
A rough graphical construction, applying the law of reflection at a in the figure, 

' shows that the image will be on the V-side of the mirror and thus will be virtual. 
We may verify this quantitatively and analytically from Eq. 42-4, noting that r is 
negative here because the center of curvature of the mirror is on its V-side. We have 


foul e 
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0 nw r 
1 1 2 
Sr : Hiden 517 20: 


which yields i = —5.8 сш, in agreement with the graphical prediction." The nega- 
tive sign for i reminds us that the image is on the V-side of the mirror and thus is 
virtual. 

When parallel light falls on a mirror (Fig. 42-13), the image point (real or 
virtual) is called the focal point F of the mirror. The focal length f is the 
distance between F and the vertex. If we риф o ~ = in Eq: 42-4, thus ` 
insuring parallel incident light, we have ; 


i= ат = ј. 


* This nomenclature may seem unnecessarily cumbersome at this point. We adopt it 
because of the later extension of these ideas to refracting surfaces and lenses. 


Fig. 42-13 (а) The focal point for a concave spherical mirror, 
and the wavefr F and С lie on the 
length f of the mirror is positive (as is r). (b) The 


makes an angle e with the mirror 
pps (e 


rowing both, the ray. 
the focal point is real, and the Focal 
ime, except that the incident light 
s; the rays are focused at a point in the focal plan’ 
pt that the mirror is convex; F and C lie on the V-side of the 
та] and the focal length f is negative (: 
1046 


mirror, 
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12-4 can then be rewritten 


M taken as positive for mirrors vhose centers of curvature are 
that ts med 
[Н | for concave, or converging mirrors; see Fig. 42-13a 


hose whose centers of curvature are on the V-side (that 


or diverging mirrors; see lig. 422138 Figure 42-135 show in 


plane wave that makes a small angle a with the mirror axis. The 
focused at à point in the focal plane of the mirror, This is a plam 


ingles to the mirror axis at the focal point 


an extended object in (а) a concave mirror and (6) a convex 
three special rays shown are sufficient 


Fig. 42-14 ‘The image of 
mirror is located graphically. Any two of the 


We now consider objects that are not points. Figure 42-1 і shows a candle 
in front of (a) a concave mitror and (b) a convex mirror We choose to draw 
the mirror axis through the foot of the candle and, of course, through the 
center of curvature. The image of any off-axis point, such as the tip of the 


candle, can be found graphically, using the following facts: 


1. A ray that strikes the mirror after passing (either directly or upon being 
extended) through the eenter of curvature C returns along itself (ray x in 
g. 42-13), Such rays atrike the mirror at right angles. 

2. A ray that strikes the mirror parallel to its axis passes (or will pass when 


extended) through the focal point (ray y). 
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3. Aray that strikes.the mirror after passing (either directly or upon being 
extended) through the focal point emerges parallel to the axis (ray г). 4 


Figuré 42-15 shows a ray (dve) that originates on the tip of the ой 
candle of Fig. 42—14, is reflected from the mirror at point v, and passes 
through the tip of the image candle. The law of reflection demands that 
this ray make equal angles 6 with the mirror axis as shown. For the two 
similar right triangles in the figure we can write 3 


се ve 


bd vb 

The quantity on the left (apart from a question of sign) is the lateral mag- 

nification m of the mirror. Since we want to represent an inverled image by 

_а negative magnification, we arbitrarily define m for this case as — (ce/bd) 
Since ve = 4 and vb = o, we have at once zi 


È 


This equation gives the magnification for spherical and plane mirrors under 
all circumstances. For a plane mirror, о = — and the predicted magnifica: 
` tion is +1 which, in agreement with experience, indicates an erect image the 
same size as the object. ‘ A 


Images in spherical mirrors suffer from several “defects” that arise because the 
assumption of paraxial rays is never completely justified. In general, a point souree 
will not produce a point imagé; see Problem 5. Apart from this, distortion arises 
because the magnification varies somewhat with distance from the mirror axis, Edi 
42-6 being strictly correct only for paraxial rays. Superimposed on these defects are 
diffraction effects which come about because the basic assumption of geometrical optics, 


that light travels in straight lines, must always be considered an approximation. © 


Fig. 42-15 A particular ray for the arrangement, of Fig. 42-14, used to show that the 
lateral magnification m is given by —i/o. t 


2 
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Fig. 42-16 А graphical representation of the mirror formula (Eq. 42-5). The numbers 
on the curves give the lateral magnifications (Eq. 42-6). 


Figure 42-16 summarizes the predictions of the mirror equation (Eq. 42-5) 
and of the lateral magnification equation (Eq. 42-6). For convex mirrors 
the image is always virtual. For concave mirrors the image is virtual if the 
object is inside the focal point (о// < 1) and real otherwise (o/f > 1). As 
0 — = for both types of mirror, the image approaches the focal point 
(2/7 — 1). A plane mirror (m = +1) is represented in the figure by a 
point at the origin. It is appropriate that this point form the central point__ 
of the lower-left branch of Fig. 42-16 because both convex and concave 
mirrors approach plane mirrors as r is increased in magnitude, that is, as 
f — œ (oras o/f — 0 in Fig. 42-16, assuming a fixed object distance). 


42-4 Spherical Refracting Surface 

Figure 42-17 shows & point source О near а convex spherical refracting 
surface of radius of curvature r. The surface separates two media whose 
indices of refraction differ; that of the medium in which the incident light falls 
on the surface being n, and that on the other side of the surface being no. 

From О we draw a line through the center of curvature С of the refracting 
surface, thus establishing a convenient axis which intercepts the surface at 
vertex v. From О we draw.a ray that makes a small but,arbitrary angle a 
with the axis and strikes the refracting surface at a, being refracted according 


to 
ny sin фу = na Sin 65. 


/ 
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Fig. 42—17 Two rays from O conyerge after refraction at a spherical surface, forming а 
real image at I, 


The refracted ray intersects the axis at I. A ray from О that travels along 
the axı will not be bent on entering the surface and will also pass through I. 
Thus, for these two rays at least, I is the image, of O. 

As in the derivation of the mirror equation, we use’ the theorem that the 
exterior angle of a triangle is equal to the sum of the two opposite interior 
angles. Applying this to triangles COaC and [Cal yields 


satb o (42-7) ЧА 


and à B 


Il 


бо + y. (42-8) 


As o is made small, angles В, х, 01, and 05 in Fig. 42-17 also become small, 

We at once assume that a, hence all these angles, are arbitrarily small, this 

paraxial ray assumption was also: made for spherical mirrors. Replacing 

the sines-of the angles by the angles themselves—since the angles are re- 
quired to be small—permits us to write the law of refraction as 


n40, £x nal. (42-9) 


Combining Eqs. 42-8 and 42-9 leads to 


ny 
B-—94 y. 
na 


Eliminating 0, between this equation and Eq. 42-7 leads, after rearrange- 
ment, to 


та + ney = (по — n1)8. (42-10) 


7 


image distances. Thus we are 
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In radian measure the angles «, 8, and y in Fig. 42-17 are 


IR 


(42711) 


w 
ر‎ rn 


Only the second of these equations is exact. The other two are approximate 
because Z and О are not the centers of circles of which ay is an are. However, 
for paraxial rays (о small enough) the inaceuracies in Eq. 42-11 can be made 
as small as desired. У ; 
Substituting Eqs. 42-11 into Eq. 42-10 leads readily to 
a + 2 ETR E (42-12) 
з 0 i r 
This equation holds whenever light is refracted from point objects at spheri- 
cal stirfaces, assuming only that the rays are paraxial. As with the mirror 
formula, care must be taken to use Eq. 42-12 with ¢onsistent signs for 0, t, 
andr. Once again we establish our sign conventions by physical reasoning 


from a particular case, that of Wig. 42-17: > 


— dn Fig: 42-17, in which light diverges from a real object, falls on a 
© convex refracting surface, and converges after refraction to form a real 
image, the quantities o, i, and r in Eq. 42-12 have positive numerical 
values. E 
ligure 42-17 was used to derive Eq. 42-12, and the studen~ should asso- 
ciate them in his mind as an aid in getting the signs correct. This basic 
statement is quite similar to that which we made for mirrors on p. 1044. 
We fix our attention on the side of the refracting surface from which the 
incident light falls on the surface. In contrast to mirrors, the light energy 
passes through à refracting surface to the other side, and if a real image is 
formed it must appear on the far side, which we call the R-side. The side 
from which the incident light comes is called the V-side because virtual 
images must appear here. _ Figure 42-18 suggests this important distinction 
between reflection and refraction.’ } 
In the indented statement above we associated real images with-positive- 
led to the sign convention: 


if the image (real) is on the R-side of 


1. The image distance 7 is positive : 
17; i is negative if the image (virtual) 


the refracting surface, аз in Fig. 42- 
lies on the V-side, as in Vig. 42-19. х с 

Phe refracting surface in Fig. 42-17 is convex, Tf it is made concave 
(still assuming that no > nı), the rays will diverge after refraction and form 


1052 REFLECTION AND REFRACTION—1I Chap. 49 : 


R-side | V-side 
Incident light | 
I 
— l — 
Reflected light | 
1 Fig. 42-18 Real images are formed on the same _ 
(concave or ‚ Bille as the incident light for mirrors but on the 
O opposite side for refracting surfaces and thin 
V-side | R-side lenses. "This is so because the incident light is 
Incident light nil n; reflected back by mirrors but is transmitted 
چ‎ ! É 


through by refracting surfaces. X 


! Ж. 
| Ў " 
| Refracted light 
1 


(concave or convex 
refracting surface 
or thin lens) 


а virtual image, as Fig. 42-19 shows. Thus we are led to our second sign | 
convention: a 

2. The radius of curvature r is positive if the center of curvature of the _ 
refracting surface lies on the R-side, as in Fig. 42-17; r is negative if the [ 
center of curvature is on the V-side, as in Fig. 42-19. : 


The sign conventions for refracting surfaces are the same as for mirrors 
(р. 1045), the fundamental difference between the two situations being _ 
absorbed in the definitions of R-side and V-side in Fig. 42-18, This differ- 
ence is easily remembered on physical grounds. 


For all cases in this book the object distance o is to be taken as positive. In = 
systems of two or more refracting surfaces (or combinations of refracting surfaces 
and mirrors) it is possible to arrange that converging light falls on the refracting 
surface. In such cases the Object is called virtual and the object distance o is negative; © 
we limit our discussions here to real objects. 


Airy Glass: 5x 


Fig. 42-19 Two rays from О 


diverge after refraction at a spherical surface, forming & 
virtual image at I. 
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> Example 4. Locate the image for the geometry shown in Fig. 42-17, assuming 
the radius of curvature to be 10 em, пе to be 2.0, and n, to be 1.0. Let the object be 
20 em to the left of v. 


From Eq. 42-12, 
ni m п: — ni 


LU ї r 


10 20 _ 2.0-10 
4-20 cm i +10 em 


we have 


Note that r is positive because the center of curvature of the surface lies on the R-side. 
This relation yields i = +40 cm in agreement with the graphical construction. The 
light energy actually passes through 7 so that the image is real, as indicated by the 
positive sign for i. 

Example 5. An object is immersed in а medium with n; = 2.0, being 15 cm from 
the spherical surface whose radius of curvature is —10 cm, as in Fig. 42-20; r is 
negative because C lies on the V-side. Locate the image. 


> 


Fig. 42-20 Two rays from О 
appear to originate from Г 
(virtual image) after refraction 
at & spherical surface. 


Figure 42-20 shows & ray traced through the surface by applying the law of refrac- 
tion at point a. A second ray from O along the axis emerges undeflected at v. The 
image 7 is found by extending these two rays backward; it is virtual. 


From Eq. 42-12, ~ 


0 d T 2 
^ 2.0 1.0 10—20 
NE 415 соп i^ —10em 


which yields 1 = —30 cm, in agreement: with Fig. 42-20 and with the sign conven- 
tions. Note that nı always refers to the medium on the side of the surface from 


which the light comes. . - 
Example 6. What is the relationship. between i and o if the refracting surface is 


plane? ы х : : 
A plane surface has an infinite radius of curvature. Putting r — 9 in Eq. 42-12 


leads to s: 


4-—0—-: 


и 
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Fig. 42-21 Refraction at а 
plane surface at near-normal 
incidence, showing a pencil of 
rays and the corresponding 
wavefronts entering the pupil. 
(a) Source in air and (b) source 
in water 
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Figure 42-21 illustrates the situation graphically (а) for an object in air as seen from 
below water and (b) for an object in water with air above. “This shows that a diver, 
looking upward at, say, an overhanging tree braneh, will think it higher than it is by 
the factor 1.33/1.00. Similarly, an observer in air will think that objects on the 
bottom of a water tank are closer to the surface than they actually are, in the ratio 
1.00/1.33. These considerations, being based on Eq. 42-12, hold only for paraxial 
rays, which means that the incident rays can make only a small angle with the normal; 
this angle has been exaggerated in the figure for clarity. Note again that m is always 
identified with the medium that lies on the side of the surface containing the incident 
light. $ 


42-5 Thin Lenses . z f 


In most. refraction situations there is more than one refracting surface. 
This is true even for a spectacle lens, the light passing from air into glass 
and then from glass into air. In microscopes, telescopes, cameras, ete., 
there are often many more than two surfaces. 

Figure 42-22a shows a thick glass “lens” of length Z whose surfaces are 
ground to radii 7’ and r“. point object O' is placed néar the left surface as 
shown. A ray leaving 0’ along the axis is not deflected on entering or leav- 
ing the lens because it falls on each surface along а normal. ? 

А second ray leaving O', at an arbitrary angle a with the axis, strikes the 
surface at point a’, is refracted, and strikes the second surface at point а”. 
The ray is again refracted and crosses the axis at Z”, which, being the inter- 
section of two rays from 0”, is the image of point О", formed after refraction 
at two surfaces. 1 " ^ 

Figure 42-22) shows the first surface, which forms a virtual image of O' at 
I'. To locate J’, we use Eq. 42-12, 

Wi "a Та таз 
0 i T : 
1,0‘and ng = n and bearing in mind that the image distance 


i 


Putting ny = à 
is negative (that is, i = =z in Fig. 42-92b), we obtain 
à PE ау - (42-13) 
XS ie o! х p r: 


In this equation 7 will be a positive number because we have arbitrarily 


introduced the minus sign appropriate to à virtual image. pru. 
Figure 42-22c shows the second surface, Unless an observer at point a^ - 
were aware of the existence of the first surface, he would think that the light 
striking that point originated at point 7’ in Fig. 42-22b and that the region 
to the left of the surface was filled with glass. Thus the (virtual) image I 4 
formed by the first, surface serves as а real object 0" for the second surface. 
The distance of this object on fhe second surface is 
: ptg WII D CAMS 
12 to the second surface, we insert mı = n and ng = 


In applying Eq. 42- ; ser | п * 
1.0 because.the object behaves as if it were imbedded in glass. If we use — 
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Fig. 42-22 (a) Two rays from О/ intersect at Г” (real image) after refraction at two spheri- 
cal surfaces. (b) The first surface and (c) the second surface shown separately. The 


Eq. 42-14, Eq. 42-12 becomes 


ex (42-15) 
1 


Let us now assume that the thickness | of the “lens” in Fig. 42-22 is « 
small that it ean be neglected in comparison with other linear quantities in 


Ч 
| 
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, 


this figure (such азо’ C, 2”, 7", r’, and r”). In all that follows we make this 
thin-lens approximation. Putting | = 0 in Eq. 42-15 leads to 


-+> =- (42-16) 


Adding Eqs. 42-13 and 42-16 leads to 


1E af EA 
eos rum Mu Ne * =): 
0 1 » T 


Finally, calling the original object distance simply о and the final image 
distance simply 7 leads to 


1 1 1 1 
xp ein »(- ^) (42-17) 

0r v АБУ, 1 
This equation holds only for paraxial rays and only if the lens is so thin that 
it essentially makes no difference from which surface of the lens the quanti- 
ties o and i are measured. In Eq. 42-17 r' refers to the first surface struck 
by the light as it traverses the lens and r” to the second surface. 

The sign conventions for Eq. 42-17 are the same as those for mirrors and 
for single refracting surfaces. Because the lens is assumed to be thin, we 
refer to the R-side and the V-side of the lens itself (see Fig. 42-18) rather 
than those of its separate surfaces. The sign conventions then are the fol- 


lowing: 
1. The image distance 7 is positive if the image (real) lies on the R-side 
of the lens, as in Fig. 42-23a; i is negative if the image (virtual) lies on the 


V-side of the lens, as in Fig. 42-23b. 
2. The radii of curvature 7’ and r” are positive if their respective centers 


Fig. 42-23 Illustrations used to establish sign conventions for thin lenses. 
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of curvature lie on the R-side of the lens. They are negati 
lie оп the V-side. In Fig. 42-23a, r’ is positive and r’ is n 
42-23b, r' is negative and >" is positive. 


Figure 42-244 and с shows parallel light from a distant object falling om 
a thin lens. The image location is called the second f ў 
The distance from F, to the lens alled the focal length f. The fir 
point for a thin lens (F, in figure) is the object position for which the imag 


Fig. 42-24 (a) Parallel light passes through the second focal poiut F of a converging | 
lens, (b) The incident light, makes an angle.« with the lens axis, the rays being focused 
in the focal plane WF”, (c) Parallel light, passing through a diverging lens, seems 
originate at the second focal point Fs. С' and C" are centers of curvature for the le 
surfaces; Fı is the first focal point. 
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is at infinity. For thin lenses the first and second focal points are on opposite 
sides of the lens and are equidistant from it. 

The focal length can be computed from Eq. 42-17 by inserting о — æ 
пат = R This yields 


E M y 42-18 
f (42-18) 


This relation is called the lens maker's equation because it allows us to com- 
pute the focal length of a lens in terms of the radii of curvature and the index 
of refraction of the material, Combining Eqs. 42-17 and 42-18 allows us to 
write the thin-lens equation as 


- = = —. 2—19 
| 8 y Fin (42-19) 

Figure 42-245 shows parallel incident rays that make a small angle a with 
the lens axis; they are brought to a focus in the focal plane F'F"', as shown. 
This is a plane normal to the lens axis at the focal point. 

In Fig. 42-24a we note that all rays in the figure contain the same number 
of wavelengths; in other words, they have the same optical path lengths; see 
Section 41-6, The optical path lengths are the same because the wavefronts 
are surfaces over which the wave disturbance has the same constant value 
and because all the rays shown pass through the same number of wavefronts. 


> Example 7, The lenses of Fig. 42-24 have radii of curvature of magnitude 40 cm 

and are made of glass with n = 1.65. Compute their focal lengths. i 
Since C" lies on the R-side of the lens in Fig. 42-24a, r' is positive (= +40 em). 

Since C” lies on the V-side, r” is negative (= —40 cm). Substituting in Eq. 42-18 


yields DY 
1 Paci a = E: I ау Moe 
f =m) S =) аб) [n em  —40 —) 
ok ў | “у= +81 em. 
A positive focal length indicates that in agreement, with Fig. 42-24a the focal point 


Е, is on the R-side of the lens and parallel incident light converges after refraction 


to form a real image. : : 
In Tig. 49-940 C’ lies on the V-side of the lens so that r' is negative (= —40 cm). 


Since r” is positive (= +40 em), Eq. 42-17 yields 
{ f = —31 ст. ‘ 


| ^ ates that in agreement with Fig. 42-240 the focal point 
Bo e jeu incident light diverges after refraction to form а 
virtualimage ^^ Hm A RIRs P З 4 
. The location of the image of an extended object. such as à candle (Fig. 42- 
25) can be found graphically by using the following three facts: 


1A my parallel to the axis and falling on the lens passes, either directly 
or when extended. through the second focal point (ray zin Fig. 42-25). 
2, A ray falling on à lens after passing, either directly or when extended, 


й 
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through the first focal point will emerge from the lens paralle 
(ray y). 

3. A ray falling on the lens at its center will pass through undeflected, 
There is no deflection because the lens, near its center, behaves like a thin 
piece of glass With parallel sides. The direction of the 
changed and the sideways displacement can be 
thickness has heen assumed to be 
Chapter 41). 


1 to the axis 


light rays is not 
neglected because the lens 
negligible (ray z; see also Problem 18, 


Figure 42-26, which represents part of Fig. 42-25a, shows a ray passing 
from the tip of the object through the center of curvature to the tip of the 
image. or the similar triangles abe and dec we may write 


de ас 


ab ac 


The right side of this equation is 7/o and the left side is — m, where m is the 


Fig. 42-25 


Showing ‘the graphical location of images for three thin lenses. 


Chap, 42 


& دت ف ی‎ mein. 
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Fig. 42-26 Two rays for the situation of Fig. 42-25a. 


lateral magnification. The minus sign is required because we wish m to be 
negative for an inverted image. This yields 
i 
m--—- (42-20) 
0 


which holds for all types of thin lenses and for all object distances. 


> Example 8. A converging thin lens has a focal length of +24 em. \n object is 
placed 9.0 em from the lens as in Fig. 42-255; describe the image. 
From Eq. 42-19, 


1 1 1 
ЖОГЫ 
we have Roe Дш і 
» T90cm i +2сеш 
which yields i = — 14.4 em, in agreement with the figure. The minus sign means that 


the image is on the V-side of the lens and is thus virtual. 
The lateral magnification is given by 


i — 14.4 cm 
ellie ш DAT ы +16 
e 0 49.0 em к, 
again in agreement with the figure. The plus signifies an erect image. < 


Images formed by lenses suffer from defects similar to those discussed for 
mirrors on p. 1048. There are effects connected with the failure of a point 
object to form a point image, with the variation of magnification with dis- 
tance from the lens axis, and with diffraction. For lenses, but not for mir- 
rors, there are also chromatic aberrations associated with the fact that the 
refracting properties of the lens vary with wavelength because the index of 
refraction of the lens material does. If a point object on the lens axis emits 
white light, the image, neglecting other lens defects, will be a series of colored 
points spread out along the axis. We have all seen the colored i pro- 
duced by inexpensive lenses. A great deal of ingenious T ү 


goes into the design of lenses (more commonly lens syst 
various lens defects are minimized. The lens surfaces 
spherical. 


T 
Converging lens, 
real inverted image 


—10 ×: 
sl 


Diverging lens, a mas 
+ virtual erect image 1 
MÀ. 
+05 033 7—5 
| +050 +10 ol f 
2 3 


Converging lens, 
virtual erect image 


Fig. 42-27 A graphical representation of the thin-lens formula (Eq. 42-19). The num: 
bers on the curves give the lateral magnifications (Eq. 42-20). Compare Fig. 42-16., 


Figure 42-27 is a graphical representation of the object-image relatione 
ships for thin lenses; see Eqs. 42-19 and 42-920. The fact that it is identic 
in form with Fig. 42—16, which holds for mirrors, is not surprising beca 
the basic equations for mirrors and thin lenses (Eqs. 42-19 and 42-5; Ec 
42-20 and 42-6) are identical. A converging lens of a given focal length is 
quantitatively similar to a concave mirror of the same focal length, the d rg 

_ ference being that the lens forms real images on the opposite side from they 
(real) object and the mirror forms them on the same side. B 


f 
] 


QUESTIONS 


1. If a mirror reverses right and left, why doesn't it reverse up and down? 

2. Is it possible to photograph a virtual image? у 

3. What approximations were made in deriving the mirror equation (Eq. 42-4): 
SU e 

O ARES UN : 
4. Can you think of a simple test or observation to prove that the law of reflection 8 
the same for all wavelengths, under conditions in which geometrical optics prevails? 
5. Under what conditions will a spherical mirror, which may be concave or convex, fo E 
(a) а real image, (b) an inverted image, and (c) an image smaller than the object? 7 
6. An unsymmetrical thin lens forms an image of a point object on its axis. Is the image 
ocation ehanged if the lens is reversed? 1 
7. Why has a lens two focal points and a mirror only one? 
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8. Under what conditions will a thin lens, which may be converging or diverging, form 
(а) a real image, (b) an inverted image, and (c) an image smaller than the object? 

9. Does the apparent depth of an object below water depend on the angle of view of the 
observer in air? Explain and illustrate with ray diagrams, 

10; A skin diver wants to use an air-filled plastic bag as a converging lens for underwater 
use. Sketch a suitable cross section for the bag. 

11. What approximations were made in deriving the thin lens equation (Eq. 42-19): 

EEE 
Das dif 

12. Under what conditions will a thin lens have a lateral magnification (a) of —1 and (b) 
of +1? 

13. How does the focal length of a glass lens for blue light compare with that for red 
light, assuming the lens is (a) diverging and (0) converging? 

14. Does the focal length of a lens depend on the medium in which the lens is immersed? 
Is it possible for a given lens to act as а converging lens in one medium and a diverging 
lens in another medium? 

15. Are the following statements true for a glass lens in air? (a) A lens that is thicker 
at the center than at the edges is a converging lens for parallel light. (b) A lens that is 
thicker at the edges than at the center is a diverging lens for parallel light. Explain and 
illustrate, using wavefronts. 

16. Under what conditions would the lateral magnification, (т = —i/o) for lenses and 
mirrors become infinite? Is there any practical significance to such a condition? 

17. Light rays are reversible. Discuss the situation in terms of objects and images if 
all rays in Figs. 42-10, 42-14, 42-17, 42-19, 42-23, and 42-25 are reversed in direction. 

18. What significance can be given to the origin of coordinates in the graphical repre- 
sentation of the thin-lens formula (Fig. 42-27)? 

19. In connection with Fig. 42-24a, we pointed out that all rays originating on the same 
wavefront in the incident wave have the same optical path length to the image point. 
Discuss this in connection with Fermat's principle (Section 41-6). 


PROBLEMS 


1, Solve Example 2 if the angle between the mirrors is (a) 45°, (b) 60°, (c) 120°, the object 
always being placed on the bisector of the mirrors. 

2. Two plane mirrors make an angle of 90° with each other. What is the largest 
number of images of an object placed between them that can be seen by a properly placed 
eye? The object need not lie on the mirror bisector. 

3. A small object is 10 cm in front of a plane mirror. If you stand behind the object, 
30 cm from the mirror, and look at its image, for what distance must you focus your eyes? 

4. A small object О is placed one-third of the way between two parallel plane mirrors 
‘as in Fig. 42-28. Trace appropriate bundles of rays for viewing the four images that lie 
closest to the object. » 


Fig. 42-28 


e 
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5. Redraw Fig. 42-29 on a large sheet of paper and trace patel the reflected чы E. 
using the law of reflection. Is a point focus formed? Discuss. 3 


стипендиат 
уйе иы 


Fig. 42-29 


6. Fill in this table, each column of which refers to a spherical mirror. Check youl 
results by graphical analysis. Distances are in centimeters; if à number has no plus or 
minus sign in front ar it, it may have either sign. 


S a b с d e 7 g h 
| concave i '| convex 
20 +20 20 
—40 40 * 
RDUM. —10 4 5 
P 
410. | +10 | +80 | +60 + 
+1 —0.5 +0.10 0.50 
no 

E 


7. A short linear object, of length / lies on the axis of a spherical mirror, a distance 0 _ 
from the mirror. (a) Show that its imagé will have a length / where \ 


KERI 


(b) Show that the longitudinal magnification m'(= 1/1) is equal to m? where m is the lateral 3 
magnification discussed in Section 42-3. (c) Is there any condition such that, neglecting 1 
All mirror defects, the image of a small cube would also be a cube? 
|. 8 Asan YE aud of the effect, of relaxing the paraxial ray assumption find, analytically, _ : 


А 


—— 
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the apparent depth of а swimming pool having water (п = 1.33) of actual depth 8.0 ft (a) 
when viewed at normal incidence and (b) when viewed at an angle of 30* from the normal. 
9. A layer of water (n = 1.33) 2.0 om thick floats on carbon tetrachloride (n = 1.46) 


` 40 em thick. How far below the water surface, viewed at normal ineidence, does the 


bottom of the tank seem to be? 

10. Fill out the following table, each column of which refers to a spherical surface 
separating two media with different indices of refraction. Distances are measured in 
centimeters. 


а b є 4 e f ] h 


Draw a figure for each situation and construct tlie appropriate rays graphically. Assume 
a point object. 

11. Fill in this table, each column of which refers to a thin lens, to the extent possible. 
Check your results by graphical analysis. Distances are in centimeters; if a number 
(except in row п) has no plus sign or minus sign in front of it, it may have either sign. 


т g | SA А. 


a b c d e 


f 10 410 
De 
w Der —80 | +30 74 med 
i 
2 129 | «5| | 410 | 410 | +10 per | +10 
P 1.5 15 1.5 CL 
uro ea CENE fcn Tw 
Real image? | i ye 
Erect image? | . ý \ I 


` Draw a figure for each situation and construct the appropriate rays graphically. Assume 


га finite object. 


D 


Aie 
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12. Define and locate the first and second focal points (see p. 966) for a single spherical 
refracting surface such as that of Fig. 42—17. 3 

13 A luminous object and a screen are a fixed distance D apart. (a) Show that a cone 
verging lens of focal length f will 
form a real image on the sereen for 
two positions that are separated by 


= VDO = 4р). 
(b) Show that the ratio of the two 
image sizes for these two positions 


ig р 
D = dN" 
i + 2) 

14. Using the lens maker's equae 
tion (Eq. 42-18), decide which of | 
the thin lenses in Fig. 42-30 is con- 

Fig. 42-30 verging and which diverging for 
parallel incident light. 

15. Two thin lenses of focal length fı and f» are in contact. Show that they are equiva- 
lent to a single thin lens with a focal length given by 


16. Show that the distance between an. object and its real image formed by a thin 
converging lens is always greater than four times the focal length of the lens 

17. A double-convex lens is to be made of glass with an index of refraction of 1.50. 
One surface is to have twice the radius of curvature of the other and the focs al length is 
to be 6.0 em. What are the radii? 

18, The formula 


is called the Gaussian form of the thin lens formula. Another form of this formula, the 
Newtonian form, is obtained by considering the distance т from the object to the first focal | 
point and the distance x’ from the second focal point to the image. Show that { 


|n 


19. A parallel incident beam falls on a solid glass sphere at normal incidence, Locate 
the image in terms of the index of refraction n and the sphere radius r 
20. An erect object is placed a distance in front of a converging lens equal to twice the 
focal length f, of the lens. On the other side of the lens is a converging mirror of focal i 
length fz separated from the lens by a distance 2(f1 + f). (a) Find the location, nature | 
and relative size of the final image. (b) Draw the appropriate ray diagram. See Fig: 
42-31. 
Д 
j| 
1 


20 + f2) 


Fig. 42-31 
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21. An object is placed at а center of curvature of а double-concave lens, both of 
whose radii of curvature are the same. (a) According to the convention used in this book, 
what are the signs of the two radii of curvature? (b) Find the location of the image in 
terms of the radius of curvature r and the index of reffaetion, n, of the glass. (c) Describe 
the nature of the image. (d) Verify your result with a ray diagram. 

22. Two lenses with their focal points are shown in Fig. 42-32. With the given 
object, find the image formed by lens 1 and, using this as an object for lens 2, find the 
final image. Discuss the nature of the two images. Verify your conclusions by copying 
the figure to scale and drawing a ray diagram. 


R> 
.— 
* 


| 
| 
<> Lens 1 х 


E 


x 


Ri Object ` ‘ 
Fig. 42-32 


23. An object is 20 em to the left of a lens with a focal length of +10 em. A second lens 


length +12.5 em is 30 ст to the ri ht of the first lens. (a Using the image formed 
of focal lengt 1g) T ( ) 

the first lens as thé object for the second, find the location and relative size of the final 
by J Я = 


j 


image. (b) Verify your conclusions by drawing the lens system to seale 
© атау diagram: (c) Describe the final image. — 


^ 


Interference 


CHAPTER 43 


43-1 Young's Experiment 


In Section 19-7 we saw that if two waves of the same frequency travel in 
approximately the same direction and have a phase difference that remains 
constant with time, they may combine so that their energy is not distributed 
uniformly in space but is a maximum at certain points and a minimum 
(possibly even zero) at others. The demonstration of such interference ef- 
fects for light by Thomas Young in 1801 first established the wave theory of 
light on a firm experimental basis. Young was able to deduce the wave- 
length of light from his experiments, the first measurement of this important 
quantity. 

Young allowed sunlight to fall on a pinhole So punched in a sereen A in 
Fig. 43-1. The emerging light spreads out by diffraction (see Section 42-1) 
and falls on pinholes S; and Sz punched into screen B. Again diffraction 
occurs and two Pvenipping spherical waves expand into the space to the 
^ right of screen B. 

The condition for geometric optics, namely that а >> А where a is the di- 
ameter of the pinholes, is definitely not met in this experiment. The pin- 
holes do not cast geometrical shadows but act as sources of expanding 
Huygens’ wavelets. We are dealing here (and in succeeding chapters) with 
wave optics rather than with geometrical optics. 

Figure 43-2, taken from an 1803 paper of Young, shows the region between 
sereens В and С. The blackening represents the minima of the wave dis- 
turbance; the white space between represents the maxima. If you hold 
the page with your eye close to the left edge and look at a grazing angle 
along the figure, you will see that along lines marked by z's there is cancella- 
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interference pattern by allowing 


sereen С. 


ced an 


rlap on 


Fig. 43-1 Showing how Thomas Young produ: 
diffracted waves from pinholes S; and Sz to ove 


Fig.43-2 Thomas Young's 


rlapping 


the left edge and sight at a grazing angle along the figure 


Transactions, 1803.) 


original drawing showing interference effects in ove 


waves. Place the eye near 


(From Thomas Young, Phil. 
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tion of the wave; between them there is reinforcement. If a screen is placed 
anywhere across the superimposed waves, we expect to find alternate bright 
and dark spots on it. Figure 43-3 shows a photograph of such interference , 


|! | Fig. 43-3 Interference fringes for monochromatic light, made with an 
in lil arrangement like that of Fig. 48-1, using long narrow slits rather than 
pinholes. 


fringes; in keeping with modern technique, long narrow slits rather than pin- 
holes were used in preparing this figure. 

Interference is not limited to light waves but is a characteristic of all wave 
phenomena. Figure 43-4, for example, shows the interference pattern of 


Fig. 43-4 The interference of water waves in a ripple tank. There is destructive inter- 
ference along the lines marked “Line of nodes” and constructive interference between 
these lines. (Courtesy Physical Science Study Committee.) 
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Fig. 43-5 Rays from $i and S, combine at P. The light falling on screen В has been 
taken as parallel. Actually, D > d, the figure being distorted for clarity. 


water waves in a shallow ripple tank. The waves are generated by two vibra- 
tors that tap the water surface in synchronism, producing two expanding 
spherical waves. 

Let us analyze Young's experiment quantitatively, assuming that the 
incident light consists of а single wavelength only. In Fig. 43-5 P is an 
arbitrary point on the screen, à distance тү and ra from the narrow slits S, 
and So, respectively. Let us draw à line from Sp ta b in such a way that the 
lines PS; and Pb are equal. If d, the slit spacing, is much smaller than the 
distance D between the two screens (the ratio d/D in the figure has been 
exaggerated for clarity), Sob is then almost perpendicular to both гү and ra. 
This means that angle S,Sob is almost equal to angle PaO, both angles being 
marked 0 in the figure. This is equivalent to saying that the lines r, and r2 


may be takenas parallel. 


We often put a lens in front of the two slits, as in Fig. 43-6, the screen C 


being in the focal plane of the lens. Under these conditions light focused at 
P must have struck the lens parallel to the line Рх, drawn from P. through 
the center of the (thin) lens. Under these conditions rays 71 and ғ are 
strictly parallel even though the requirement D > dis not met. The lens L 
may in practice be the lens and cornea of the eye, screen C being the retina. 

The two rays arriving at P in Figs. 43-5 or 43-6 from S, and Sz are in 
phase at the source slits, both being derived from the same wavefront in the 
ineident plane wave. Because the rays have different optical path lengths, 
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Fig. 43-6 А lens is normally used to produce interference fringes; compare with Fig. 43-6. а 
The figure is again distorted for clarity in that f > d j jn practice. 


they arrive at P with a phase difference. The number of wavelengths con- К 
tained in Sb, which is the path difference, determines the nature of the inter- ў 
ference at Р. d 
To have a maximum at P, 810 (= d sin 0) must contain an integral numbel 3 
of wavelengths, or 
Sib = md moss: Wal bp? аб 

which can be written as 3 
dsinü- mA т = 0,1,2, ... (maxima). (43-1) 3 


Note that each maximum above O in Figs. 43-5 and 43-6 has a symmetri- | 
cally located maximum below О. There is a central maximum described by? F 
т = 0. 

For à minimum at P, S,b (= d sin 6) must contain а half-integral numb 
of wavelengths, or 


dsin 0 = (m + 4)d т = 0,1, 2, ... (minima). (43-2) E 


If a lens is used as in Fig. 43-6, it may seem that a phase difference should © 
develop between the rays beyond the plane represented by Sob, the path | 
lengths between this plane and P being clearly different. In Section 42-5, à 
however, we saw that for such parallel rays focused by alens the optical path E 
lengths are identical. 'Two rays with the same optical path lengths contain: ¥ 
the same number of wavelengths, so that no phase difference will result be- © 
cause of the light passing through the lens. 
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>» Example 1. The double-slit arrangement in Fig. 43-5 is illuminated with light 

from a mercury vapor lamp so filtered that only the strong green line (А = 5400 A) is 

effective. The slits are 0.10 mm apart, and the screen on which the interference 

pattern appears is 20 cm away. What is the angular position of the first minimum? 

Of the tenth maximum? - 
At the first minimum we put m = 0 in Eq. 43-2, or 


= EPA (546 х 107* meter) 
d 0.10 X 107* meter 


This value for sin Ө is so small that we can take it to be the value of 9, expressed їп 
radians; expressed in degrees it is 0.16*. e 

At the tenth maximum (not counting the central maximum) we must put m = 10 
in Eq. 43-1. Doing во and calculating as before leads to an angular position of 3.8". 
For these conditions we see that the angular spread of the first dozen or so fringes is 


sin б = 0.0027, ` 


Example 2. In Example 1 what is the linear distance on screen С between ad- 

jacent maxima? P 
If ô is small enough, we can use the approximation 
sin 0 = tan 0 cx 0. 


From Fig. 43-5 we see that tanê = 5 


Substituting this into Eq. 43-1 for sin 0 leads to 
A 


yom? т = 0,1, 2, ... (maxima). 


The positions of any two adjacent maxin.a are given by 


nip 
Ym = m^ 


AD 
and Umi = (т + 1) eRe 


Their separation Ay is found by subtracting: 
AD 
AY = умы — Um = 
(546 X 107° meter)(20 X 107? meter) 
ү 0.10 X 10? meter 
As long аз б in Figs. 43-5 and 43-6 is small, the separation of the interference fringes is 
аар of m; that is, the fringes re evenly spaced. Note that if the incident 
light contains more than one wavelength the separate interference patterns, whic 
will have different fringe spacings, will be superimposed. 4 
Equation 43-1 can be used to determine the wavelength of light; to quote Thomas 
Young: 

From. а comparison of various experiments, it appears that the breadth of the 
undulations [that is, the wavelength] constituting the extreme red light must be 
supposed to be, in air, about one 36 thousandth of an inch, and those of the extreme 
violet about one 60 thousandth; the mean of the whole spectrum, with respect to 

` the intensity of light, being one 45 thousandth. : 


= 1.09 mm. 
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Young's value for the average effective wavelength present in sunlight (1/45,000 in.) и 
can be written as 5700 A, which agrees rather well with the wavelength at which the 4 
eye sensitivity is a maximum, 5550 A (see Fig. 40-2). It must not be supposed that 7 
Young's work was received without criticism. One of his contemporaries, evidently 29 
в firm believer in the corpuscular theory of light, wrote: b 
We wish to raise our feeble voice against innovations that can have no other i 
effect than to check the progress of science, and renew all those wild phantoms of ki 
the imagination which Bacon and Newton put to flight from her temple. This | 
paper contains nothing that deserves the name of either experiment or discóvery. a 


Needless to say, posterity has decided in favor of Young. 


43-2 Ccherence 


Analysis of the derivation of Eqs. 43-1 and 43-2 shows that a fundamental” P. 
requirement for the existence of well-defined interference fringes on screen C 
in Fig. 43-1 is that the light waves that travel from 8; and Ss to any point P. 

‚ on this screen must have a sharply defined phase difference ф that remains E 
constant with time. If this condition is satisfied, a stable, well-defined 12 
fringe pattern will appear. At certain points P, ¢ will be given, independ- 7 
ent of time, by лт where n = 1, 3, 5, ... so that the resultant intensity 
will be strictly zero and will remain so throughout the time of observation. 
At other points ¢ will be given by nm where n = 0,2,4 ... and the result- 
ant intensity will be а maximum. Under these conditions the two beams 

. emerging from slit Si and S, are said to be completely coherent. 

Let the source in Fig. 43-1 be removed and let slits S; and Sz be replaced 
by two completely independent light sources, such as two fine incandescent — 
"wires placed side by side in a glass envelope. No interference fringes will _ 
appear on screen C but only a relatively uniform illumination. We can in- | 
terpret this if we make the reasonable assumption that for completely inde- І 
pendent light sources the phase difference between the two beams arriving 
at P will vary with time in a random way. At a certain instant conditions \ 
шау be right for cancellation and a short time later (perhaps 107% sec) they 
may be right for re-enforcement. This same random: phase behavior holds 
for all points on screen C with the result that this screen is uniformly illu- 
minated. The intensity at any point is equal to the sum of the intensities 
that each source Sı and Sz produces separately at that point. Under these 
conditions the two beams emerging from 5; and Sz are said to be completely 
incoherent. 1 

Note that for completely coherent light beams опе (1) combines the 
amplitudes vectorially, taking the (constant) phase difference properly into 
account, and then (2) squares this resultant amplitude to obtain a quantity 
proportional to the resultant intensity. For completely incoherent light. 
beams, on the other hand, one (1) squares the individual amplitudes to 
obtain quantities proportional to the individual intensities and then (2) adds | 
the individual intensities to obtain the resultant intensity. This procedure | 
is in agreement with the experimental fact that for completely independent. 
‘` light sources the resultant intensity at every point is always greater than 
76 the intensity produced at that point by either light source acting alone. 
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It remains to investigate under what experimental conditions coherent or 
incoherent beams may be produced and to give an explanation for coherence 
in terms of the mode of production of the radiation. Consider first в parallel 
beam of microwave radiation emerging from an antenna connected by a co- 
axial cable to an oscillator based on an electromagnetic resonant cavity. 
The cavity oscillations (see Section 38-6) are completely periodic with time 
and produce, at the antenna, a completely periodie variation of E and B 
with time. The radiated wave at large enough distances from the antenna 
is well represented by Fig. 39-11. Note that (1) the wave has essentially 
infinite extent in time, including both future times (t > 0, say) and past 
times (t < 0); see Fig. 43-7a. At any point, as the wave passes by, the 
wave disturbance (i.e., E or B) varies with time in a perfectly periodic way. 
(2) The wavefronts at points far removed from the antenna are parallel 
planes of essentially infinite extent at right angles to the propagation direc- 
tion. At any instant of time the wave disturbance varies with distance 
along the propagation direction in a perfectly periodic way. 

Two beams generated from a single traveling wave like that of Fig. 39-11 
will be completely coherent. One way to generate two such beams is to put 
an opaque screen containing two slits in the path of the beam. The waves 
emerging from the slits will always have & constant phase differ nce at any 
point in the region in which they overlap and interference fri ges will be 
produced. Coherent radio beams van also be readily established, as can 
coherent elastic waves in solids, iquids and gases. The two prongs of the 
vibrating tapper in Fig. 43-4, for example, generate two coherent waves in 
the water of the ripple tank. 


gation have the same phase at any given instant. By dividing the beam in another 
way it is possible to test whether the beam is truly periodic over a large number of 
cycles of oscillation’ This can be done, as we show in detail in Section 43-6, by in- 
serting in the beam at 45° to it а thin sheet of material possessing the property that 


they are recombined. 

If we turn from microwave sources to common sources of visible light, 
such as incandescent wires or an electric discharge passing through a gas, 
we become aware of a fundamental difference. In both of these sources the 
fundamental light emission processes occur in individual atoms and these 
atoms do not act towether in a cooperative (i.e., coherent) way. The act of 


Die cac 
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Eight emission by a single atom takes, in а typical case, about 10 * we am 
^ the emitted light la properly described as а waretrann (Fig is 78) 
than a» а wave (Fig. 43-70). For emission times such a tc the 


527. Arnins and are coherent with respect to euch other. If tbe prise of the 
emitted from Sy changes, this change is thanamitted mmultaneously to B 
apd бу "Thus at any point on screen С, а constant phase difference 
р maintained between the beams from these two slits and a stationary h . 

occurs, E 


slit S, in Fig. 43-1 ia gradually increased it will be otmerved ex, 
maxima of the interference fringes become reduced in ini 
in the fringe minima is no longer strictly tero In other н 
distine. If S i» opened extremely wide, the lowering of tl 
raising of the minimum intensity will be such that f 
ng only a uniform illumination. Under these сосна 
ma from S, and 5, pase continuously from а condition of e 
of complete incoherence. When not at either of there (wo 
coherent, 
demonstrated in two beams that are produced. 
i mirror” in s beam ai an angle 
d . The two beams so produced, by reflection айй 
o Aranemission, traverse paths of different lengths before they are recombined 1 tl 
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3 йу. when the path difference is larger than the average length of a wa> гаја, 
| CES e nee косыл Thus it is possible once again to progress simo 
1 an experimental arrangement from complete coherence, through partial 
^ tocompleteineoherence, =, : 
"The lack of coherence of the light from ordinary sources such as 
wires is іе to the fact that the Gnitting atoms do not act coop 
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which, in turn, fora fixed geometrical arrangement, is described by the angle 
@ in Figs. 43-5 and 43-6. We assume that the slits are so narrow that the 
diffracted light from each slit illuminates the central portion of the screen 
uniformly. This means that near the center of the screen Eo is independent 
of the position of P, that is, of the value of 0 

The: resultant wave disturbance * at; P is found from 


E = Ei Es (43-5) 

‘and (see Eq. 19-17) proves to be 
E = Ey sin (at-+ 8), (43-60) 
"where : в= 3% (43-65) 
and Eq = 2Eo cos 8 = Ey cos B. (43-6c) 


£,,, the maximum possible amplitude for Es, is equal to twice the aroplitude 
:of the combining waves (= 2E), corresponding to complete reinforcement. 
"Тһе student. should verify Eq. 43-6 carefully. The amplitude Es of the 
resultant wave disturbance, which determines the intensity of the inter- 


die location of point Р їп Figs. 43-5 and 43-6. 


the resultant wave then, ignoring the proportionality constant, 
lg x E. (43-7) 


"This rélationship seems reasonable if we recall-(Eq. 30-27) that the energy ` 


‘density in an electric field is proportional to the square of the electric field 
strength. This is true for rapidly varying electric fields, such as those in а 
light wave, as well as for static fields. 


"The ratio of the intensities of two light waves is the ratio of the squares of ..— 


the amplitudes of their electric fields. If Ig is the intensity of the resultant 


wave at P and Jo is the занне that a single-wave acting alone would 7 


xoi then д 
t 
E-E ез 
0 Eo; : 


“Combining with Eq. 43-6c leads to 


Ij = Alo cos? В = I, cos? В. (43-9) | 


کے 


* The electric field E in the light wave rather than the magnetic field B is normally 
identified with the "wave disturbance" because the effects of B on the human eye and on, 


various Dent detectors are exceedingly small. Radiation pressure (Section 40-2).is one such 
i that, although Eq. : -5 should be а vector équation, in most cases of 
the E vectors in the two inte jwaves are closely parallel so that. ап algebraic 


` 


‘ference fringes, will turn qut to depend strongly on the value of 6, that is, on - 


4 In Section, 19-6; we showed that the intensity of a wave I, measured per : 
bos in watts/meter? i is proportional to the square of its amplitude: For: 
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Note that the intensity of the resultant wave at an int P varies 
zero (for а point at which ¢ (= 28) = r, say] to Im, which ia fs ber de 
intensity Го of each individual wave [for a point at which $ (= 28) = 0, say] 
Let us compute I, as a function of the angle @ in Figs. 43-5 or 43-6. ү 
Тһе phase difference ф in Eq. 43-4 is associated with the path difference 
Sib in Fig. 43-5 or 43-6. If Syb is $A, ¢ will be я; if Sb is А, ф will be 2r. 
etc. This suggests that с 


phase difference path difference 
2x À а 
a 
$- zv (d sin 6), 
or, finally, from Eq. 43-65, 
xd 
В = ds = — пе. (43-10) 
This expression for 8 can be substituted into Eq. 43-9 for I», yielding tbe. 


latter quantity as a function of 0. For convenience we collect here the ex- 
pressions for the amplitude and the intensity in double-slit interference. 


[Eq. 43-6c] Ey = Em cos B interference (43-11a) 

[Eq. 43-9] Io = Im сов? В from narrow (43-118) 

2 е slits (that is, f 

[Eq. 43-10] в(= 9 = "sin? a<)) о MOD > 


To find the positions of the intensity maxima, we put 
В = тт .m=0,1,2,... 
in Eq. 43-110. From Eq. 43-1 1c this ре to 
dsind=m\ т = 0, 1,8, ... (maxima), 


which is the equation derived in Section 43-1 (Eq. 43-1). To find the in 
tensity minima we write 


rd sin) nde m= 0,12, ... (minima), 


- which reduces to the previously derived Eq. 43-2. 


Figure 43-9 shows the intensity pattern for double-slit interference. The 
horizontal solid line is Zo; this describes the (uniform) intensity pattern on 
the screen if one of the slits is covered up. If the two sources were incoherent 
the intensity would be uniform over the screen and would be 210; see the 
horizontal dashed line in Fig. 43-9. For coherent sources we expect the 
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Fig. 43-9 The intensity pattern for double-slit interference. The heavy arrow in the 
central peak represents the half-width of the peak. ‘This figure is constructed on the 
assumption that the two interfering waves each illuminate the central portion of the 
screen uniformly, that is, Zo is independent of position as shown. 


^ 


energy to be merely redistributed over the screen, since energy is neither 
created nor destroyed by the interference process. Thus the average inten- 
sity in the interference pattern should be 2/0, as for incoherent sources. 
This follows at once if, in Eq. 43-11b, we substitute one-half for the cosine- 
squared term and if we recall that Im = 470. We have seen several times 
that the average value of the square of a sine or a cosine term over one or more _ 
half-cycles is one-half. 


43-4 Adding Wave Disturbances 
In Section 43-3 we combined two time-varying wave disturbances, namely 


E, ” Eo sin wt (43-3) 
and E, = Bo sin (wt + 4), (43-4) 


which have the same angular frequency о and amplitude Ho but which have 
a phase difference ¢ between ther. In this case the result (Eqs. 43-11a and 
c) is easily obtained algebraically. 

In later chapters we will wane to add larger numbers of wave disturbances, 
often an infinite number, with infinitesimal individual amplitudes. Since 
analytic methods become more difficult in such cases we describe a graphical 
method, illustrating it by rederiving Eq. 43-11a. 

A sinusoidal wave disturbance such as that represented by Eq. 43-3 can 
be represented graphically, using a rotating vector. In Fig. 43-10a a vector 
of magnitude Hp is allowed to rotate about the origin in a counterclockwise 
direction with an angular frequency w. Following electrical engineering 
practice we call such a rotating vector a phasor. The alternating wave dis- 
turbance E, (Eq. 43-9) is represented by the projection of this phasor on the 
vertical axis. 


A sécond wave Cisturbance Hy, which has the same amplitude Eo but a 1 


3 


e 
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phase difference ¢ with respect to Ej, 
E» = Eg sin (ot + Ф), (43-4) 


can be represented graphically (Fig. 43-105) as the projection on the vertical 
axis of a second phasor of magnitude Ey which makes an angle ¢ with the 
first phasor. As this figure shows, the sum E of E, and E; is the sum of the 
projections of the two phasors on the vertical axis. This is revealed more 
clearly if the phasors are redrawn, as in Fig. 43-100, placing the foot of one 
arrow at the head of the other, maintaining the proper phase difference, and 
letting the whole assembly rotate counterclockwise about the origin. 

In Fig. 43-10c E can also be regarded as the projection on the vertical axis 
of a phasor of length Es, which is the vector sum of the two phasors of magni- 
tude Eo: Note that the (algebraic) sum of the projections of the two phasors 
is equal to the projection of the (vector) sum of the two phasors. 

In most problems in optics we are concerned only with the anplitude Ea 
of the resultant wave disturbance and not with its time variation. This is 
because the eye and other common measuring instruments respond to the 
resultant intensity of the light (that is, to the square of the amplitude) and 
cannot detect the rapid time variations that characterize visible light. For 
sodium light, for example (А = 5890 A), the frequency v (= «/2x) is 5.1 X 
10!* cycles/sec. Often, then, we need not consider the rotation of the 
phasors but can confine our attention to finding the magnitude of the re- 
sultant phasor. 


(a) 


Fig. 43-10 (a) A wave disturbance E, is rep- 
resented by а rotating vector ог phasor. 
(b) Two wave disturbances Ei and Es, with 
a phase difference ф between them, are so 
represented. These two phasors can represent 
the two wave disturbances in the double-slit 
problem; see Eqs. 43-3 and 43-4. (c) Another 
way of drawing (b). 


Fig. 43-11 (a) A construction to find the amplitude 

` Eq of two wave disturbances of amiplitade Ho and 
phase difference ф. (b) The maximum possible ampli- 
tude for these wave disturbances oceurs for ¢ =( 
and hag the value E, 280. 


Eo d Eo 
(0) 


Figure 43-1 1a shows the phasors for double-slit interference at time = 0: 
compare Fig. 43-10c. We see that 


Eo = 28, сов 8 = E, cos B, 


in which, from the theorem that the exterior angle of a triangle (4) ia equal 
to the sum of its two opposite interior angles (8 + 8), 
А Bede | 
This is exactly the result arrived at earliet algebraically; compare Eqs. 
43-11a and c. 
In à more general case we might want to find the resultant, of а number 


(>2) of sinusoidally varying wave disturbances. The general procedure is 
the following: 


1. Construct a series of phasors representing the funetions to be added. 
. Draw them end to end, maintaining the proper phase relationships between 
adjacent phasors. 

2. Construct the vector sum of this array. Its length gives the araplitude 
` of the resultant. The angle between it and the first phasor is the phase of 
the resultant with respect to this first phasor. The projection of this phasor 
on the vertical axis gives the time variation of the resultant wave disturbance. 


> Example 3. Find graphically the resultant E(t) of the following wave dis- 
turbances: 


Е; = 10 sin wt 

Es = 10 sin (wt + 15?) 

Ез = 10 sin (wt + 30?) 
, Bs = 10 sin (wt + 45°). 


Figure 43-12 in which Eo equals 10, shows the assembly of four phasors that repre- 
sents these functions. Their vector sum, by graphical measurement, has an ampli- 
tude Ex of 38 and a phase фо with respect to E, of 23°. In other words 


Ей) = Ei + Ba + By + By = 38 sin (owt + 23°). 
Check this result by trigonothetric calculation. i 4 
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Fig, 43-12 Example 3. Four wave dis- 
turbances are added graphically, using 
the method of phasors. 


43-5 Interference from Thin Films 


The colors of soap bubbles, oil slicks, and other thin films are the result of 
interference. Figure 43-13 shows interference effects in a thin vertical film 
of soapy water illuminated by monochromatic light. 

Figure 43-14 shows a film of uniform thickness @ and index of refraction п, 
the eye being focused on spot a. The film is illuminated by a broad source of 
monochromatic light S. There exists on this source a point P such that two 
rays, identified by the single and double arrows, respectively, can leave-P and 
enter the eye as shown, after passing through point аз These two rays follow 


\ 


Fig. 43-13 А soapy water film on a wire loop, 
viewed by reflected light. The black segment 
at the top is not a tear. It arises because the 
film, by drainage, is so thin here that there is 
destructive interference between the light re- 
flected from its front surface and that reflected 
from its back surface. Recall that these two 
waves differ in phase by 180° 
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Fig. 43-14 Interference by rerlection from a thin film, assuming an extended source S. 
/ 


different paths in going from P to the eye, one being reflected from the upper 
surface of the film, the other from the lower surface. Whether point a ap- 
pears bright or dark depends on the nature of the interference between the 
two waves that diverge from а. These waves are coherent because they both 
originate from the same point P on the light source. 

If the eye looks at another part of the film, say a’, the light that enters the 
eye must originate from a different point Р’ of the extended source, as sug- 
gested by the dashed lines in Fig. 43-14. 

For near-normal incidence (0 = 0 in Fig. 43-14) the geometrical path dif- 
ference for the two rays from P will be close to 2d. We might expect the re- 
sultant wave reflected from the film near a to be an interference maximum if 
the distance 2d is an integral number of wavelengths. This statement must 
be modified for two reasons. 

First, the wavelength must refer to the wavelength of the light in the film 
An and not to its wavelength in air А; that is, we are concerned with optical 
path lengths rather than geometrical path lengths. The wavelengths А and 
An (вее Eq. 41-11) are related by ` 


An = An. (43-12) 


c To bring out the second point, let us assume that the film is so thin that 2d 
is very much less than-a wavelength. The phase difference between the two 
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waves would be close to zero on our assumption, and we would expect such a 
film to appear bright on reflection. However, it appears dark. This is clear 
from. Fig. 43-13, in which the action of gravity produces a wedge-shaped 
film, extremely thin at its top edge. As drainage continues, the dark area 
increases in size. To explain this and many similar phenomena, we assume 
that one or the other of the two rays of Fig. 43-14 suffers an abrupt phase 
change of x (= 180°) associated either with reflection at the air-film interface 
or transmission through it. As it turns out, the ray reflected from the upper 
surface suffers this phase change. The other ray is not changed abruptly in 
phase, either on transmission through the upper surface or on reflection at 
the lower surface. 

In Section 19-9 we discussed phase changes on reflection for transverse 
waves in-strings. To extend these ideas, consider the composite string of 
Vig. 43-15, which consists of two parts with different masses per unit length, 
stretched to a given tension. If a pulse moves to the right in Fig. 43-15a, 
approaching, the junction, there will be a reflected and a transmitted pulse, 


i Fig. 43-15 Phase changes on reflection at a (a) 
junction between two stretched composite 3 


strings. (a) Incident pulse in heavy string 
and (b) incident pulse in light string. Initial / \ | 
Final Л 


— 
' %) 


the reflected pulse being in phase with the incident pulse, In Fig. 43-15b 
the situation is reversed, the incident pulse now being in the less massive 
string. In this case the reflected pulse will differ in phase from the incident 
pulse by т (= 180°). In each case the transmitted pulse will be in phase with 
the incident pulse. : Е 

Figure 43-15 suggests a light wave in glass, say, approaching a surface 
beyond which there is a less optically dense medium (one of lower index of 
refraction) such as air. Figure 43-15b suggests a light wave in air approach- 
ing glass. To sum up the optical situation, when reflection occurs from an 
“interface beyond which the medium has а lower index of refraction, the re- 
flected wave undergoes no phase change; when the medium beyond the inter- 
face has a higher index, there is a phase change of т.* The transmitted wave 
does not experience à change of phase in either case. 
ger. which can be proved rigorously from Maxwell’s equations (see also 
light falling on a less dense medium at an angle such 
be modified for reflection from 


* These statements, семи 
Section 43-6), must Бе m i or 
bet total internal reflection occurs. They must alio 


metallic surfaces. 


[S 
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We are now able to take into account both factors that determine the na- 
ture of the interference, namely, differences in optical path length and phase 
changes on reflection. For the two rays of Fig. 43-14 to combine to give а 
mazimum intensity, assuming normal incidence, we must have 


2d = (m HEA m=0,1,2,.... 


The term $A, is introduced because of the phase change on reflection, a 
phase change of 180° being equivalent.to half a wavelength. Substituting 
л/т for X, yields finally 


2dn =(m+4)A m=0,1,2,... (maxima). (43-13) 
The condition for a minimum intensity is 
2dn = md m= 0, 1,2,... (minima). (48-14) 


"These equations hold when the index of refraction of the film is either greater 
or-less than the indices of the media on each side of the film. Only in these 
cases will there be a relative phase change of 180? for reflections at the two 
surfaces. A water film in air and an air film in the space between two glass 
plates provide examples of cases to which Eqs. 43-13 and 43-14 apply. 
Example 5 provides a case in which they do not apply. 

If the film thickness is not uniform, as in Fig. 43-13, where the film is 
wedge-shaped, constructive: interference will occur in certain parts of the 
film and destructive interference will occur in others. Lines of maximum 
and of minimum intensity will appear—these are the interference fringes. 
They are called fringes of constant thickness, each fringe being the locus of 
points for which the film thickness d is a constant. If the film is illuminated 
„With white light rather than monochromatic light, the light reflected from 
various parts of the film will be modified by the various constructive or de- 
structive interferences that occur. This accounts for the brilliant colors of 
soap bubbles and oil slicks. 


Only if the film is “thin,” which implies that d is no more than a few wavelengths 
of light, will fringes of the type described, that is, fringes that appear localized on the 
film and associated with a variable film thickness, be possible. -For very thick films 
(say d = 1 em), the path difference between the two rays of Fig. 43-14 will be many 
wavelengths and the phase difference at a given point on the film will change rapidly 
аз we move even a small distance away from a. For “thin” films, however, the phase 
difference at a also-holds for reasonably nearby points; there is a characteristic “patch 
brightness" for any poirit on the film, as Fig. 43-13 shows. Interference fringes can 
be produced for thick films; they are not localized on the film but are at infinity. See 
Section 43-7. Ў 


» Example 4. A water film (n = 1.33) in air is 3200 A thick. If it is illuminated 
with white light at normal incidence, what color will it appear to be in reflected light? 
By solving Eq. 43-13 ford, 


TS 2d» _ (2/3200 A)(1.33) _ 8500 A 


> hs rl CY TER n (кыша), 
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From Eq. 43-14 the minima are given by 


х= пах (minima). 
m 


Maxima and minima occur for the following wavelengths: 


| [ | | 
т 0 (шах) | 1 (min) |! (max) | 2 (min) | 2 (max) 
| ! 


EEA E e 


XA | 17000 но | 5700 | 4250 | 3400 


Only the maximum corresponding to m = 1 lies in the visible region (see Fig. 40-2); 
light of this wavelength appears yellow-green. If white light is used to illuminate the 
film, the yellow-green component will be enhanced when viewed by reflection. 


Example 5. Nonreflecting glass. Lenses are often coated with thin films of trans- 
parent substances like MgF (n = 1.38) in order to reduce the reflection from the 
glass surface, using interference. How thick а coating is needed to produce a mini 
mum reflection at the center of the visible spectrum (5500 A)? 

We assume that the light strikes the lens at near-normal incidence (8 is exaggerated 
for clarity in Fig. 43-10), and we seek destructive interference between rays r and ry 
Equation 43-14 does not apply because in this case a phase change of 180° is asso- 
ciated with each ray, for at both the upper and lower surfaces of the MgF;: film the 
reflection is from a medium of greater index of refraction. 

There is no net change in phase produced by the two reflections, which means that 
the optical path difference for destructive interference is (m + #)A (compare Eq. 
43-13), leading to 


2dn = (m + $X — т 0,1,2, ... (minima). 


Solving for d and putting m = 0 yields 
тъ à 5500 A 


2n m TOES 


d 1000 A 


Fig: 43-16 Example 5. Unwanted reflections from glass can be reduced by coating the 
zlass with a thin transparent film. 
۲ 
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xample 6. Newton’s rings. Figure 43-17 shows a lens of radius of curvature & 


resting on an accurately plane glass plate and illuminated from above by light uF 


wavelength X. Figure 43-18 shows that circular interference fringes (Newton's rings) 
appear, associated with the variable thickness air film between the lens and the plate. 
Find the radii of the circular interference maxima. 

Here it-is the ray from the bottom of the (air) film rather than from the top that 
undergoes a phase change of 180°, for it is the one reflected from a medium of higher 
refractive index. The condition for a maximum remains unchanged, however (Eq. 
43-13), and is 


2d = (m+ $3)^ mn. 0.1.2... (43-15) 
the index of refraction of the air film being assumed to be unity. .From Fig. 43-17 
we can write е 
q-R-VE-P-R-R[i- (5) | 
t 
If r/R «€ 1, the square bracket can be expanded. by the binomial theorem, keeping 
only two terms, or 
" 1 r 2 т? 
d=R-R[1- (tels: ) 
2NR/ ^ 2R 
Combining with Eq. 43-15 yields 


p V (m + DAR m = 0), 1,2, ... 


Fig. 43-17 Example 6. Арра- 
ratus for observing Newton's 
rings. 


PTUS" WERT ee ee ee eT ЦНЦРНЦОРНЕЧ РР 
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Fig. 43-18 Example ô. Newton's rings. (Courtesy of Bausch and Lomb Optical Co.) 


which gives the radii of the bright rings. If white light is used, each spectrum com- 
ponent will produce its own set of cireular fringes, the sets all overlapping. 


43-5 Phase Changes оп Reflection 

С. G. Stokes (1819-1903) used the principle of optical reversibility to investigate 
the reflection of light at an interface between two media. The principle states that if 
there is no absorption of light a light ray that is reflected or refracted will retrace its 

. original path if its direction is reversed. This reminds us that any mechanical system 
can run backward as well as forward, provided there is no absorption of enérgy be- 
cause of friction, ete. 

Figure 43-190 shows a wave of amplitude E reflected. and refracted at а surface 
separating media 1 and 2, where m > m. The amplitude of the reflected wave is 
т12Е, in which ri is an amplitude reflection coefficient. The amplitude of the refracted 
wave is h25, where йз is an amplitude transmission coefficient. 

We consider only the possibility of phase changes of 0 or 180°. Ити = +9.5, for 
exataple, we have а reduction in amplitude on reflection by one-half and no change 
in phase. For tz = 0.5 we have a phase change of 180° because 


Е зїп (wt + 180°) = —E sin wt. 


Figure 43-195 suggests that if we reverse these two rays they should combine to 
produce the original ray reversed in direction. Ray r25, identified by the single 


arrows in the figure, is reflected and refracted, producing the rays of amplitudes 
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Fig. 43-19 (а) A ray is reflected and refracted at an air-glass interface. (b) The optically 
reversed situation; the two rays in the lower left must cancel. F 


rE and risteH. Ray tE, identified by the triple arrows, is also reflected and re- 
fracted, producing the rays of amplitudes 11/1 and (12721 as shown. Note that т 
describes a ray in medium 1 reflected from medium 2, and ra; describes a ray in 
° medium 2 reflected from medium 1. Similarly, ty» describes a ray that passes from 
medium 1 to medium 2; tz describes a ray that passes from medium 2 to medium 1. 


The two rays in the upper left of Fig. 43—19b must be equivalent to the incident ray ' 


of Fig. 43-19a, reversed; the two rays in the lower left of Fig. 43-19b must cancel. 
This second requirement leads to 


rile + tors E = 0, 
or тла габ 


This result tells us that if we compare a wave reflected from medium one with one 

‘reflected from medium 2, they behave differently in that one or the other undergoes a 
phase change of 180°. We must rely oa experiment to show that, as we pointed out 
earlier, the ray reflected from the more optically dense medium is the one that ex- 
periences the phase change of 180°. 


43-7 Michelson's Interferometer 


An interferometer isa device that can be used to measure lengths or changes 


in length with great accuracy by means of interference fringes. We describe - 


the form originally built by Michelson in 1881. 

Consider light that leaves point P on extended source S (Fig. 43—20) and 
falls on half-silvered mirror M. This mirror has a silver coating just thick 
enough to transmit half the incident light and to reflect half; in the figure 
we have assumed that this mirror, for convenience, possesses negligible thick- 
ness. At M the light divides into two waves. One proceeds by transmission 
toward mirror M, ; the other proceeds by reflection toward Ms. The waves 
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are reflected. at each of these mirrors and are sent back along their directions 
of ineidence, each wave even tually entering the eye E. Since the waves are 
coherent, being derived from the & same point on the source, they will inter- 
fere. 

If the mirrors M and Mz are exactly ре rpendie ular to each other, the effect 

is that of light from an extended source S f falling on a uniformly thick slab of 
air, between glass. whose thickness is equalto ds — dy. Interference fringes 
appear, caused by small changes in the angle of incidence of the light from 
different, points on theettended source as it strikes the equivalent air film 
For thick films a path difference of one wavelength ean be brought about by a 
very small change in the angle of incidence: 
. If M: is moved backward or forward, the effect is to change the thickness 
of fhe equivalent ‘air film. Suppose that the center of the (circular) fringe 
pattern appears bright and that M is moved just enough to cause the first 
bright cireular fringe to move to the center of the-pattern, The path of the 
light beam striking М» has been changed by one wavelength. This means 
(because the light. passes twice through the equivalent air film) that the 
mirror must have moved one-half а wavelength. _ 

The interferometer is uséd to measure changes in length by counting the 
number of interference fringes that pass the field of view as mirror M; is 
moved. Length measurements made in this way can be accurate if large 
numbers of fringes are counted. 


Moveable 
j mirror 


1 sates mapas 
Fig. 43-20 Michelson’s interferometer, showing the path of a particular ray originating 
at point Р of an extended source S. 


1092 INTERFERENCE Chap. 43' 


Michelson measured the length of the standard meter, kept tn Paris, in 
terms of the wavelength of certain monochromatic red liht emitted from a | 
light source containing cadmium. He showed that the standard meter was 
equivalent to 1,553,163.5 wavelengths of the red cadmium light. 

Physicists have long speculated on the advantages of discarding the 
standard meter bar as the basic standard.of length and of defining the meter 
in terms of the wavelength of some carefully chosen monochromutic radia- 
tion. This would make the primary length standard readily availablé in 
laboratories all over the world. It would improve the accuracy of length 

, measurements, since one would/no longer need to compare an unknown ob- 
` ject with a standard object (the meter bar), using interferometer techniques, .— 
but could measure the unknown object directly and in an absolute sense, using ** 7 
these techniques. There is the additional advantage that if the standard _ 
meter bar were destroyed it could never be replaced, whereas light sources 
and interferometers will (presumably) always be available. 

. In 1961 such an atomic standard of length was adopted by international , | 
agreement. Quoting from an article * describing the event: E 


The wavelength of the orange-red light of krypton-86 has replaced the platinum 
iridium bar as the world standard of length. Formerly the wavelength of this light — 
was defined as a function of the length of the meter bar. Now the meter is defined ~ 
as a multiple (1,650,763.73) of the wavelength of the light. 


The light from krypton-86. was used in preference to that from cadmium or p 
other sources because it produces sharper interference fringes in the inter- 
-ferometer over the long optical paths sometimes used in length measurement. 


43-8 Michelson’s Interferometer and Light Propagation 


In Section 40-4 we presented Einstein's hypothesis, now well verified, that in free 
space light is propagated with the same speed c no matter what the relative velocity 
of the source and the observer may be. We pointed out that this hypothtsis contra- 
dicted the views of nineteenth-century physicists regarding wave propagation. It 
was difficult for these physicists, trained as they were in the classical physics of the 
time, to believe that a wave could be propagated without a medium. If such а 
medium could be established, the speed c of light would naturally be construed as the , 
speed with respect to that medium, just as the speed of sound always refers to a medium 
such as air, : 

Although no medium for light propagation was-obvious, the physicists postulated 
one, called the ether t and hypothesized that its properties were such that it was un- ` 
detectable by ordinary means such as weighing. 

In 1881 (24 years before Einstein's hypothesis) A. A. Michelson set himself the task 
of forcing the ether, assuming that it existed, to submit to direct physical verification. 
In particular, Michelson, later joined by E. W. Morley, tried to measure the speed и 
with which the earth moves through the ether. Michelson’s interferometer was their 
instrument of choice for this now-famous Michelson-Morley experiment. 

The earth together with the interferometer moving with velocity u through the 
ether is equivalent to the interferometer at rest with the ether streaming through it 
with velocity —u, as shown in Fig. 43-21. Consider a wave moving along the path 
MMM and one moving along МММ. The first corresponds classically to а man 


* Scientific American, p.75, December 1960. 
t More fully, the luminiferous (or light-carrying) ether. 
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Pig. 43-21 The "ether" is streaming with velocity —u through Michelson's interferom- 
eter. The wave speeds shown are on the basis of the (incorrect) ether hypothesis 


rowing a boat & distance d downstream and the same distance upstream; the second 
corresponds to rowing à boat a distance d across a stream and back. 
On the ether hypothesis the speed of light on the path MM, is c + u; on the return 
path MiM itisc — u. The time required for the complete trip is 
d d 2c 24 1 


S Rare t Ter, $337.12 К 
` 


The speed of light, on the ether hypothesis, for path MM, is Ve ul, as Fig. 43-21 
suggests. This same speed holds for the return path M:M, so that the time required 


for this complete path is : 
2d 2d 1 


eee ы т A ot. 


The difference of time for the two paths is 
At=th — t 


24-1 24-4 
mere Neal OA ag hoe ak 
є с € 
Assuming u/c 1, we can expand the quantities in the square brackets by using the 
binomial theorem, retaining only the first two terms. This leads to 


at 


2101-2 y 


: "light being c for all paths. The motion of the earth around the sun and the rotation 


iR sistent with the negative result of thé Michelson-Morley experiment this experimen 


- The “single experiment" that might prove Einstein wrong has never been found. 


1094 R INTERFERENCE ; 
Now let the entire interferometer be rotated through 90°. This wiu interchan 
the roles of the two light paths, MM1M now being the “cross-stream” path and 
MMM the "down- and upstream" path. ‘The time difference between the two waves 
entering the eye is also reversed; this changes the phase difference between the com- : 
bining waves and alters the positions of the interference maxima. The experiment _ 

onsisls of looking for a shift of the interference fringes as the apparatus is rolated. 1 
The change in time difference is 2At, which corresponds to a fringe shift of 2At/T 
where T (= \/c) is the period of vibration of the light. The expected maximum shift 
in the number of fringes on а 90? rotation (see Eqr 43-16) is 
2At .2Aic 2d fu? 

OT UNE V RE Ө) 
In the Michelson-Morley interferometer let d = T1 meters (obtained by multipl 
eflection in the interferometer) and А = 5.9 X 10-7 meter. If u is assumed to be 
‘oughly’ the orbital speed of the earth, then u/c = 1074. The expected maximu 
"ringe shift when the interferometer is rotated through 90? is then 


And (»- (2)(11 meters) 


.X \e/ ~ 5.9 X 10-7 meter 


с 

Even though a shift of only about 0.4 of a fringe was expected, Michelson and Morle 
were confident that they could observe a shift of 0.01 fringe. They found from thet 
experiment, however, that there was no observable fringe shift! ‘ SDA 

The analogy between a light wave in the supposed ether and a boat moving in 
water, which seemed so evident in 1881, is simply incorrect. The derivation based on! 
this analogy is incorrect for light waves. When the analysis is carried through on” 
Einstein's hypothesis, the observed negative result is clearly predicted, the speed a 


(43-1 


(10-9? = 0.4. 


of the interferometer have, in Einstein's view, no effect whatever on the speed of the 
light waves in the interferometer. ‹ 
It should be made clear that although Einstein's hypothesis is completely сопе | 


standing alone cannot serve as а proof for Einstein's hypothesis. Einstein said tha 
no number of experiments, however large, could prove him right but that a single 
experiment could prove him wrong. Our present-day belief in Einstein's hypothesis - 
rests on consistent agreement in a large number of experiments designed to test it, 
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QUESTIONS 


diis ug experiment an interference experiment or a diffraction experiment, 
or ! 
2. Do interference effects occur for sound waves? Recall that sound is a Josgitudinal 
wave and that light is a transverse wave! i 
3. In Young's double-slit interference expériment, using a monochromatic laboratory 
light source, why is screen A in Fig. 43-1 necessary? What would happen if one gradually 
enlarged the hole in this screen? n 
4. Describe the pattern of light intensity on screen C in Fig. 43-5 И one slit i» covered 
with a red filter and the other with a blue filter, the incident light being white. 
5. Is coherence important in reflection and refraction? 
——6. Define carefully, and distinguish between, the angles # and ¢ that appear in Eq. 43-10. 
7. If one slit in Fig. 43-5 is covered, what change occurs in the inteanity of light in the 
center of the screen? 
~ 8. What changes occur in the pattern of interference fringes if the'apparatus of Fig. 43-6 
is placed under water? E 
9. What are the requirements for a maximum intensity when viewing а thin film by 
transmitted light? ` A 
10. Ina Newton’s rings experiment, is the central spot, as seen by reflection, dark or 
light? Explain. Ў МЕР ача 
11. Why must the film of Fig. 43-14 be "thin" for us to see an interference pattern of the 
type described? ji : i 
12. Why do coated lenses (see Example 5) look purple by reflected light? , 
13. A person wets his eyeglasses to clean them. As the water evaporates he notices that 
for a short time the glasses become markedly more nonreflecting. Explain. _ 
14. Alens is coated to reduce reflection, as in Example 5. What happens to the energy - 
that had previously been reflected? Is it absorbed by the coating? — - 
15. Very small changes in the angle of incidence do not change the interference con- 
ditions much for “thin” films but they do change them for “thick” films. Why? 
16. The directional characteristics of a certain radar antenna as а receiver of radiation 
are known, What can be said about its directional characteristics аё а ч 
17. A person іп a dark room, looking through а small window, can see а second person 
standing outside in bright sunlight. The second person cannot вее the first person. Is this” 
‘a failure of the principle of optical reversibility? Assume no absorption of light. 
18. Why is it necessary to rotate the interferometer in the Michelsop- Morley. experi- 
ment? . _ 
19. How is the negative result of the Michelson-Morley experiment interpreted ас- 
. cording to Einstein's theory of relativity? Я 
20. It interference between light waves of different frequencies is possible, one should 
observe light beats, just as one obtains sound beats from two sources of sound with slightly 
different frequencies. Discuss how one might experimentally look for this possibility. 
21. In Young's double-slit experiment suppose that screen A in Fig. 43-1 contained 
two very narrow parallel slits instead of one. (a) Show that if the spacing between these 
slits is properly chosen the interference fringes can be made to disappear. (b) Under these 
conditions, would you dall the beams emerging from slits Sı and Ss in screen B coherent? 
They do not produce interference fringes. (c) Discuss what would happen to the inter- 
ference fringes in the case of a single slit in screen A if the slit width were gradually in- 
creased. E 
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xs PROBLEMS 


1. Design a double-slit arrangement that will produce interference fringes W° apart on а 

distant screen. Assume sodium light (A = 5890 A). Р 
`2. Two point sources in Fig. 43-22 emit coherent waves. Show that curves, such as 

- that given, over which the phase difference for rays r1 and т; is a constant are hyperbolas. | 
Extend the analysis to three dimensions. (Hint: A constant phase difference implies а 

constant difference in length between rı and r2) S 


v Fig. 43-22 


З. A double-slit arrangement produces interference fringes for sodium light (à = 5890 A) 
that are 0.20? apart, What is the angular fringe separation if the entire arrangement ів 
immersed in water? - 

4. A double-slit arrangement produces interference fringes for sodium light (à = 5890 A) 

~ that are 0.20° apart. For what wavelength would the angular separation be 10% greater? 

5. A thin flake of mica (n = 1.58) is used to cover one slit of а double-slit arrangement. 
The central point on the sereen is occupied by what used to be the-seventh bright fringe. 
If X = 5500 A, what is the thickness of the mica? } \ 

6. Sodium light. (A = 5890 А) falls on a double slit of separation d = 2.0 тт. Din ^| 

Fig. 43-5 is 4 ет. What per cent error is made in locating the tenth bright fringe if it is- 
not assumed that D >> d? ANA © 
КУ i Sodium light (A = 5890 A) falls on a double slit of separation d = 0.20 mm. A thin 
2 lens (f = +1.0 meter) is placed near the slit as in Fig. 42-6. What is the linear fringe 
separation on a screen placed in the-foeal plane of the lens? 
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8. Sı and S; in Fig. 43-23 are effective point sources of radiation, i 
oscillator. They are coherent and in phase ith each sha ceres Желең 
thay emit боса] Amdgusts of power Mid the form ot ТОКЕ wavelength ойга 
waves. (a) Find the positions of the first (that is the nearest), the second, and the third 
maxima of the received signal, as the detector te mored ont along GE (0) Te the intabalt 
at the hearest minimum equal to zero? Justify your answer. Y 


У 


Ts Fig. 43-23 


9. One of the slits of a double-slit system is wider than the othér, во that the amplitude 
of the light reaching the central part of the screen from one slit, acting alone, is twice that 
from the other slit, acting alone. Derive an expression for о in terms of 8, corresponding 
to Eqs. 43-115 and c. и ^ 

10. Show that the half-width A0 of.the double-slit interference fringes (sce arrow in Fig. 
43-9) is given by 


Р hg ore 
2d 


if @ is small enough so that sin 0 = 0. 
11. Find the sum of the following quantities (a) by the vector method and (6) analyti- 
eally: 
yi = 10 sin ex 


yo = 8вїп (wt + 30°). 

12. Add the following quantities graphically, using the vector method: 
yı = 10 sin ot і . 
am = 15вїп («t + 30°) 
ys = 5 sin (wt — 457). 


.. 13. The frequency width of a standard television channel is 4 X 10° eycles/sec. If it 
were possible to transmit television signals in the visible portion of the electromagnetic 
spectrum, possibly by using optical maser or laser techniques, how many such standard 
channels would be available for allocation in the visible spectrum? Assume that this 
spectrum extends from 4000 to 7000 A. 
14. In a Newton’s rings experiment the radius of curvature R of the lens is 5.0 meters 
and iis diameter is 20cm. (a) How many rings are produced? (b) How many rings would 
“be seen if the arrangement were immersed in water (n = 1.33)? Assume that à = 5890 A. 
15. The diameter of the tenth bright ring in а Newton's rings apparatus changes from 
1.40 to 1.27 em as a liquid is introduced between the lens and the plate. Find the index 


of refraction of the liquid. 
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* 16: A broad soutve of light (А = 6800 A) illuminates normally two glass plates 12-cm 
long that touch at опе end and are separated by a wire 0.048 mm in diameter at the other 
(Fig. 43-24). How many bright fringes appear over the 12-em distance? 


Incideiit! light 


Fig. 43-24 


17. A thin film 4 X 10-5 em thick is illuminated by white light normal to its surface. 
Its index of refraction is 1.5. What wavelengths within the visible spectrum will be 
intensified in the reflected beam? Е 

18. White light reflected at perpendicular ineidence from a soap film has, in the visible 
spectrum, an interference maximum at 6000 A and a mihimum at. 4500 A, with no mini- 
mum in between. If n = 1.33 fer the film, what is the film thickness, assumed uniform? 

19. A plane wave of monochromatic light falls normally on a uniformly thin film of oil 
which covers a glass plate: The wavelength of the source can be varied continuously, 
Complete. destructive-interference of the reflected light 1s observed for wavelengths of 
5000 and 7000 А and for no other wavelengths in between. If the index of refraction of 

_ the ої ів 1.30 and that of the glass is 1.50, find the thickness of the oil film. 

20. In Example 5 assume that there is zero reflection for light of wavelength 5500 A 
at normal incidence. Calculate the factor by-which the reflection is diminished by the 
Coating at 4500 and at 6500 A. : È 

21: A plane monochromatic light wave in’ air falls at normai incidenee on & thin film of 
oil which covers a glass plate. The wavelength of the Source тау be varied continuously. 
Complete destructive interference in the reflected beam is observed for wavelengths of 
5000 and 7000 A and for no other wavelength in between. The index of refraction of glass 
is 1.50. Show that the index of refraction of the oil must be less than 1.50. 

22. White light reflected at perpendicular incidence from a soap bubble has, in the visi- 
ble spectrum, a single interference maximum (at. A = 6000 A) and a single minimum at the 
violet end of the spectrum. If n = 1.33 for the film, calculate its thickness. 

23. "If mirror M: in Michelson’s interferometer is moved through 0.233 mm, 792 fringes 
are counted. What is the wavelength of the light? 

24. A thin film with n = 1.40 for light of wavelength 5890 A is placed in one arm of a 
Michelson interferometer. If a shift of 7.0 fringes occurs, what is the film thickness? 

25. (a) What is the wavelength of the orange-red line of krypton-86 in angstrom units? 
Take 1 A = 10° meter exactly. (b) Does this question really make sense, in view of the 
fact that the meter is defined in terms of this wavelength? Explain. 

26. A Michelson interferometer is used with a sodium discharge tube as a light source. 
The yellow sodium Jight consists of two wavelengths, 5890 and 5896 A. It is observed 
that the interference pattern disappears and reappears periodically as one moves mirror 
М» in Fig. 43-20. (a) Explain this effect. (b) Calculate the change in path difference 


between tivo successive Teappearances of the interference pattern. 
ws 
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aperture in screen В and illuminates 
screen С. The intensity at P is found 
by dividing the wavefront at B into. 
elementary radiators dS and combine, 
ing their effects at P. 


pervading ether. We have seen (Section 39-5) how Maxwell (1831-1879) | 
showed that light waves were not mechanical in nature but electromagnetic.” 
Einstein: (1879-1955) rounded out our modern view of light waves by elim= 


inating the need to postulate an ether (see Section 40-4). 


Figure 44 1 shows a general diffraction situation. Surface A isa wavefront) 
that falls on B, which is an opaque screen containing an aperture of arbitrary” 
shape; C'is.a diffusing screen that receives the light that passes through this 
aperture. This pattern of light intensity on C can be calculated by sub= 
dividing the wavefront into elementary areas dS, each of which becomes а ? 


Source of an expanding Huygens’ wavelet. The light intensity at an arbi- 
trary point P is found by superimposing the wave disturbances (that is, the 


E vectors) caused by the wavelets reaching P from all these elementary” 

' radiators. : AS. 
The wave disturbances reaching P differ in amplitude and in phase bê _ 
enuse (a) the elementary radiators are at varying distances from P, (b) the ^ 


- light leaves the radiators at various angles to the normal to the wavefront 
(see p. 1020), and (c) some radiators are blocked by screen В ; others are not. 
Diffraction calculations—simple in principle—may become difficult in prac- 


tice. The calculation must be repeated for every point on screen C at which 1 
we wish to know the light intensity. We followed exactly this program in A 


, Calculating the double-s'it intensity pattern in Section 43-3. The calcula- 


tion there was simple because we assumed only two elementary radiators, ^ 


the two narrow slits. 

‚ Figure 44-2a shows the general ease of Fresnel diffraction, in which the 
light source and/or the screen on which the diffraetion pattern is displayed 
are a finite distance from the diffracting aperture; the wavefronts that fall 


on the diffracting aperture in this case and that leave it to illuminate any | 
point P of the diffusing screen are not planes; the corresponding rays are | 


" 


not parallel. 


Fig. 44-1 Light is diffracted at the 
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A simplification results if source 5 and screen C are moved to a large 


distance from the diffraction aperture 


as in Fig, 44-2 
is called Fraunhofer diffraction 


This limiting case 
The wavefronts arriving at the diffracting 
aperture from the distant source S are planes, and the г 


ssocinted with 
these wavefronts are parallel to each other 


Similarly, the wavefronts arriv 
ing at any point P on the distant screen C are planes, the corresponding rays 


To point on 
„distant screen 


From 
distant 
source 


Fig. 44-2 (a) Fresnel diffraction. (b) Source S and screen C are moved. toa large a^ 
(ares resulting in Fraunhofer diffraction, (c) Fraunhofer diffraction conditions produce: 
by jenses leaving source S and sereen C in their original positions. 

8, 
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also being parallel. Fraunhofer conditions can be established in the labora- 
богу by using two converging lenses, as in Fig. 44-2c. The first of these 
sonverts the diverging wave from the source into а plane wave. The second 
ens caüses plane waves leaving the diffracting apérture to converge to point 
'P. Allrays that illuminate P will leave the diffracting aperture parallel to 
the dashed line Pz drawn from P through the center of this second (thin) lens. 
We assumed Fraunhofer conditions for Young's: double 
Section 43-1 (see Fig. 43-5). 

Although Fraunhofer diffraction іва limiting case of the more general 
Fresnel diffraction, it is an important limiting case and is e: 


asier to handle 
mathematically, This book deals-only with Fraunhofer diffraction. 


44-2 Single Slit 


-slit experiment in 


Figure 44-3 shows a plane wave falling at normal incidence 
narrow slit of width a. Let. us focus our attention on the central point Py of 
screen C. The rays extending from the slit to Po all have the same optieal 
path lengths, as we saw in Section 49-5. Since they are in phase at. the 
plane of the slit, they will still be in phase at Po, and the central point of 
the diffraction pattern that appears on screen C has a maximum intensity. 


on a long 


Fig. 44-3 Conditions at the 


а distance above and below the figure, this distance being much greater than the slit 
width a. 


central maximum of the diffraction pattern. The slit extends 
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Fig. 44-4 Conditions at the first minimum of the diffraction pattern. 


We now consider another point on the sereen. Light rays which reach P; 
in Fig. 44-4 leave the slit at an angle 0 as shown. Ray ri originates at the 
top of the slit апа ray r2 at its center. If is chosen so that the distance bb’ 
in the figure is one-half a wavelength, rı and rz will be out of phase and will. 
produce no effect at P,,* In fact, every ray from the upper half of the slit ^ 
will be canceled by a ray from the lower Half, originating at a point a/2 below 
the first ray. The point P;,the first minimum of the diffraction pattern, 
will have'zero intensity (compare Fig. 42-3). { 

The condition shown in Fig. 44-4 is 


а à 
-sin8 == 
E : 202 2 
asin б = X. (44-1; 


от 

Ав we stated earlier (see Fig. 42-1), 
the slit is made narrower. If the sli 
(a = X), the first minimum occurs at. = 90°, 
maximum fills the entire forward hemisphere. 


the central maximum becomes wider as 

t width is as small as one wavelength - 

which implies that the central 
We assumed a condition ap- 


plane represented by the 
ts at Ру, not being affected 


= 


* Whatever phase relation exists between ту and rs at the 


sloping dashed line in Fig. 44-4 that passes through b’ also exis 
| by the lens (see Section 42-5). 
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Fig. 44-5 Conditions at the second minimum of the diffraction pattern. 


proaching this in our discussion of Young’s double-slit interference experi- 
ment in Section 43-1. 

In Fig. 44—5 the slit is divided into four equal zones, with a ray leaving the 
top of each zone. Let Ө be chosen so that the distance bb’ is one-half а wave- 
length. Rays rı and rp will then cancel at Py. Rays тз and r4 will also be 
half a wavelength out of phase and will also cancel. Consider four other 
rays, emerging from the slit a given distance below the four rays above. The 

* two rays below тү and rz will cancel uniquely, as will the two rays below 73 
апа 74. We can proceed across the entire slit and conclude again that no 
light reaches P5; we have located a, second point of zero intensity. 

The condition described (see Fig, 44-5) requires that 


a + 
-8in0 = =, 
19 


ог asin § = 2. 


By extension, the general formula for the minima in the diffraction pattern 
on screen C is 


asinü =m m = 1, 2, 3, ... (minima). (44-2) 
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There is a maximum approximately halfway between each adjacent pair с 
minima. The student should consider the simplification that has resulted 
in this analysis by examining. Fraunhofer (Fig. 44-2с) rather than Fresnel 
conditions (Fig. 44-24). 
> Example 1. A slit of width a is illuminated by white light. For what value of 
a will the first minimum for red light (A = 6500 A) fall até = 30°? 

At the first minimum we put m = 1 in Eq. 44-2. Doing so and solving for а yields 


m (ОБО А) 13,000 A. 


sin& sin 30* 
Note that the slit width must be twice the wavelength in this case, 

Example 2. In Example 1 what is the wavelength A’ of the light whose first dif- 
fraction maximum (not counting the central maximum) falls at @ = 30°, ‘thus со- 
inciding with the first minimum for red light? 

This maximum is about halfway between the first and second minima. It can be 
found without too much error by putting m = 1,5 in Eq. 44-2, or 


asin б c 1.5M. 

From Example Т, however, asinê = А. 

At жн , М 6500 A} 
Dividing gives м = ГҮ арар ЭУ = 4300 А. 
Light of this color is violet. The second maximum for light of wavelength 4300 A will 
always coincide with the first minimum for light of wa 6500 A, no matter 
what the slit width. - If the slit is relatively narrow, the angle 6 at which this overlap — 
occurs will be relatively large. 4 


44-3 Single Slit-— Qualitative 


We limit our considerations to points that lie in, or infinitely close to, the plane of 
Fig. 44-6. ]t can be shown that this procedure is valid for a slit whose length is 
much greater than its width a. We made this same assumption tacitly both earlier 
in this chapter and in Chapter 43: see Figs. 43-5 and 44-3, for example. 


"The wave disturbances from adjacent strips have a constant phase Ф, 
ference Аф between them at Р given by _ 
* phase difference _ path difference 
2r x À 


w- (Z) aan, 


[ 


or 
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Fig. 44-6 А slit of width a is divided into N strips of width Az. The inseri shows condi- 
tions at the second strip more clearly. In the differential-limit the slit is divided into an 


infinite number of strips (that is, M:—> о) of differential width dr. For clarity in this 
and the following figure, we take V = 18. 


; where Az sin 8 is, as the figure insert shows, the path difference for rays origi- 
nating at the top edges of adjacent strips. Thus, at P, N vectors with the 
same amplitude AZ, the same frequency, and the same phase difference Аф 
between adjacent members combine to produce a resultant disturbance. We 
ask, for various values of Аф [that is, for various points P on the screen, cor- 
responding to various values of 6 (see Eq. 44-3)], what is the amplitude Eo 

«of the resultant wave disturbance? We find the answer by representing the 
individual wave disturbances AE by phasors and calcul 
phasor amplitude, as described in Section 43-4, 

At the center of the diffraction pattern: @.equals zero, andthe phase shift 
between adjacent strips (see Eq. 44-3) is also zero. ' As Fig. 44-7a shows, 
the phasor arrows in this case are laid end to end-and the amplitude of the 


resultant has its maximum value Em. This corresponds to the center: of the 
central maximum. | 


ating the resultant 


| 
| 
| 
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As we move to a value of @ other than sero, Aé assumes a definite 
value (again see Eq. 44-3), and the array of arrows is now aa shown in Fi. 
44-7b. The resultant amplitude B, is less than before. Note that the length 
of the "arc" of small arrows is the same for both figures and indeed for . ll 
^ figures of this series. As @ jncreases further, a situation is reached (Fig. 44-70) 
in which the chain of arrows curls around through 360°, the tip of the last 
arrow touching the foot of the first arrow. This corresponds to E, = 0, that 
is, to the first minimum, For this condition the ray from the top of the slit 
(1 in Fig. 44—7c) is 180° out of phase with the ray from the center of the slit 
($N in Fig. 44-7c). These phase relations are consistent with Fig. 44-4, 
which also represents the first minimum. 

As 0 increases further, the phase shift continues to increase, and the chain 
of arrows coils around through an angular distance greater than 360°, as in 
` Fig. 44-7d, which corresponds to the first maximum beyond the central 
maximum. This maximum is much smaller than the central maximum. 
In making this comparison, récall that the arrows marked E, in Fig. 44-7 
correspond to the amplitudes of the wave disturbance and not to the în- 


= а › А 


а 


- Fig. 44-7 Conditions at (а) the 
' central maximum, (b) a direction 
slightly removed from the central IN 
maximum, (c) the first minimum, 1 P 
and (d) the first maximum beyond _ 
the central maximum for single- 
slit diffraction. This figure corre- Eg=0 
sponds to N = 18 in Fig. 44-6. 


; pcs The amplitudes must be squared to obtain the corresponding rela, ү 


` of the pattern the wave disturbances are all in phase and this “arc” becomes — 


. on the screen of. Fig. 44-6, corresponding to a particular angle 0. The | 


_ of a-circle, its radius R being indicated in that figure. The length of the аго 


-phase between the infinitesimal vectors at the left and right'ends of the arc 


` the bottom of the slit of 
, angle between the two radii marked R in Fig.44-8. From this figure we can 


` In radian measure ¢, from the Пе; is 
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tive intensities (see Eq. 43-7). 


44-4 Single Slit—Quentitative — а Ee | 
"Тһе “аге” of small arrows in Fig. 44-8 shows the phasors representing, in - 


amplitude and phase, the wave disturbances that reach an arbitrary point P | 


resultant amplitude at Р is Ej. If we divide the slit of Fig. 44-6 into infi- a! 
nitesimal strips of width dz, the arc of arrows in Fig. 44-8 approaches the are _ 


is Em, the amplitude at the center of the diffraction pattern; for at the center _ 


a straight line as in Fig. 44—7a. 7 m 
The angle ф in the lower part of. Fig. 44-8 is revealed as the difference in _ 


Em. This means that ¢ is the phase difference between rays from the top and A 


Fig. 446. From geometry we see that ф is also the 


Em 
VUE оф mL 


R 


Fig. 44-8 A construction used to’ 
calculate the intensity in single-slit 
diffraction. Тһе situation corre: 
sponds to that of Fig, 44-7. s 
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Combining yields Ey = Ea sin f 
e2 2 
3 sin а 
7 Eos En" (44-4) 
t à Ф 
in which ажр (44-5) 


From Fig. 44—6, recalling that ф is the phase difference between rays from 
the top and the bottom of the slit and that the path difference for these rays 
is a sin 0, we have $ 


phase difference path difference 


2 à 
2x ; 
or ф= (=) (a sin 6). 
Combining with Eq. 44-5 yields 
^ $ та . 
а= = = sint. (44-6) 


Equation 44-4, taken together with the definition of Eq. 44-6, gives the 
amplitude of the wave disturbance for a single-slit diffraction pattern at any 
angle 6. The intensity Го for the pattern is proportional to the square of the 


amplitude, or аЙ 
n - a (55) (e 
a , И 


For convenience we display together, and renumber,-the formulas for the 
amplitude and the intensity in single-slit diffraction. > 


[Eq. 44-4] ` Be Ba о @ в 
ба, е- 
; їп aV 3 
[Eq.44-7] _ EA -1.(=) slit (44-80) 
“з ки се к 
(Bq. 44-6] «(m jo = “sind. , 44-80) ` 


Figure 44-9 shows plots of Го for sevtral values of the ratio af. Note that 
the pattern becomes narrower as a/d is increased; compare this figure with 
‘Figs. 42-1 and 42-3. .- 5 i ў 
` -Minima occur in-Eq. 44-8b when 

VIE deque. RE 


(44-9) 
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Fig. 44-9 The relative intensity in single-slit diffraction for three values of the ratio a/ | 
The arrow in (b) shows the half-width A6 of the central maximum. | 


ГА 
Combining with Eq. 44-8c leads to 
j абый = т m= 1,2, 3, ... (minima), Y 
which is the result derived in the preceding section (Eq. 44-2). In that 3 
„Section, however, we derived only this result, obtaining no’ quantitative in- 
formation about the intensity of the diffraction pattern at places in which - 
it was not zero. Here (Eqs. 44-8) we have complete intensity information. 3 
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> Example 3. Intensities of the secondary diffraction maxima. Calculate, approx- 

imately, the relative intensities of thé secondary maxima in the single-lit Fraunhofer 

Фира pattern. 

secondary maxima lie approximately way between the minima і 

found (compare Eq. 44-9) from wer "m 
ас (m + Yr m»1,23,... 

Substituting into Eq. 44-8b yields 


1, = I [5 (mt i}. 


(т + Dr 
‚Са : 1 h E 1 
which reduces to m re 


This yields, for m = 1, 2,3, ..., Ј/ = 0.045, 0.016, 0.0083, eto. The successive’ 
maxima decrease rapidly in intensity. 

Example 4. Width of the central diffraction maximum. Derive the half-eidth 
ЛӨ of the central maximum in a si it Fraunhofer diffraction (see Fig. 44-90). 
The half-width is the angle between the two points in the pattérn’ where the intensity 
is one-half that at the center of the pattern. à 

Point гіп Fig. 44-9b is so chosen that Is"= Im, or, from Eq. 44-85, 


LE inae)" 


2 а, 


This equation cannot be solved analytically for ag. It сап be solved graphically, 
as accurately as one wishes, by plotting the quantity (sin о. /а,)? as ordinate versus 
го. as abscissa and noting the value of a. at which the curve intersects the line “one- 
half” on the ordinate scale (see Problem 5). However, if only an approximate answer 
is desired, it is often quicker to use trial-and-error methods. 
We know that o equals т at the first minimum; we guess that a, is perhaps #/2 
. (= 90° = 1.57 radians). Trying this in Eq, 44-80 yields Ена 


r [e-u 


This intensity ratio is less than 0.5, so that œs must be less than 90°. After a few more 
trials we find easily enough that | 


а. = 140 radians = 80° 


does yield a ratio close to the correct value of 0.5. - 
We now use Eq. 44-8c to find the corresponding angle б: 


7] 
р a, = sins = 1.40, 
or, noting that a/A = 5 for Fig. 44-9b, 
sin 0. = VUE pou am — 0.0892. 
The half-width A6 of the central maximum (see Fig. 44-96) is given by 
A6 = 29, = 281700892 = 2 X 51° = 102°, 


: which is in agreement with the figure. 
t , 
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44-5 Diffraction at a Circular Aperture 


Diffraction will occur when a wavefront is partially blocked off by 
opaque object such as a metal disk or an opaque screen containing an 
ture. Here we consider diffraction at a circular aperture of diameter d, 
aperture constituting the boundary of a circular lens. 

Our previous treatment of lenses was 
tion béing specifically assumed not to 
based from the beginning on wave opt 
ап approximation, although often a good one. Diffraction phenomena wi у 
emerge іп а natural way from such а wave-optical analysis. 

_ Figure 44-10 shows the image of a distant point source of light (ag 


À 
sing = 1.29 —. 
: 955 а 
This is to be compared with Eq. 44—1, or 


ч À 

sin 0 = —, 

а 

which locates the first minimum for a long narrow slit of width a. The fa 
1.22 emerges from the mathematical analysis when we integrate over 
elementary radiators into which the circular aperture may be divided. 


` of diffraction at a circular aperture in 1835), and _ 
the circular secondary maximum. Other second- 


ary maxima occur at larger radii but ate too faint 
to be seen, 
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In actual lenses the image of a distant point object will be sombwhat larger than 
that shown in Fig. and may not have radial symmetry. This is caused by the 
various lens “defects” mentioned on p. 1061. However, even if all of these defects - 
could be eliminated by suitable shaping of the lens surfaces or by introducing cor 1 

„retting lenses, the diffraction pattern of Fig. 44-10 would remain. It is an inherent 
property of the lens aperture and of the: wavelength of light used. Ж 


The fact that lens images are diffraction patterns is important when we 3 
wish to distinguish two distant point objects whose angular separation is _ 
small. Figure 44-11 shows the visual appearances and the corresponding _ 
intensity patterns for two distant point objects with small angular separa- 
tions. In (a) the objects are not resolved; that is, they cannot be distin- © 

` guished from a single point object. In (b) they are barely resolved and in 3 
(с) they are fully resolved. ; г : 
In Fig. 44-115 the angular separation of the two point sources igsuch that - 
.. the maximum of the diffraction pattern of опе вопгсе falls on the first mini- _ 
mum of the diffraction pattern of the other This is called Rayleigh’s crite- " 
rion. ^ This criterion, though useful, is arbitrary; other criteria for deciding _ 
when two objects are resolved are ‘sometimes used. From Eq. 44-10, two É 
objects that are barely: resolvable by Rayleigh's criterion must have an angu- 
lar separation 65 of 


Since the angles involved are rather small, we can replace sin Өк by Op, UF 
` Е 
= 1222. (44-11) 


‚ If the angular separation 6 between the objects is greater than 0g, we can _ 
resolve the two objects: if it is less, we cannot. 2 


> Example 5. А converging lens 3.0 om in diameter has a focal length f of 20 om. 
(а) What angular separation must two distant point objects have to satisfy Rayleigh’s 
criterion? Assume that A = 5500 А. 

From Eq. 44-11, 
№ _ (1.22)(5.5 X 10-7 meter) 
Өк: 1.99 = 

AN E 3.0 X 10? meter 

(b) How far apart are the centers of the diffraction patterns in the focal plane of 

the lens? The linear separation is 
т = f0 = (20 em)(2.2 x 10-5 radian) = 44,000 A. 

This is 8.0 wavelengths of the light employed. 4 


= 22 X 10-5 radian. 


. 


= 
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energy is concentrated into а smaller diffraction disk but because the larger 
lens collects more light. ‘Thus fainter objects, for example, more distant 


i To reduce diffraction effects in microscopes we often use ultraviolet light, 


than would be possible for the same microscope operated with visible light. 
We shall see in Chapter 48 that beams of electrons behave like waves under | 
some circumstances. In the electron microscope such beams may have an 
effective wavelength of 0.04 A, of the order of 10° times shorter than visible 
light (à = 5000 A). This permits the detailed examination of tiny objects 
like viruses. If a virus were examined with an optical microscope, its struc- 
ture would be hopelessly concealed by diffraction. 

44-6 Double Slit’ М " 

In Young's double-slit experiment (Section 43-1) we assume that the 
slits are arbitrarily narrow (that is, a < A), which means that the central 
part of the diffusing sereen was uniformly illuminated by the diffracted waves 


slits because the condition a & À cannot usually be met. Waves from the 
two actual slits combining at different points of the screen will have intensi- 
ties thet are not uniform but are governed by the diffraction pattern of а 
single slit. The effect of relaxing the assumption that a < à in Young's ex- 
periment is to leave the fringes relatively unchanged in location but to alter 
The interference pattern for infinitesimally narrow slits is given by Eq. 
43—118 and c or, with а small change in nomenclature, 


Тез = Ian cos? B, (44-12) 


where p= = sin 6. (44-13) 


The intensity for the diffracted wave from either slit is given by Eqs. 44-80 
and c, ог, with а small change in nomenclature, 


/ sin aV. J 
TN 1еди = Imit (= Zi (44-14) 
f ; Hs 5 a 
i : та. X 
where a= hee 8. С (44-15) 


: 1 i і і —]2 as a varia ble 
The combined effect 18 found by regarding Jm, int In Eq. 44-1 
amplitude, given in fact by Гө,а of Eq. 44-14. This assumption, for the com- 


bined pattern, leads to AC A 
z Ip = In (cos 8) (= ' (44-16) 


. able light. intensity: from each slit, considéred Separately, is given by the 
- diffraction pattern of that slit (Eq. 44-14). ‘The diffraction patterns for the 


. two slits, again considered separately, coincide because parallel rays in 


15 


15 


0 
0, degrees 


Fig. 44-12 Interference fringes for в double slit with slit separation d — 50^. Three 
different slit widths, described by a/X 


= 1, 5, and 10 are shown. 3 
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Fig. 44-13 (a) The "interference factor” са (b) the Wem ot in Eq. 4-16 
and (c) their product; compare Fig. 44-125. 


If we relax the assumption ag A the: "available ed is not uniform over 
the screen but is erer by the 


UN 


^" 
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à Fig. 44-14 (а) Interference fringes for a double-slit system ` 
in which the slit width is nol negligible in comparison to the 


the single slit diffraction pattern. (Courtesy G. Н. Carra- _ | 
рап, Rensselaer Polytechnic Institute.) 4 


case the interference fringes will have intensities that are determined by the 
intensity of the diffraction pattern at the location of a particular fringe, 


uniform in intensity. As the slits are widened, the intensities of the fringes 
are markedly modulated by the “diffraction factor” in Eq. 44—16, that is, 


the stagle-slit. diffraction patterns of Fig. 44-9. This is especially clear in 
Fig. 44-13, which shows, for the curve of Fig. 44—125, (a) the “interference 
factor” in Eq. 44-16 (that ів, ‘he factor cos? 8), (b) the “diffraction factor” 
(sin а/о)?, and (с) ther: product. 

If we put.a = ? ín Eq. 44-16, then (see Eq. 44-15) a = 0. and віп a/a S 


«—э0 
а/о - 1. Thus this equation reduces, as it must, to the intensity equation « 
for a pair of vanishingly narrow slits (Eq. 44-12). If we put d — 0 in Eq. 
44-16, the two slits coalesce into a single slit of width a, as Fig. 44—15 shows; 
d = 0 implies В = 0 (see Eq. 44-13) and сов? В = 1. Thus Eq. 44-16 re- 
duces, as it must, to the difiraction equation for a. single slit (Eq. 44—14). 
` Figure 44-14 shows some actual double-slit interference photographs. 
The uniformly spaced interference fringes and their intensity modulation 
by the diffraction pattern of a single slit is clear. If one slit is covered up, 


- Equation 44-16 shows that the fringe envelopes of Fig. 44-12 are precisely 


as in Fig. 44-140, the interference fringes disappear-and we see the diffrac- —— 


tion pattern of a single slit. 


>- Example 6. Starting from the curve of Fig. 44-125, what is.the effect of (a) 
increasing the slit width, (b) increasing ‘the slit Separation, and (c) increasing the 
wavelengtn? P. i 
(9) If we increase the slit width a, the envelope of the fringe pattern changes so 
that its central peak is sharper (compare Fig, 44-12c). The fringe Spacing, which 
depends on d/A, does not change. ; à 
(b) If we increase d, the fringes become closer together, the envelope of the pattern 


, wavelength. The fringes are modulated in intensity by the E! 
diffraction pattern of a single slit. (b) If one of the slits is. _ ! 
covered up, the interference fringes disappear and we see 
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Example 7. In double-slit Fraunhofer diffraction what is the fringe spacing on а 
screen 50 cm away from the slits if they are illuminated with blue light (А = 4800 A), 
if d = 0.10 mm, and if the slit width a = 0.02 mm? What is the linear distance from 
the central maximum to the first minimum of the fringe envelope? 

The intensity pattern is given by Eq. 44-16, the fringe spacing being determined 
by the interference factor cos! 8. From Example 2, Chapter 43, we have 


AD 
Ay = T 
where D is the distance of the screen from the slits. Substituting yields 


_ (480 X 1079 meter)(50 X 10-* meter) 
eG eS Sa aT x 10-5 = 24 X 107° meter = 24 mm. 
The distance to the first minimum of the envelope is determined by the diffraction 
‚ factor (sin а/а)? in Eq. 44-16. The first minimum in this factor occurs for a = ж. 
From Eq. 44-15, 
à №. 480 X 107 meter _ 


sind 7 ® п = 0.02 x 10 meter one. 5 


Ay 


"This is во small that we can assume that 0 œ sin 8 & tan 8, or 
у= D tan 0 c D sin 8 = (50 cm)(0.024) = 1.2 cm. 
‘There aro about ten fringes in the central peak of the fringe envelope. 
\ Example 8. What requirements must be met for the central maximum of the 


‘The required condition will be met if the sixth minimum of the interference efor 
(cout 8) in Eq. 44-16 coincides with the first minimum of the diffraction factor 
(sin e/a). 

"The sixth minimum of the interference factor oceurs when 
А : ‘pain 

in Eq. 44-12. 2 
‘The first minimum in the diffraction term осеш for 


а = т. 


Dividing (вее Eqs. 44-13 and 44-15) yields 


E SS 
; a n9 
This condition depends only on the slit and not on the wavelength. For 


` long wayes the pattern will be broader than for short waves, but there will always be 
eleven-fringes in the central peak of the envelope. . 4 
The double-slit problem as illustrated in Fig, 44-12 combines interference 
and diffraction in an intimate way. At root both are superposition effects 
and depend on adding wave disturbances at a given point, taking phase dif- 
егепсев properly into account. If the waves to be combined originate from 
a finite (and usually small) number of elementary coherent radiators, as in 
Young’s double-slit experiment, we call the effect interference. RU the ади Ё 
to be combined originate by subdividing a wave into ûi itesimal coherent 


P 


ar 
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radiators, as in our treatment of a single slit (Fig. 44-6), we call the effect 


diffraction. This distinction between interference and diffraction is con- 

venient and useful. However, it should not cause us to lose sight of the fact 
. that both are superposition effects and that often both are present simul- 
` taneously, as in Young's experiment. 


QUESTIONS 


1. Why is the diffraction of sound waves more evident in daily experience than that of 
light waves? 5 

2. Why do radio waves. diffract around buildings, although light waves do not? 

3. A loud-speaker horn has a rectangular aperture 4 ft high and 1 ft wide. Will the 
pattern of sound intensity be broader in the horizontal plane or in the vertical? 

4. A radar antenna is designed to give accurate measurements of the height of ап air- 
craft but only.reasonably good measurements of its direction in a horizontal plane. Must 
the height-to-width ratio of the radar reflector be less than, equal to, or greater than unity? 

` 5. A person holds a single narrow vertical slit in front of the pupil of his eye and looks 
at a distant light source in the form of a long heated filament. - Is the diffraction pattern 
that he sees a Fresnel or & Fraunhofer pattern? 

6. Ina single-slit Fraunhofer diffraction, what is the effect’ of i increasing (а) the wave- 
length and (b) the slit width? 

Т; Sunlight falls on a single slit of width 10‘ A. Describe qualitatively what the result- 
ing diffraction pattern looks like. 

8. In Fig. 44-5 rays rı and rs are in phase; во are ry and re Why isn’t there а maximum 
intensity. at Pz rather than a minimum? 


^ 


9. Describe what happens to a Fraunhofer single-slit diffraction pattern if the whole © 


Bs apparatus is immersed in water. 
10. Distinguish clearly between 0, e, and ф in Eq. 44-8c. 
11. Do diffraction effects occur for virtual images as well as for real images? Explain. 


` 12. Do diffraction «йш, occur fori eee formed by (a) plane mirrors and (b) spherical . - 


` mirrors? Explain. . 

13. If we were to Fedó our. на of the properties of Tenses і in Section 42-5 by the 
methods of geometrical optics but without restricting our considerations to paraxial rays 
` and to “thin” lenses, would diffraction phenomena, such as that of Fig. 44-10, emerge 
- from the analysis?’ Diseuss. ' 


14. Distinguish AY between interference and diffraction in Young's double-alit 
experiment. . 


15. In what way are Ба апа diffraction similar? In what way are they dif- Е 


‚ ferent? 


16. In dóuble elit interference patterns such as that, of Fig. 44-14a we said that the 
interference fringes were. modulated in intensity by the diffraction pattern of а single slit. 
Could wè reverse this statement and say that the diffraction pattern of a single slit is 
intensity-modulated by the interference Тїп Discuss. 
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PROBLEMS 


1. In a single-slit diffraction pattern the distance between the firet minimum on the 
right and the first minimum on the left is 5.2 mm. The screeni on which tbe pattern is 
displayed is 80 em from the slit and tbe wavelength is 5460 A. Calculate the alit width. 

2. A plane wave (X = 5900 A) falls on а slit with a = 0.40 mm. A converging lens 
(f = +70 em) is placed behind the slit and focuses the light on a sereen. What js the linear 
distance on the sereen from the center of the pattern to (a) the first minimum and (b) the 
second minimum? 

3. A single slit is illuminated by light whose wavelengths are ^, and X, so chosen that the 
first diffraction minimum of A, coincides with thé second minimum of X. (9) What 
relationship exists between the two wavelengths? (b) Do any other minima in the two 
patterns coincide? 

4. (a) Show that the values of a at which intensity maxima for eingle-elit diffraction 
occur can be found exactly by differentiating Eq. 44-80 with respect to а and equating to 
zero, obtaining the condition 

tana = a. 


(b) Find the values of а satisfying this relation by plotting graphically the curve y = tan a 
and the straight line y = « and finding their intersections. (c) Find the (nonintegral) 
values of m corresponding to successive maxima in the single-slit pattern. Note that the 
secondary maxima do not lie exactly halfway between minima. 

5. In Example 4 solve the transcendental equation 


COE ЖЕКЕ 
$0. 4080) 
graphically for as, to an accuracy of three significant figures. 
6. (a) In Fig. 44-70, why is Ey, which representa the first maximum beyond the central 
maximum, not vertical? (b) Calculate er it es with the vertical, assuming 
З ‘vided into infinitesimal str idth dz. 
m half-width of a diffracted beam for a alit whose width is (o) 1, (0) 5, and 


0 wavelengths? erri 
s а А circular diaphragm 0.60 meter in diameter oscillates at а frequency of 25,000 


x s tha i t of sound in water to be 
whose diameter equals that of the diaphragm. Take the speed 
1450 meters/sec and find the angle between the normal to T — and Lagen 
tion of the first minimum. (b) Repeat for a- source having an (audible) frequency 
cycles /sec. : 2 pees ; x Е 
9. The two headlights of an approaching automobile are 4ft apart. At wint Dest 
distance will thé eye resolve them? Assume a pupil diameter of 5. tay 
Assume also that this distance is determined only by n effects at the circular 
upil aperture. ТАЕР 
д 10: "The wall of a large room is covered with acoustie tile in which ema holes am ЧН 
5.0 mm from center to center. How far can & рео, һе {тот rue А а 
guish the individual holes, assuming ideal conditions? scis ; diameter о 
‚ to be 4.0 mm and A to'be 5500 A: < me s R , 
ОЛЫ nT aig Чык ч б ид: ga) s 
The lens diameter is 30 in. and its focal length is У is 10 light tant TRE 
telescope, find the diameter of-the 
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focal plane. Assume that the star image structure is associated entirely with diffraction 
at the lens aperture and not with (small) lens “errors.” 

12. Find the separation of two points on the moon's surface that ean just be resolved _ 
by the 200-in. telescope at Mount Palomar, assuming that this distance is determined by 
diffraction effects. The distance from the earth to the, moon is 240,000 miles. 

` 18. Construct qualitative vector diagrams like those of Fig. 44-7 for the double-slit 
interference pattern. For simplicity, consider d = 2a (see Fig. 44—15). Can you interpret 
the main features of the intensity pattern this way? ; 


Fig. 44-15 


14. Suppose that, as in Example 8, the envelope of the central peak contains eleven 
fringes. How many fringes lie between the first and second minima of the envelope? 


15. Ford = 2a in Fig. 44-15, how many interference fringes lie in the central diffraction Ў a 
envelope? 


16. If we put d = ain Fig, 44—15, the two slits coalesce into a single slit of width 20. | 
Show that Eq. 44-16 reduces to the diffraction pattern for such a slit. 2 

17. (a) Design a double-slit system in which the fourth fringe, not counting the central à 
maximum, is missing. (b) What other fringes, if any, are also missing? j 


Gratings and Spectra 


CHAPTER 45 


45-1 [introduction 


In eonnection with Young's experiment (Sections 43-1 and 43-3) we 
discussed the interference of two coherent waves formed by diffraction at 
two elementary radiators (pinholes or slits). In our first treatment we as- 
sumed that the slit width was much less than the wavelength, so that light 
diffracted from each slit illuminated the observation screen essentially uni- 
formly. Later, in Section 44-6, we took the slit width into account and 
showed that the intensity pattern of the interference fringes is modulated 
by a “diffraction factor" (sin a/a)? (see Eq. 44-16). 

Here we extend our treatment to cases in whieh the number N of radia- 
tors or diffracting centers is larger—and usually much larger—than two. 
We consider two situations: 


1. An array of N parallel equidistant slits, called a diffraction grating. 

2. A three-dimensional array of periodically arranged radiators—the 
atoms in a crystalline solid such as NaCl. In this case the average spacing 
between the elementary radiators is so small that interference effects must 
be sought at wavelengths much smaller than those of visible light. We 
speak of X-ray diffraction. Р 

In each сазе we distinguish carefully between the diffracting properties 
of a single radiator (slit or atom) and the interference of the waves dif- 
fracted, coherently, from the assembly of radiators. rs 


45-2 Multiple Slits 
A logical extension of Young’s double-slit interference experiment is to 
increase the number of slits from two to a larger number N ; An arrangement 
Jike that of Fig. 45-1, usually involving many more slits, is called a diffrac- 
1123 
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Fig. 45—1 An idealized diffraction grating containing five slits. The slit width а is shown 
- for convenience to be considerably smaller than № although this condition is not realized | 
in practice. The figure is distorted in that f is much greater than d in practice. 


tion grating. Аз for a double slit, the intensity pattern that results when © 

monochromatic light of wavelength А falls on a grating consists оѓ a series of 
` interference fringes. The angular separations of these fringes are determined 
by the ratio A/d, where d is the spacing between the centers of adjacent slits. — 
The relative intensities of these fringes are determined by the diffraction pat- 
tern of a single grating slit, which depends on the ratio Ma, where a is the 
slit width. 

Figure 45-2, which compares the intensity patterns for N = 2 and № = 5, 
shows clearly that the "interference" fringes are modulated in intensity by 
a “diffraction” envelope, as in Fig. 44-14. Figure 45-3 presents a theoretical 
calculation of the intensity patterns for a few fringes near the centers of the 
patterns of Fig. 45-2. These two figures show that increasing №. (a) does 
not change the spacing between the (principal) interference fringe maxima, 


Fig. 45-2 Intensity patterns for “grat- 


: Gara ings" with (a) N = 2 and (b) N = 5 for 

ra | IE the same value of d and X. Note how 

À ' meo i the intensities of the fringes are modu- 
@) С і N=? 


lated by a diffraction envelope as in Fig. 

У 5 4 44—14; thus the assumption a << ^ is not 
Do i realized in these actual “gratings.” For 
‚ | N = 5 three very faint secondary max- 

UNIUS алко SESE) е ^... ima, not visible in this photograph, ap- 


pear between each pair of adjacent pri- 
о . mary maxima, ; 
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Fig. 45-3 Calculated intensity patterns for (a) а two-slit and (b) a five-elit grating for 
the вате value of d and X. "This figure shows the sharpening of the principal maxima 
and the appearance of faint secondary maxima for № > 2. The letters on the five-alit 
pattern refer to Fig. 45-5. ‘The figure assumes slits with a < so that the principal 
maxima are of uniform intensity. 


provided d and À remain unchanged, (b) sharpens the (principal) maxima, 
and (c) introduces small secondary maxima between the principal maxima. 
Three such secondaries are present (but not readily visible) between each 
pair of adjacent principal maxima in Fig. 45-20. 

A prineipal maximum in Fig. 45-1 will oceur when the path difference 
between rays from adjacent slits (= d sin 0) is given by 


d sin û = тА m= 0, 2; 25 (principal maxima), (45-1) 


where m is called the order number. This equation is identical with Eq. 43-1, 
which locates the intensity maxima for a double slit. The locations-of the 
(principal) maxima are thus determined only by the ratio A/d and are inde- 
pendent of N. As for the double slit, the ratio a/À determines the relative 
intensities of the principal maxima but does not alter their locations appre- 


ciably. a 
The sharpening of the principal maxima as N is increased can be under- 


and thus 6 = 0, in Eq. 45-1. ; E i t 
Consider the angle A6, corresponding to the position of zero brise E. 
lies on either side of the central principal maximum. Figures 45-4 me 
show the phasors at this point. The phase ише bermeen- Reta 
adjacent slits, which is zero at the central principal ья peces 
by an amount Аф chosen so that the array of phasors just closes on 11505, 
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yielding zero resultant intensity. For N = 2, Дф = 2r/2 (= 180°); fo 

N = 9, Аф = 2т/9 (= 40°). In the general case it is given by t 
2m 


dac 
SERT 


This inerease in phase difference for adjacent waves corresponds to am» 
increase in the path difference А? given by 


phase difference path difference 
р 1 2r . a A | 


б o bx) 


From Fig. 45-1, however, the path difference Al аб the first minimum is also. 
given by d sin’ Або, so that we can write | 
\ 


Í A 

d sin Абу = —. 

N 

3 A 
or sin Аб) = —. 
Nd 


Since N > 1 for actual gratings, sin Абу will ordinarily be quite small (that 

is, the lines will be sharp), and we may replace it by Абу to good approxima | 
tion, or 1 
A Ё: 

Aba = 7 (central principal maximum). asa) 


This equation shows specifically that if we increase N for a given А and d, 3 


ى = 


Eg =0 


(a) (c) 


Fig. 45-4 Drawings (a) and (b) show conditions at th 


е central principal maximum for & 
two-slit and a nine-slit grating, 


respeetively. Drawings (c) and (d) show conditions at the 
minimum of zero intensity that lies on either side of this central principal maximum. In 
going from (a) to (c) the phase shift between waves from adjacent slits changes by 180° 
(Аф = 2x/2);in going from (b) to (d) it changes by 40°(Ad = 2/9). 


| 
| 


Fig. 45-5 The figures taken in sequence from (a) to (n) and then from (n) to (a) show con- 
ditions as the intensity pattern of a five-slit grating is traversed from the central principal 
maximum to an adjacent principal maximum. Phase differences between waves from 
adjacent slits are shown directly or, when going from (n) to (a), in parentheses; Principal 
maxima occur at (a), secondary maxima at, or near, (А) and (п), and points of zero intensity 
at (4) and (k). Compare Fig. 45-3b. 


Абу will decrease, which means that the central principal maximum becomes 


sharper. 

and fer later use, that for principal maxima other than ` 
angular distance between the position 8, 

the minimum that lies on either side is 


We state without proof,* 
the central one (that is, for m > 0) the 
of the principal maximum of order m and 


given by ^ 2 
Mm = сонй. 297 principal maximum). 445-3) 


0, Om = 0, and Аб„ = Або, so that. . 


For the central principal maximum we have m = 
Eq. 45-3 reduces, as it must, to Eq. 45-2. 

The origin of the secondary maxima that appear for N > 2 can also be 
understood using the phasor method. Figure 45-5a shows conditions at 
the central principal maximum for a five-slit grating. ‘The vectors are in 


* Bee Problem 15. j 
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phase. Аз we depart from the central maximum, 0 in Fig. 451 | 
from zero and the phase difference between adjacent vectors inere 


2r f 2 
zero t0- Ao = 3 dsin@. Successive figures show how the resultant. 


i. 3 І b 
amplitude E, varies with Аф. The student should verify by graphic 


struction that a given figure represents conditions for both Ag and 2x5 
Thus we start at Дф = 0, proceed to Аф = 180°, and then trace Бай 
through the sequence, following the phase differences shown in pare 
until we reach A = 360°. This sequence corresponds to travel 
intensity pattern from the central principal maximum to an adj 
Figure 45-5, which should be compared with Fig. 45-3b, shows 
N = 5 there are three secondary maxima, corresponding to Аф = 110% 
and 250°. The student should make a similar analysis for N = 3 and à 
show that only one secondary maximum occurs. In actual gratings) 
commonly contain 10,000 to 50,000 “slits,” the secondary maxima | 
elose to the principal maxima or are so reduced in intensit y that they ê 
` be distinguished from them experimentally. 


45-3 Diffraction Gratings 


The grating spacing d for а typical grating that contains 12,000 4 
_ distributed over a l-in. width is 2.54 em/12,000, or 21,000 А. Grati 
often used to measure wavelengths and to study the structure and in 
of spectrum lines. Few devices have contributed more to our know 
modern physics. В. 
Gratings аге made by ruling equally spaced parallel grooves on a glass! 
metal * plate, using a diamond cutting point whose motion is automa 
controlled’ by an elaborate ruling engine. Once such a master grati 
been prepared, replicas can be formed by pouring a collodion solution 
grating, allowing it to harden, and stripping it off. The stripped collodi 
fastened to a flat. piece of glass or other backing, forms a good grating. 


angles to the rulings. 
change in phase of the reflected wave as one crosses the grating, the change in 


gratings, assuming that the incident light falls on the grating at right angles, can 
given by the same formula derived earlier for idealized amplitude or slit grati 
esce eL AE аитеур 


* Gratings ruled on metal are called reflection gratings because the interference 
are viewed in reflected rather than in transmitted light. Many research gratings 
the reflection type; commonly they are ruled on the surface of a concave mirror, 
eliminates the need for lenses, 


NW 
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Pig. 4$-6 An enlarged cram meting of 
^ difrection grating ruled on == 
Such geing, ia whick the pia of 
the emerging wave change ae ome 
crow the grating, are called pis 
gratings 


namely 

іно = єй =-G 1,2 
where d is the distance between the rulings amd the integer = b called the ender of 
the particular principal maximum, Exeentially ай gratings ceed im the viii 
spectrum, whether of the transmision type, sa in Fig 45-6, or the redietion type, are 
phase gratings. 


Figure 45-7 shows а simple grating spectroscope, uwd for viewing the 
spectrum of a light source, assumed to emit а number of diserete wa velengtha, 
or spectrum lines, The light from sourco S is focused by kas L, on а їй 8, 
placed in the focal plane of lens Ly. The parallel light emerging from ool: 
limator C falls on grating G. Parallel rays amociated with в particular № 
terference maximum occurring at angle # fall on lena La, being brongbt to a 
focus in plane Р-Р’. The image formed in this plane i» examined, using а 
magnifying lens arrangement E, called an eyepiece. A symmetrical inter 


r. tbe wavelengths of the 
A simple type of grating spectroscope used to analyse 
light emitted by source 8. 


Fig. 45-7 


1 
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ference pattern is formed on the other side of the central position, as shown 


by the dotted lines, The entire Spectrum can be viewed by rotating tele- 
scope T' through various angles. Instruments used for scientific research or 
in industry are more complex than the simple arrangement of Fig. 45-7, 
They invariably employ photographie or photoelectric recording and are 


called spectrographs. Figure 47-12 shows a small portion of the spectrum of | 


iron, produced by examining the light produced in an arc struck between iron 
electrodes, using a research type spectrograph with photographie recording, 


Each line in the figure represents a different wavelength that is emitted from | 


the source. 


Grating instruments can be used to make absolute measurements of wave- | 


length, since the grating spacing d in Eq. 45-1 can be measured accurately 
with a traveling microscope. Several Spectra are normally produced in such 


instruments, corresponding tom = +1, 4-9, etc., in Eq. 45-1 (see Fig. 45-8), | 


This may cause some confusion if the spectra overlap. Further, this multi- 


plicity of spectra reduces the recorded intensity of any given spectrum line 3 


because the available enetgy is divided among a number of spectra, 


This disadvantage of the grating instrument сап be overcome by shaping the 


profile of the grating grooves so that a large fraction of the light is thrown into a 


particular order on a particular side (for a given wavelength). This technique, called 
blazing, so alters the diffracting properties of the individual grooves (by controlling 
their profiles) that the light of wavelength А diffracted by a single groove has a sharp 
peak of maximum intensity at а selected angle (75-0). 


Light can also be analyzed into its component wavelengths u the grating 
in Fig. 45-7 is replaced bya prism. In a prism spectrograph each wavelength 


es кыыс MEUSE OE 


-10:—60-—50 =40) ~30 


6, degrees 


Fig. 45-8 Example 1. The spectrum of white light as viewed in a grating instrument 
like that of Fig. 45-7. The different orders, identified by the order number m, are shown 


separated vertically for clarity. As actually viewed, they would’ not be so displaced. 
The central line in each order corresponds to X = 5500 A. 


ААК] 
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in the incident beam is deflected through a definite angle 8, determined by 
the index ‘of refraction of the prism material for that wavelength. Curves 
such as Fig. 41-2, which gives the index of refraction of fused quartz as a 
.funetion of wavelength, show that the shorter the wavelength, the larger 
the angle of deflection 0. Such curves vary from substance to substance and 
must be found by measurement. Prism instruments are not adequate for 
accurate absolute measurements of wavelength because the index of refrac- 
tion of the prism material at the wavelength in question is usually not known 
precisely enough. Both prism and grating instruments make accurate com- 
parisons of wavelength, using a suitable comparison spectrum such as that 
shown in Fig. 47-12, in which careful absolute determinations have been 
made of the wavelengths of the spectrum lines. The prism instrument has 
an advantage over a grating instrument (unblazed) in that its light energy 
is concentrated into a single spectrum so that brighter lines may be produced. 


> Example 1. А grating with 8000 rulings/in. is illuminated with white light at 
perpendicular incidence. Describe the diffraction pattern. - Assume that the wave- 
length of the light extends from 4000 to 7000 A. ! 

The grating spacing d is 2.54 cm/8000, or 31,700 A. The central or zero-order 
maximum corresponds to m = 0 in Eq. 45-1. All wavelengths present in the incident 
light are superimposed at @ = 0, as Fig. 45-8 shows. 

The first-order diffraction pattern corresponds to m = 1 in Eq, 45-1. The 4000-A 
line occurs at an angle given by 


p= inci = sin“ оока 23.2 an= 0196 = 13°. 


In the same way the angle for the 7000-A line is found to be 12:8°, and the entire 
pattern of Fig. 45-8 can be calculated. Note that the first-order spectrum (m = 1) is 
isolated but that the second-, third-, and fourth-order spectra overlap. 


Example 2. A diffraction grating has 10° rulings uniformly spaced over 1 in. 
It is illuminated at normal incidence by yellow light from а sodium vapor lamp. 
This light contains two closely spaced lines (the well-known sodium doublet) of , 
wavelengths 5890.0 and 5895.9 А. (a) At what angle will the first-order maximum 


occur for the first of these wavelengths? —— ; 
The grating spacing d is 1074 irr. or 25,400 A.- The first-order maximum corre- 


sponds to т = 1 in Eq. 45-1. We thus have 


0= inci - sin DOS = sin-! 0.232 = 13.3°. 


A т 
Б) What is the angular separation between the first-order maxima for these lines? 
| The ий с way to find this separation 1s {о repeat this ача ш 
л = 5895.9 A and to subtract the two angles. A difficulty, which A mus 2 
preciated by carrying out the calculation, Js that we ee earry à нефы 
significant figures to obtain a meaningful value for the difference pe A Fe 
To calculate the difference in angular positions directly, let m write own Eq. А 
solved for sin 0, and differentiate it, treating 0and ав variables: — 


à my 
sind = 


i 2 m и; 


—. Se 
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If the wavelengths are close enough together, as in this case, dÀ can be 
AN, the actual wavelength difference ; @ then becomes Д, the quantity we 

gives - 
Ў mA _ (1)(5.9 А) DE. S 
Seem d'cos6 ^ (25,400 A)(cos 1335) = 2.4 X 10— radian = 0,014 


Note that although the wavelengths involve five significant figures our cale 
done this way, involves only two or three, with consequent reduction in п 
. Manipulation. 


45-4 Resolving Power of a Grating 


To distinguish light waves whose wavelengths ;are close together, 
principal maxima of these wavelengths formed by the grating should b 
narrow. as possible. Expressed otherwise, the grating should have а 
resolving power R, defined from 


À 
R=, 
А 


Sideration (that is, the Rayleigh criterion) that we used in Section 44-5 


R = Nm, 


where N is the total number of rulings in the grating and is the order. 
Ав expected, the resolving power is zero for the central principal maximum 
(m — 0), all wavelengths being undeflected in this order. 


Let us derive Eq. 45-6. The angular separation between two principal maxima 3 
whose wavelengths differ by A is found from Bq. 45-4, which we recast as Y, 


m Ad : 1 
Ў дө y (45-4) | 


Тһе Rayleigh criterion (Section 44-5) requires that 
Separation between a principal maximum and its adj 


d 


this be equal to the angular 
acent minimum. This is given p 


ч 
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from Eq. 45-3, dropping the subscript m in cos êa, as 


A 
0 = TN cond (45-8) 


Equating Eqs. 45-4 and 45-3 leads to 
К (= MA) = Nm, 
whichis the desired relation. 


> Example 3. In Example 2 how many rulings must a grating have if it is barely 
to resolve the sodium doublet in the third order? 

From Eq. 45-5 the required resolving power is 
A s 5890 A 5 
AX. (5895.9 — 5890.0)A 
From Eq. 45-6 the number of rulings needed is 

à yw Е. O з, 
m 3 

This is a modest requirement. 4 

The resolving power of a grating must not be confused with its dispersion. 
Table 45-1 shows the characteristics of three gratings, each illuminated with 
light of A = 5890 A, the diffracted light being viewed in the first order (m = 
lin Eq. 45-1). 


R= 1000, 


Table 45-1 
‘Some CHARACTERISTICS оғ THREE GRATINGS 
(A = 5890 A, m = 1) 


The student should verify that the values of D = given in the table 
can be calculated from Eqs. 45-4 and 45-6, respectively. 

For the conditions of use noted in E A p A-and к 
same dispersion and A and С have the same reso ing power. i 
shows the intensity patterns that would be produced by ee рр. ЖУ 
two incident. waves of wavelengths ^; and № in the eke E ) 
Grating B, which has high resolving power, has narrow 2 uA wer: 
and is inherently capable of distinguishing lines that РН Md d Bee 
in wavelength than those of Fig.45-9. Grating С, whic E da ispersi par 
produces twice the angular separation between rays M an № | gral 
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Grating 


A 

F 

32 M Ae 

оа (а) 


0 0, degrees A0 
13.3° 


(b) 
0, degrees [Ж 46 
- 13.3° 


Grating 
Ay ав 


09 degrees OT A6 ЗА] 


25,5° 


Relative 
intensity 


(c) 


m Fig. 45-9 The intensity patterns for light of wavelengths A; and А near 5890 A, incident 
Оп the gratings of Table 45-1. Grating B-has the highest resolving power and grating C 
the highest dispersion, 


axe sini А Mi UA ADM E 811°, 


31,700 A 
From Eq. 45-4 we have 


т 3 CUN Ц an 
у ЖЫ = 1, Бе = 6. 10—° deg/A. 
1 соз® ^ (31,700 Neos 31.15) 1.1 X 10— radian/A = 6.3 X 10^? deg/ 


(b) What is the expected resolving power of this grating in the fifth order? Equation 
5-6 gi 


gives 
R = Nm = (8000)(5) = 40,000. 
Thus near A = 5460 À a wavelength difference ДА given by Eq. 45-5, or 


А _ 5460 A 
| A = = agg 7 ОА, 
can be distinguished. > : 4 


45-5 X-ray Diffraction 


Figure 45-10 shows how X-rays are produced when electrons from a heated 
filament F are accelerated by a potential difference V and strike a metal tar- 
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Ii 


Fig. 45-10 X-rays are generated when electrons from heated filament Р, accelerated by 
potential difference V, are brought to rest on striking metallic target T. W is a "window" 
—transparent to X-rays—in the evacuated metal container C. 


for example, Eq. 45-1 shows that the first-order maximum occurs at 


opm E DEA) 
0= Mea cud Bn 7* = 
=i sin ETN віп! 0.33 X 10 0.002*. 
This is too close to the central maximum to be practical. A grating with 
d > is desirable, but, since X-ray wavelengths are about equal to atomic 
diameters, such gratings cannot be constructed mechanically. 

In 1912 it occurred to the German physicist Max von Laue that a erystal- 
line solid, consisting as it does of а regular array of atoms, might form a ` 
natural three-dimensional "diffraction grating" for X-rays. Figure 45-11 
shows that if a collimated beam of X-rays, continuously distributed in wave- 
length, is allowed to fall on a crystal, such as sodium chloride, intense beams 
corresponding to constructive interference from the many diffracting centers 


continuous in ~ 
wavelength) 


( 


beam - falls оп а crystal X, which may be 
Fig, 45-11 А nonmonochromatic of X rays falls o a yE 
NaCl. Strong diffracted beams appear 1n certain directions, forming & so-called 
pattern on a photographic film S. 


ГА 


! 
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Fig. 45-12 Laue X-ray diffraction pattern from sodium chloride. A crystal of ordinary 
table salt was used in making this plate. (Courtesy of W. Arrington and J. L. Katz, 
X-ray Laboratory, Rensselaer Polytechnic Institute.) 


of which the crystal is made up appear in certain sharply defined directions. 
If these beams fall on a photographic film, they form an assembly of “Laue 
spots." Figure 45-12, which is an actual example of these spots, shows that 
the hypothesis of Laue is indeed correct. The atomic arrangements in the. 
crystal can be deduced from a careful study of the positions and intensities 
of the Laue spots * in much the same way that we might deduce the structure 
of an optical grating (that is, the detailed profile of its slits) by a study of the 
positions and intensities of the lines in the interference pattern. 

‘Figure 45-13 shows how sodium and chlorine atoms (strictly, Nat and 
1 CIF ions) are stacked to form a erystal of sodium chloride. This pattern, 
which has cubic symmetry, i is one of the many atomic arrangements exhibited 


* Other experimental arrangements fue supplanted the Laue кесше to а consider- 
able extent today; the principle remains unchanged, however. 2 
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by solide. The model represents the wail сей for sodium chloride Thin be 
the smallest. unit from which the crystal may be built up by repetition in 
three dimensions, ‘The student should verify that no amalie алат у od 


atoms possesses this property. For sodium chloride the Wegth of tbe cube 
edge of the unit cell i» 5.827] A 

Each unit cell in sodium chloride has four sodium ions amd low chlorine 
ions associated with it, In Fig. 45-13 the sodium ion in the center lek ngs 
entirely to the cell shown. Each ol the other twelve odan toes houn i2 
shared with three adjacent unit cells so that each contributes onetourth of 
ın ion to the cell under consideration. The total number of solium ions b 
then 1 + 112) = 4 By similar-teasoning the student сап show that al 
though there are fourteen chlorine ions in Fig. 45-13 only four are anoriated 
with the unit cell shown. 

The unit cell is the fundamental repetitive diffracting unit in the erystal, 
corresponding to the slit (and ite adjacent opaque sirip) in the optical dif- 


ions are stacked to form a unit cell of 


Fig. 45-13 A model showing how Na” and CI- 
NaCl. The small spheres represent ойо ions, Ч 
of the (cubical) unit cell is 5.62737 А. Д 


4 
і 


1138 ‘GRATINGS AND SPECTRA Chap. 45^ 
rv] 

T L 
a, Gala 
To x. m 7 a = 

Г] а " Г в 


(b) 


Fig. 45—14 (а) A section through a crystal of sodium chloride, showing the sodium and 
chlorine ions. (b) The corresponding unit cells in this section, each cell being represented _ 
by a small black Square. 


fraction grating of Fig. 45-1. Figure 45-14a shows a particular plane in a 
Sodium chloride crystal. If each unit cell intersected by this plane is repre- 
sented by a small cube, Fig. 45-146 results. The student may imagine each 
of these figures extended indefinitely in three dimensions. 

Let us treat each small cube in Fig. 45-14b as an elementary diffracting 
center, corresponding to a slit in an optical grating. The directions (but 


Fundamentally the X-rays are diffracted by electrons, diffraction by nuclei 


being negligible in most cases. Thus the diffracting characteristics of a 
ah КЕ ЧК ЧАЧЫН: 


cell аге such that no energy is diffracted in that direction, Similarly, in Optical gratings — E 
some lines, permitted by interference considerations, may not appear if their predicted \ 
Positions coincide with a null in the single-slit diffraction pattern (see Fig. 44-12). 


WE T 1 


(а) 


(b) 


Fig. 45-15 (a) A photograph of af oscilloscope screen arranged to display projected 


electron density contours for ‘phthalocyanine (Сз Нва): Such plots, constructed elec- 
id picture of 


tronically from X-ray diffraction data by an analog computer, provide а vivi 
the structure of molecules, (Courtesy of Ray Pepinsky.) (5) А structural representation 
of the molecule phthalocyanine. The student should make a detailed comparison with 
(a), locating the various atoms identified in (b). Note that hydrogen ‘atoms, which 
contain only a single electron, are not prominent in (a). 
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. of the cell By studying the directions of diffracted X-ray beams, we сап 
_ learn the basic symmetry of the crystal. By also studying the intensities w e 
can learn how electrons are distributed in the unit cell. Figure 45-15 shows. 
the average density of electrons projected onto a particular plane through a 
unit cell of a crystal of phthalocyanine. This remarkable figure suggests 
something of the full power of X-ray méthods for studying the structure of? 

` solids. : у < 


45-6 Bragg’s Law 


` Bragg's law predicts the conditions under which diffracted X-ray beams? 
from a crystal are possible. In deriving it, we ignore the structure of the 
unit cell, which is related only to the intensities of these beams. The dashed 
sloping lines in Fig. 45-16 represent the intersection with the plane of the 
figure of an arbitrary set of planes passing through the elementary diffracting 
centers. The perpendicular distance between adjacent planes is d. Many 
other such families of planes, with different interplanar spacings, can be 
: defined. l 
Figure 45—16Ь shows a plane wave that lies in the plane of the figure falling. 
on vne member of the family of planes defined in Fig. 45-16, the incident: 
rays making an angle 0 with the plane.” Consider a family of diffracted rays 
lying in the plane of Fig. 45-165 and making an angle 8 with the plane con- - 
taining the elementary diffracting centers. The diffracted rays will combine | 
to produce maximum intensity if the path difference between adjacent rays 
is an integral number of wavelengths or f 


ae — bd = h(cosB — сов) =) 1=0,1,2,.... (45-7) 
For | = 0 this leads to p= 0, 


and the plane of atoms acts like a mirror for the incident wave, no matter q 
what the value of 6. 1 
For other values of l, 8 does not equal 0, but the diffracted beam can always be _ 
regarded as being “reflected’* from a different set of planes than that shown in Fig. 
45-16a with a different interplanar spacing d, Since we wish to describe each dif- 
fracted beam as a “reflection” from a particular set of planes and since we are dealing | 
in the present argument only with the particular set of planes shown in Fig. 45-160 1 
we ignore all values of | other than Г = 0 in Eq. 45-7. It can also be shown that 8. | 
plane of diffracting centers acts like a mirror (that is, 8 = 6) whether or not the 
incident wave lies in the plane of Fig. 45-16b. a 


Figure 45-166 shows an incident wave striking the family of planes, a single 3 
member of which was considered in Fig. 45-160. For a single plane, mirror- 
like “reflection” occurs for any value of 6, as we have seen. То have а соп | 
structive interference in the beam diffracted from the entire family of planes _ 
*In X-ray diffraction it is customary to specify the direction of а wave by giving the .^ 
angle between the ray and the plane (the glancing angle) rather than the angle between the 
ray and the normal. ! 


p. 
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Fig. 45-16 (a) А section through the 
NaCl unit cell lattice of Fig. 45-14b. 
The dashed sloping lines represent an 
arbitrary family of planes, with inter- 
planar spacing d (6) An incident 
wave falls, at grazing angle 6, on one 
of the planes, xz’, shown in (a). (с) 
An incident wave falls on the entire 
family of planes shown in (а). A 
strong diffracted wave is formed. 
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„tinuous in wavelength, diffracted beams will result; when wavelengths рї 


1 
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in the direction 6, the rays from the separate planes must reinforce each 0 
_ This means that the path difference for rays from adjacent planes (abc in. 
-45-16c) must be an integral number of wavelengths or \ 


2d sin 0 = md gel OOS o. (45 


This relation is called-Bragg’s law after W. L. Bragg who first derived iti 
‘The quantity d in this equation (the interplanar spacing) is the perpendicular 
‘distance between the planes. For the planes of Fig. 45-16a analysis shows 
- that d is related to the unit cell dimension ay by = 


wee OR: 
"V5 
‘Tf an incident monochromatic X-ray beam falls at an arbitrary angle 6 ona 


‘particular set of atomic planes, a diffracted beam will not result because 
Eq. 45-8 will not, in general, be satisfied. If the incident X-rays are û 


by 
2d sin 8 М 
A= m= 1, 2,3, ... 


are present in the incident beam (see Eq. 45-8). 


> Example5. At what angles must an X-ray beam with А = 1.10 A fall on the 
family of planes represented in Fig. 45-16c if a diffracted beam is to exist? Assume 

the material to be sodium chloride. e 

The interplanar spacing d for these planes is given by Eq. 45-9 or 


Equation 45-8 gives 
í ; BEYA mX — (m)(1.10 A) 
= mE = Bd 7 (2)(2.52 А) j 
Diffracted beams are possible at 0 = 12.6? (m = 1), 6 = 25.9? (т = 2), 0 = 40.9 
(т = 3), and 0 = 60.7° (т = 4). Higher-order beams cannot exist because they. 
require sin 0 to exceed unity. Actually, the odd-order beams (m = 1,3) prove to 
have zero intensity because the unit cell in cubic crystals such as NaCl has diffractin 
properties such that the intensity of the light scattered in these orders is zero (see 
Problem 26). ^ - 4 


= 0.218m. 


X-ray diffraction is а powerful tool for studying the arrangements of atom! 
in crystals. To do so quantitatively requires that the wavelength of the 
X-rays be known. In one of several approaches to this problem the uni 
cell dimension for NaCl * is determined by a method that does not involve 
X-rays. X-ray diffraction measurements on NaCl can then be-used to de 
termine the wavelength of the X-ray beam which in turn can be used to i 
determine the structures of solids other than'NaCl. ў 


eee‏ ا نب 
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If p is the measured density of NaCl, we have, for the unit cell of Fig. 
45-13,* recalling that each unit cell contains four NaCl “molecules,” 
m  Amwsci 
р=— = К; 
V а 
Here mx,ci, the mass of а NaCl molecule, is given by 
M 


тас! = ——' 
No 


where M is the molecular weight of NaCl and No is Avogadro’s number. 
Combining these two equations and solving for ау yields 


r 4M M 
co = (55) 
which permits us to calculate ао. Once. ag is known, the wavelengths of 
monochromatic X-ray beams can be found; using Bragg's law (Eq. 45-8). 


QUESTIONS 


x 

1. Discuss, this statement; “А diffraction grating can just as well be called an inter- 
ference grating.” ay 

2. For the simple spectroscope of Fig. 45-7, show (a) that 6 increases with Mor a grating 
and (5) that 6 decreases with ^ for a prism. ! 

3. You are given в photograph of a spectrum on which the angular positions and the 
wavelengths of the spectrum lines are marked. (a) How ean you tell whether the spectrum 
was taken with a prism or a grating instrument? (5) What information could you gather 
about either the prism or the grating from studying such a «уй є 

4. Assume that the limits of the visible spectrum аге 4300 and 6800 А. Is arene 
to design a grating, assuming that the incident light falls ees on it, such that 
first-order, spectrum barely overlaps the second-order spectrum 2 

5. (а) Why does а diffraction grating have closely spaced rulings? (b) Why does it 
have a large number of rulings? i we 5 " ` 

6.. The relation R = Nm suggests that the тео а given grating сап һе 
made as large as desired by choosing ап arbitraril arily ler of d Discuss. s 

т. Show that at a given Mgr = p angle of diffraction the REM iiis з 
of а grating depends only on its wi t RA А 

8. According to Eq. 45-3 the pier: ЖАША үк wider (that is, 
higher the order m-(that is, the larger becomes). em | 
power becomes greater the higher the order m. Explain this apparent paradox. 

9. Is the pattern of Fig. 45-12 more properly descri х э 
interference pattern? ў e Rh è ineident X-rays be 

10. For a given family of planes in a crystal, ean ч wavelength of incident X- 
(а) too large or (b) too small to form a diffracted be owed to fall on a randomly oriented 

11. If a parallel beam of X-rays of wavelength Vis E V Bote Doer 

Pc intense diffracted beams will occur. ` Su 
crystal of any material, generally no inten XH 
itt inless it i that the structure А 
* This relation cannot be written down unless itis knows E ће spots in 
2 = $T f 


x " - by inspection 
cubic. This can be determined, however, by inspec 
Fig. 45-12; the wayelength of the X-rays need not be known. - 
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appear if (a) the X-ray beam consists of a continuous distribution of wavelengths 
than a single wavelength or (b) the specimen is not a single crystal but a finely divi 
powder. Explain. Yu 
12. Why cannot a simple cube of edge ao/2 in Fig. 45—13 be used as a unit cell for в 
chloride? А 9 
18. How would you measure (a) the dispersion D and (b) the resolving power R for 
either à prism or a grating spectrograph. 


PROBLEMS 


1. Given a grating with 4000 lines/em, how many orders of entire visible spect 
(4000-7000 A) can be produced? 


2. Derive this expression for the intensity pattern for a three-slit "grating": 


Io = $In(1--- 4 cos ф + 4 cos? ¢), 


EPA | ! #2 2rd sin 9 


formula (Еч, 43-9), Ў - 
3. (a) Using the result of Problem 2, show that the half-width of the fringes for a three- 
slit diffraction pattern, assuming 6 small enough во that sin 0 = 0, is uU. 


(b) Compare this with the expression derived for the two-slit pattern in Problem 10 : 1 
ter 43. (c) Do these results support the conclusion that for a fixed slit spacing the inter- > 


4. Using the result of Problem 2, show that a three-slit “grating” has only one secondary | 
maximum. Find its location and its relative intensity. К: 
5. A grating designed for use in the infrared region of the electromagnetic spectrum is - 

‚ “blazed” to concentrate АП its intensity in the first order (т = 1) for à = 80,000 A. If 


Secondary maxima, can be viewed as the diffraction pattern of a single “slit” whose width a 
is that of the entire grating. Treating the grating as a single wide slit, assuming that _ 
m = 0, and using the methods of Section 44-4, show that Eq. 45-2 сап be derived. ] 
7. A grating has 8000 rulings/in. For what wavelengths in the visible spectrum can © 
fifth-order diffraction be observed? A 
. 8. A diffraction grating has 5000 rulings/in., and a strong diffracted beam is noted at_ 
9 = 30°. (a) What are the possible wavelengths of the incident light? (b) How could you _ 
identify them in an actual case? S 
9. A diffraction grating 2.0 ста wide has 6000 rulings, At what angles will maximum-in- 
tensity beams occur if the incident radiation has a wavelength of 5890 A? 3 
10. Assume that, the limits of the visible spectrum are arbitrarily chosen as 4300 and © 
6800 A. Design a grating that will spread the first-order spectrum through an angular - 
range of 20°, - : : 


_ 11. A grating has 8000. rulings/in. and is illuminated at normal incidence by white 4 
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12. Assume that light is incident on a grating at an angle ¥ as shown in Fig. 45-17 
Show that the condition for a diffraction maximum is 


disin ¢ + sin 0) = mA m = 0,1, 2, 


Only the special case y = O has been treated in this chapter (compare Eq. 45-1). 


Fig. 45-17 


13. Show that in a grating with alternately transparent and opaque strips of equal 
width all the even orders (except m = 0) are absent. 

14. A transmission grating with d = 1.50 X 10 ст is illuminated at various angles - 
of incidence by light of wavelength 6000 A. Plot as & function of angle of incidence 
(0 to 90°) the angular deviation of the first-order diffracted beam from the incident diree- 
tion. ^ 

15. Derive Eq. 45-3, that is, the expression for A54, the angular distance between а 
prineipal maximum of order т and either adjacent. minimum. ч 5 » 

16. A three-slit grating has separation d between adjacent slits. If the middle slit is 
covered up, will the half-width of the intensity maxima become broader or narrower? 
See Problem 3 and also Problem 10, Chapter 43.- EX ; ' 

17. A grating has 40,000 rulings spread over 3.0 in. (a) What is its expected dispersion 
D for sodium light (А = 5890 A) in the first three orders? (b) What is its resolving power 


in these orders? 

18. In a particular grati 
at 80° to the normal and is barely resolved. Find (a) 
wic ngs. U 

Y: s hei ee a mixture of hydrogen and deuterium atoms emits a red doublet 
at à = 6563 A whose separation is 1.8 А. Find the minimum number of lines needed in a 
diffraction grating which can resolve these lines in the first order. 

20. Show that the dispersion of a grating can be written as 

tan @ 


D=— 


` 


is 6.0 cm wide. (a) What is the smallest wave- 
5000 A? (b) For this wave- 


ing the sodium doublet (see Example 2) is viewed in third order 
the grating spacing and (b) the total 


21. A grating has 6000 rulings/em and 5 
length interval that сап be resolved 5 the bend: order it A айр 
length and this grating, сап the reso lution improv ? а 

2. Light аа а mixture of two wavele hs, 5000.A and ied И E 
normally оп а diffraction grating. It is desired (1) that the first an Sarin = ae 
maxima for each wavelength appear at @ < 3°, 0) that the ko nr ч, ды 
sible, and (3) that the third order for 6000 A be a missing order. (e) is рага 
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- order is a missing order. (а) What is the вер: 
smallest, possible individual slit width? 
screen with the-values chosen in (а) and (b). 

24. An optical grating with a spacing d 
wavelength А = 


UN —8— — 8——n——— a— 
Fig. 45-18 
26. Missing orders in X-ra 
interference considerations, 
unit cell for this geometry о 


flection” from an atomic plane through the top о! 


f a layer of unit cells is canceled by в 
“reflection” from a plane through the middle of t 


his layer of cells. All odd-order Ы 


paring the wavelengths of two monochromatic X-ray lines, it is noted thal 
i ives а aximum аб a glancing angle of 30° to the smooth face 
ме a wavelength of 0.97 angstroms, gives a third-ordel 
` reflection maximum at an angle of 60° from the same face of the same crystal. Find th 
wavelength of line A. - 


Polarization 
CHAPTER 46 


46-1 Polarization : 

Light, like all electromagnetic radiation, is predicted by electromagnetic 
theory to be a transverse wave, 
magnetic vectors being at right angles to the direction of propagation instead 
of parallel to it asin a longitudinal wave. The transverse waves of Figs. 46-1 
and 39-11 have the additional characteristic that they are plane-polarized. 


Fig. 46-1 An instantaneous 
E and B along à particular. ray. eure el 
plane containing the vibrating E vector an 
vibration. Ser EO, 

i 147 


Z 
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The transverse nature of light waves cannot be deduced f; rom the inter- ^ 
ference or diffraction experiments so far described because longitudinal waves 
Such as sound waves also show these effects. An experimental basis for be- 

lieving that light waves are transverse was provided by Thomas Young in 
1817. Two of his contemporaries, Dominique-Frangois Arago (1786-1853). 

- and Augustin Jean Fresnel ( 1788-1827), were able, by allowing a light beam _ 
to fall on а erystal of calcite, to produce two separate beams (see Section 
46-4). Astonishingly, these beams, although coherent, produced no inter- 
ference fringes but only a uniform illumination. Young deduced from this 
that light must be a transverse wave and that the planes of vibration in the 
two beams must be at right angles to'each other. Wave disturbances that 
act at right angles to each other cannot show interference effects: the student 
is asked to prove this in Problem 9. Young’s words to Arago were these: 

I have been reflecting on the possibility of giving an imperfect explanation of 
the affection of light which constitutes polarization without departing from the 
genuine doctrine of undulations. 16 is a principle in this theory that all undu- 

. lations are simply propagated through homogeneous mediums in concentric 
Spherical surfaces like the undulations of sound, consisting simply in the direct 
and retrograde motions of the particles in the direction of the radius with their 
concomitant condensation and rarefactions [that is, longitudinal waves]. And 
yet, it is possible to explain in this theory a transverse vibration, propagated 
also in the direction of the radius, and with equal velocity, the motions of the 
particles being in a certain constant direction with respect to that radius; and 
this is a polarization. 

Note how Young presents the possibility of а transverse vibration as a novel 

ideà, light having been generally—but. ineorreetly-—assumed to be a longi- 
tudinal vibration. 

In a plane-polarized transverse wave it is necessary to specify two direc- 
tions, that of the wave disturbance (E; say) and:that of propagation. Ina 
longitudinal wave these directions аге identical. In plane-polarized trans- 
Verse waves, but not in longitudinal waves, we may thus expect a lack of 
Symmetry about the direction of propagation. Electromagnetic waves in 
the radio and microwave range exhibit this lack of symmetry readily. Such 
а Wave, generated by the surging of charge up and down in the dipole that 
forms the transmitting antenna of Fig. 46-2, has (at large distances from the 
dipole and at right-angles to it) an electric field vector parallel to the dipole 
axis, When this plane-polarized wave falls on a second dipole connected to a 
Microwave detector, the alternating electric component. of the wave will 
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— 


Microwave x i | Microwave 
transmitter ibi 


Fig. 46-2 The vectors E in the transmitted wave are parallel to the axis of the receiving 
antenna so that the wave will be detected. И the receiving antenna i rotated through 
90° about the direction of propagation, no signal will be detected. 


` 

in that the elementary radiators, that їз, the atoms and molecules, act inde- 
pendently. The light propagated in a given direction consists of independent 
wavetrains whose planes of vibration are randomly oriented about the direc- 
tion of propagation, as in Fig. 46 30. Such light, though still transverse, 

is unpolarized. The random orientation of the planes of vibration produces 
symmetry about the propagation direction, which, on casual study, conceals 
the true transverse nature of the waves. To study this transverse nature, а — 
way must be found to unsort the different planes of vibration. 


` 


Fig. 46-3 (a) A plane-polarized trai Ад random superposition 
the electric vector. (b) An unpolarized transverse pus viewed enn 


of many plane-polarized wavetrains. (c) As 


pletely arbitrary. 5 
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Fig. 46-4 А polarizing sheet. produces plane-polarized light from unpolarized light. The — 
- parallel lines, which are not, actually visible on the sheet, suggest the characteristic polar- 
izing direction of the sheet, ` Ў 


: 46-2 Polarizing Sheets 


Figure 46-4 shows unpolarized light falling on a sheet of commercial polar- =. 
N izing material called Polaroid * There exists in the sheet a certain charac- 
teristic polarizing direction, shown by the Parallel lines. The sheet will trans- 


In Fig. 46-5 the polarizing sheet or polarizer lies in the plane of the page 


Let us place a second polarizing sheet Р» (usually called, when so used, an 
‘analyzer) as in Fig. 46-6. If Ps is rotated about the direction of propagation, 
there are two positions, 180° apart, at which the transmitted light intensity 

-is almost zero; these are the positions in which the polarizing directions of 
Pi and Р» are at right angles. 

If the amplitude of the plane-polarized light falling on P, is Em, the ampli- 
tude of the light that emerges is Ej, cos 0, where 0 is the angle between the « 
polarizing directions of P; and P5. Recalling that the intensity of the light 

* There are other ways of producing polarized light without using this well-known 

~ commercial product. We mention some of them below. ; 


to two compon 
E. Only the former’ 


the polarizer. E X 
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Fig. 46-7 Two square sheets of Polaroid are laid over a book. In (a) the axes of polar _ 
ization of the two sheets are parallel and light passes through both sheets. In (b) one 
x sheet has been rotated 90° and no light passes through: The book is opened to an illus _ 
» tration of the Luxembourg Palace in Paris, Malus discovered the phenomenon of polar- _ 
ization by reflection while looking at sunlight reflected off the palace windows through & 
calcite crystal. = 


r 


than those so far described (see Section 46-3). Equation 46-1 describes 
precisely the lack of Symmetry about the propagation direction that must be 
exhibited by plane-polarized transverse waves. Longitudinal waves could 


not possibly show such effects. Interestingly enough the human eye, under ' 
certain conditions, can detect polarized light. * 


> Examplel. Two polarizing sheets have their polarizing directions parallel so 
` that the intensity I, of the transmitted light is a maximum, Through what angle 
must either sheet be turned if the intensity is to drop by one-half? 
From Eq. 46-1, since / = 31,5, we have 


MI C0820 1 
1 j 
= cos) Be ° 2 : 

or 0 = cos! + V 45°, +185 | 

The same effect is obtained no matter which sheet is rotated or in which direc- 1 

боп. Ў 4 і 

F | 

Historieally polarization Studies were made to investigate the nature of 

light. Today we reverse the 


procedure and deduce something about the 
hature of an object from the polarization state of the light emitted by or 


Scattered from that object. It has been possible to deduce, from studies of 
Ж ; = 


Тһе so-called Haidinger's brushes; the: interested student is referred to Concepts of 
Classical Optics, John Strong, W. H. Freeman & Co., 1958.  . 
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the polarization of light reflected from them, that the grains of co«mie dust 
present in our galaxy have been oriented in the weak galactic magnetic field 

~2 X 10 * gauss) so that their long dimension is parallel to this field. 
Polarization studies have shown that Saturn's rings consist of ice crystals. 
The size and shape of virus particles can be determined by the polarization of 
ultraviolet light seattered from them. Much useful information about the 
structure of atoms and nuclei is gained from polarization studies of their 
emitted radiations in all parts of the electromagnetic spectrum. Thus we 
have a useful research technique for structures ing in size from а galaxy 
(—10*?? meters) to'a nucleus (~107" meter). Polarized light also bas 
many practical applications in industry and in engineering science. 


46-3 Polarization by Reflection 


Malus discovered in 1809 that light can be partially or completely polar- 
ized by reflection. Anyone who has watched the sün's reflection in water, 
while wearing a pair of sunglasses made of polarizing sheet, has probably 
noticed the effect. It is necessary only to tilt the head trom side to side, 
thus rotating the polarizing sheets, to observe that the intensity of the re- 
flected sunlight passes through а minimum... › 

Figure 46-8 shows an unpolarized beam falling on a glass surface. The 
E vector for each wavetrain in the beam can be resolved into two components, 
one perpendicular to the plane of incidenee—which is the plane of Fig. 46-8— 
and one lying in this plane, The first component, represented by the dots, 
is called the o-componeni, from the German senkrecht, meaning perpendi- 
cular. The second component, represented by the arrows, is called the 
On the average, for completely unpolarized in- 
of equal amplitude. 


x-component (for parallel). 
cident light, these two components are 


ü Incident 
unpolarized 


light is completely polar 


the reflected 
‘ight is partially polarized: 


Fig. 46-8 For a particular angle of incidence 0p, 


ized, as shown. The transmitted 
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unpolarized 
light 


Fig. 46-9 Polarization of li 
on a stack of glass plates at, 
shown by the short lines an. 
flected out of the original 
several reflecting interfaces, the light in 
component. polarized normal to the page. 


ight by a stack of glass Plates. Unpolarized light is incident 
Brewster's angle %. (Polarization in the plane of the page is 
d polarization normal to the page by the dots.) All light re- 
тау is polarized normal to the page. 


аск a 


After passing through : 
the original ray no longer contains any appreciable 1 


Experimentally, for glass or other dielectric materials, there is a particular 
angle of incidence, called the polarizing angle 0,, at which the reflection co- 
efficient for the T-component is zero. This means that the beam reflected 
_ from the glass, although of low intensity, is plane-polarized, with its plane E 
of vibration at right angles to the plane of incidence. This polarization of 
the reflected beam can easily be verified by analyzing it with a polarizing 
sheet. j 
The z-component at the polarizing angle is entirely refracted; the c-com- 
ponent is only partially refracted. Thus the transmitted beam, which is of 
high intensity, is only partially polarized. By using a stack of glass plates 
tather than a single plate, reflections from successive surfaces occur and the 
intensity of the emerging reflected (s-component) beam сап be increased 
(see Fig. 46-9), By the same token, the e-components are progressively 


, making it more completely z-polarized. 
Xperimentally that the reflected and 
gles, or (Fig. 46-8) 


bp + 6, T» 90°, 


From Snell's law, ^ sin б = ny sin 6,. 


b e 
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Combining these: equ 


medium one. 
Brewster (1781— 
prove this law rig 


> Example 2. We 
polarizing angle? 
From Eq. 46-3, 


The angle of refractic 


Solids may be anisotr 
plane only; a cube 
resistance between 
magnetizes more 
is a mixture of a | 
tropic because 


* Many transparei d 
anisotropic when the x c. са 
studies in that strai 
building plastic mod: 
that results, using pol 
elasticity," a chapi е 
Н. Flugge (1958), Sprit 
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Fig. 46-10 Two images, one polarized 90° relative to the other, are formed by a calcite 
crystal. The book on which the crystal is lying is Huygens' Opera Reliqua, wherein the 
phenomenon of birefringence is discussed. 


= 5, ГА 


mica, for example, compacted to a solid mass with a binder, does not exhibit 
the cleavage properties that characterize the crystallites making it up. | 

Figure 46-10, in which a polished crystal of calcite (СаСОз) is laid over _ 
some printed letters, shows the optical anisotropy, of this material; (he image E 
appears double. Figure 46-11 shows a beam of unpolarized light falling ona - 
calcite crystal at right angles to one of its faces. The single beam splits into 
two at the crystal surface. The *double-bending" of a beam transmitted 
through calcite, exhibited in Figs. 46-10 and 46-11, is called double refraction. 

If the two emerging beams in Fig. 46-11 are analyzed with a polarizing 
sheet they are found to be plane-polarized with their planes of vibration at 
right angles to each other, a fact discovered by Huygens in 1678. Huygens 
used a second calcite crystal to investigate the polarization states of the 
beams labeled o and e in the figure. 

If experiments are carried out at various angles of incidence, one of the 
beams in Fig. 46-11 (represented by the ordinary ray, or o-ray) will be _ 
found to obey Snell's law of refraction at the crystal surface, just like a ray = 
passing from one isotropic medium into another. The second beam (repre - 
sented by the extraordinary ray, or e-ray) will not. In Fig. 46-11, for ex- 
ample, the angle of incidence for the incident light is zero but the angle of 
refraction of the e-ray, contrary to the prediction of Snell's law, is not. In 
general, the e-ray does not even lie in the plane of incidence. E 

This difference between the waves represented by the o- and e-rays with | 
respect to Snell's law can be explained in these terms: 


DOUBLE REFRÁCTION 
157 


Fig. 46— ized li à 
a. 46-11 A beam of unpolarized light falling on a calcite crystal is split into two beams 


which are polarized at right angles to each other. 


the same speed v, in all directions. 


1. The’o-wave travels in the crystal with 
a single index of refraction л, 


In other words, the erystal has, for this wive, 


just like an isotropic solid. 
2. The e-wave travels in the crystal witha speed that varies with direction 
Tn other words, the index of refrac- 


jte) Ve 
n toa smaller value (for cal- 


from v, to a larger value (for cale 
tior from 


шоп, defined as с/о, varies with direc! 
cite) Ne. 


re called the principal indices of refraction for the 


The quantities ло and f 8 
them. Table 46-1 shows these 


crystal. Problem 7 suggests how to measure 
indices for six doubly refracting crystals. For three of them the «wave is 
ter. Some doubly refracting crystals (mica, 

uire three prin- 


slower: for the other three itis fas 
topaz, etc.) are more complex op 
cipal indices of refraction for à com 
ties. Crystals whose basic crystal struct 
optically isotropic, requiring only one ind 

'The behavior for the speeds of the two waves t 
marized by Fig. 46 12 which shows two wave surfaces SP 


an imaginary point light source S. imbedded in the crystal: The o-wave sur- 


tically than calcite and require 
plete -description of their optical proper- 
ire is cubic (see Fig. 45-13) are 
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Table 46-1 Р 


PRINCIPAL INDICES OF REFRACTION OF 
SEVERAL DovBLv REFRACTING CRYSTALS 
(For sodium light, А = 5890 A) 


Crystal Formula No Ne Ne — n, 
Ice H30 1.309 1.313 4-0.004 
Quartz SiO; 1.544 1.553 +0.009 
Wurzite ZnS 2.356 2.378 0.022 
Calcite CaCO; 1.658 1.486 —0.172 
Dolomite | СаО: MgO-2CO; 1.681 1.500 —0.181 
Siderite | FeO-CO. — _ 1875 | 1.635 | —0.240 


face is a sphere, as we would expect if the medium were isotropic. The € : 


wave surface is an ellipsoid of revolution about a characteristic direction in — 


the crystal called the optic axis. The two wave surfaces represent light hav- 
ing two different polarization states. If we consider for the present only rays 
lying in the plane of Fig. 46-12, then (a) the plane of polarization for the 0- 
rays is perpendicular to the figure, as suggested by the dots, and (b) that for 
the e-rays coincides with the plane of the figure, as suggested by the short lines. 
We describe the polarization states more fully. at the end of this section. 


il o-wave surface 


e-wave surface 


Fig. 46-12 Huygens’ wave surfaces generated by a point source S imbedded in calcite’ 
+ 'The polarization states for three o-rays and three e-rays are shown by the dots and lines, _ 
respectively. Note that-in general (ray Sb) the bars representing the polarization direc" Ш 
tion are not perpendicular to the e-rays. ~ 
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Fig. 46-13 А calcite crystal; а is 78° 13; 


В is 102? 21’ 


re 46-13, which shows a typical oaleite crystal that may be obtained 
leavage from a naturally occurring Crystal, shows how to locate the 
xis. The edges of calcite crystals may have any lengths but the 
at which the edges intersect always have one or another of two values, 
78° 13’ or 102° 21/. The optic axis is found by erecting а line at either of 
the two corners where three obtuse angles meet (the “blunt” corners), mak- 
ing equal angles with the crystal edges. Any line in the crystal parallel to this 


line is also an optic axis. Е Y 

We can use Huygens’ principle to study the propagation of light waves in 
doubly refracting crystals. Figure 46-14a shows the special case in which 
unpolarized light falls at normal incidence on a calcite slab cut from a crystal 
in such a way that the optic axis is normal to the surface. Consider а wave- 
ront that, at time ¢ = 0, coincides with the crystal surface. Following 
Iuygens, we may let any point on this surface serve as а radiating center 
or a double set of Huygens’ wavelets, such as those in Fig. 46-12. The 
Лапе of tangeney to these wavelets represents the Dew. position of this оне 
front at a later time t. The incident beam in Fig. 46-14a is propaga! 
hrough the erystal without deviation at speed vo- ы ш co. 
from the slab will have the same polarization character as the — n E 
The calcite slab, in these special circumstances only, ede e AF a 
tropic material, and no distinction can be made between the 0- 


e-waves. : т і 

Figure 46-140 shows two views of another special e dieque 
incident light falling at right angles on а slab cut tecla тр мед 
parallel to its surface. In this case also the incident oc I: th t travel 
without deviation. However, We can now identify o- and Bet These 
through the erystal with different speeds, vo and оо respon $ 
waves are polarized at right angles to each other. 

Some doubly refracting crystals have the еен enda 
in which one of the polarization. componente is strong y а 


, called dichroism, 
within the crystal, 
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the other being transmitted with little loss. Dichroism, illustrated in Fig. 46-15, 
is the basic operating principle of the commercial Polaroid sheet. The many small 
crystallites, imbedded in a plastic sheet with their optic axes parallel, have a polar. 
izing action equivalent to that of a single large crystal slab. 


Figure 46-14c shows unpolarized light falling at normal incidence on a 
calcite slab cut so that its optic axis makes an arbitrary angle with the 
crystal surface. Two spatially separated beams are produced, as in Fig. 
46-11. They travel through the crystal at different speeds, that for the o- 
wave being v, and that for the e-wave being intermediate between v, and Ve. 


ad 


Successive 
i, 0-and e~ 
wave fronts 
KS 


Successive”)! А і See one 

t fe-Wave. s Y= 2 Successive 
o-wave 
fronts. 


Optic axis 
(b) os - 


Successive 
o-wave | 
fronts ^ 


] 


Fig. 46-14  Unpolarized light falls at normal incidence on slabs cut from a calcite crystal. 

The Huygens’ wavelets are appropriate sections of the figure of revolution about the optic 
'xis represented by Fig. 46-15. (a) No double refraction or speed. difference occurs. 
V) No double refraction occurs but there is a speed difference. (c) Both double refraction 
‘od a speed difference occur. (d) Same as (c) but showing the polarization states and the 
© erging rays. * 


2 
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Fig. 46-15 Showing the absorption of 
rization component inside a 
stal of the type used in 


Polaroid sheets. 


Note that ray za represents the shortest optical path for the transfer of ы 
energy from point z to the e-wavefront. Energy transferred. along any other 
ray, in particular along ray zb, would have à longer transit ung y 
quence of the fact that the speed of e-waves varies with direction. uS 
46-14d represents the same сазе аз Fig. 46-140. It shows the TAY exes ia 
from the slab, as in Fig. 46-11, and makes clear that the acum ago 
polarized at right angles to each other, that is, they are cross- porem 

We now seek to understand, in terms of the atomic structure of opty rit i 

ystals, how eross-polarized light waves with differen’ cpu of the wave on 
sropagated through a crystal by the action of the vibrating | 
the electrons in the crystal. These electrons, Nene 
forces if they are moved from their equilibrium ipae wave disturbance that 
oscillation about these positions and pass шс EAS forces may be measu 
constitutes-the light wave. The strength of the г ова discussed їп Chapter 
»y a force constant k, as for the simple harmonie ar 
5 (see Eq. 15-4). 

In optically isotropic material 
of displacement of the electrons from 
racting crystals, however, Ё 
ie in a plane at right angles to 
ıow the displacement is orient 


в the Pi constant k is the same for all directions 


i at fam positions. -In doubly re- 
ud ure аем displacements that 


й tter 
has the constant value Ko, no mà! 
ed in this plane- For displacements parallel to the 


usly read Section 41-6 оп Fermat's principle may care 
о 


* The student who has not previ 
to ag so now. 
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Fig. 46-16 Two views of a one-dimensional me- 
chanical model for double refraction. 


optic axis, k has the larger value (for calcite) ke.* Note carefully that the speed 
of a wave in a crystal is determined by the direction in which the E vectors vibrate 
and not by the direction of propagation. It is the transverse E-vector vibrations 
that call the restoring forces into play and thus determine the wave speed. Note too 
that the stronger the restoring force, that is, the larger k, the faster the wave. For 
waves traveling along a stretched cord, for example, the restoring force for the trans- 
verse displacements is determined by the tension F in the cord. Equation 19-12 
shows that an increase іп F means an increase in the wave speed v. 

Figure 46-16, a long weighted “tire chain” supported at its upper end, provides а 
one-dimensional mechanical analogy for double refraction, It applies specifically 
to o- and e-waves traveling at right angles to the optic axis, as in Fig. 46-14. If the 
supporting block is oscillated, as in Fig. 46-16a, a transverse wave travels along the 
chain with a certain speed. If the block is oscillated lengthwise, as in Fig. 46-165, 
- another transverse wave is also propagated. The restoring force for the second wave 

is greater than for the first, the chain being more rigid in the plane of Fig. 46-166 
than in the plane of Fig. 46-16a. Thus the second wave travels along the chain with 
& greater speed. 

In the language of optics we would say that the speed of a transverse wave in the 
chain depends on the orientation of the plane of vibration of the wave. If we oscillate 
the top of the chain in a random way, the wave disturbance at a point along the chain 
can be described as the sum of two waves, polarized at right angles and traveling 
with different speeds. This corresponds exactly to the optical situation of Fig. 46-140. 


* For doubly refracting crystals with n, » n, 
parallel to the optic axis is smaller than for those 
with three principal indices of refraetion, there will be three principal force constants. 


Such crystals have two optic axes and are called brazial. The crystals listed in Table 46-1 
have only a single optic axis and are called uniaxial, 


(see Table 46-1) К for displacements 
at right angles to it. Also, for crystals 
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For waves traveling parallel to the optie axis, as in Fig. 46-14a, or for waves in 
optically isotropic materials, the appropriate mechanical analogy is a single weighted 
hanging chain. Here there is only one speed of propagation, no matter how the upper 
end is oscillated. The restoring forces are the same for all orientations of the plane 
of polarization of waves traveling along such a chain. Р z 

These considerations allow us to understand more clearly the. polarization states 
of the light represented by the double-wave surface of Fig. 46-12. For the (spherical) 
o-wave surface, the E-vector vibrations must be everywhere at right angles to the 
optic axis. If this is so, the same force constant ko will always be operative, and the 
o-waves will travel with the same speed in all directions. More specifically, if we 
draw a ray in Fig. 46-12 from S to the o-wave surface, considered three-dimension- 
ally (that is, as a sphere), the E-vector vibrations will always be at right angles to 
the plane defined by this ray and the optic axis. "Thus these vibrations will always 
be at right angles to the optic axis. 5 

For the (ellipsoidal) e-wave surface, the E-veetor vibrations in general have & 
component parallel to the optic axis. For rays such as Sa in Fig. 46-12 or for the 
e-rays of Fig. 46-14, the vibrations are completely parallel to this axis. Thus a 
relatively strong force constant (in calcite) ke is operative, and the wave speed v, 
will be relatively high. For e-rays, such as Sb in Fig. 46-12, the parallel ccmponent 
of the E-vector vibrations is less than 100%, so that the corresponding wave speed 
will be less than v... For ray Sc, in Fig. 46-12, the parallel component is zero, and 
the distinction between o- and e-rays disappears. 


46-5 Circular Polarization 


Let plane-polarized light of angular frequency ш (= 2r») fall at normal in- 
cidence on a slab of calcite cut so that the optic axis is parallel to the face of 
the slab, as in Fig. 46-17. The two waves that emerge will be plane-polarized 
at right angles to each other, and, if the incident plane of vibration is at 45° 
to the optic axis, they will have equal amplitudes. Since the waves travel 
through the crystal at different speeds, there will be a phase difference ф be- 
tween them when they emerge from the crystal. If the crystal thickness is 
chosen so that (for a given frequency of light) ¢ = 90°, the slab is.called a 
quarter-wave plate. The emerging light is said to be circularly polarized. 

In Section 15-7 we saw that the two emerging plane-polarized waves just 
described (vibrating at right angles with a 90° phase difference) can be repre- 
sented as the projections on two perpendicular axes of a vector rotating with 


y Plane-polarized 
light 


Fig. 46-17 Plane-polarized light falls on a 
doubly refracting slab of thickness x cut 
a its optic axis parallel to the surface. 
ihe plane of vibration of the incident light 
18 oriented to make an angle of 45° with 
the optic axis. 
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Fig. 46-18 (a) Two plane-polarized waves of equal amplitude and at right angles to each 
other are moving in the ¢ direction. They differ in phase by 90°; where one wave has 
maximum values, the other is zero. (b) Views of the resultant amplitude of the approach- 
ing wave аз seen by observers located at the positions shown on the z axis. Note that 
each observer will see the resultant vector rotate clockwise with time. 


angular frequency ш about the propagation direction. . These two descrip- 
tions of circularly polarized light are completely equivalent. Figure 46-18 
clarifies the relationship between these two descriptions. 


> Example 3. A quartz quarter-wave plate is to be used with sodium light (\ = 
5890 A). What must its thickness be? ie 
Two waves travel through the slab at speeds corresponding to the two principal 
indices of refraction given in Table 46-1 (n, = 1.553 and n, = 1.544). If the crystal 
thickness is z, the number of wavelengths of the first wave contained in the erystal is 
dd phe, 


о РА 


where, is the wavelength of the e-wave in the crystal and A is the wavelength in air. ' 


For the second wave the number of wavelengths is 


No EES 7 
-where À, is the wavelength of the o-wave in the erystal. The difference N, — No 
. must be one-fourth, or > £ j 
ч 2 а 1 x 
Xo кл Я ч 2-0 — n. 
This equation yields - 
MM LUNO EE AUN 2. 5890 A 
- AMe— n) (4)(1.553 — 1.544) 


= 0.016 mm. 


Иб 
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TThis plate is rather thin; most quarter-wave plates are made from mica, splitting| the 
sheet to the correct thickness by trial and error. ~ = 

Example 4. А beam of circularly polarized light falls on a polarizing sheet. ~- 14e- 
scribe the emerging beam. ; : i 

The circularly polarized light, as it enters the sheet, can be represented by ` 

Е, = Em sin cl 
and By = En cos at, ` 
where z and y represent arbitrary perpendicular axes. These equations. correctly 
represent the fact that a circularly polarized wave is equivalent to two plane-polariz d 
; Pu 


waves with equal amplitude and a 90° phase difference. 
The resultant amplitude in the incident circularly polarized wave is. 


Ep = vV E2 B= A/ By? (sin? wt + cos? tol) ==. ы 
an expected result if the circularly polarized wave is represented as a rotating vetor. 
The resultant. intensity in the incident circularly polarized wave is proportional to 
Em, ог а j 

Prog © p (46-4) 


ie 
Let the polarizing direction of the sheet make an arbitrary angle @ with the 2 axis 
as shown in Fig. 46-19. The instantaneous value of the plane-polarized wave trans- 
mitted by the sheet is А 


* 


E = By sin 0 + E; cos 0 : { 
= By cos wt sin Ө + Ej, sin wt cos 0 
= Ep sin (wt +0). _ 5 
The intensity of the wave transmitted by tlie sheet is proportional to Е? o* 
I c By? sin? (wt + 0). ; 
The eye and other measuring instruments respond only to the average intensity 1, 
which is found by replacing sin? (wt + 8) by its average value over one or more eyeles . 


(= 4); or s 
loc 2Е,„?. 


| Сотаратївоп with Eq. 46-4 shows that inserting the polarizing sheet reduces the in- 
tensity by one-half. The orientation of the sheet makes no difference, since 9 does not 


7 


Fig. 46-19 Circularly polarized light 
falls on a, polarizing sheet. Ez and By 
are instantaneous values of the two 
components, their maximum values be- 
ing Еһ. ; 


1166 . POLARIZATION Chap. 46 


appear in this equation; this is to be expected if circularly polarized light is represented 
by a rotating vector, all azimuths about the propagation direction being equivalent, 
Inserting a polarizing sheet in an unpolarized beam has just the same effect, so that a 
simple polarizing sheet cannot be used to distinguish between unpolarized and eir- 
eularly polarized light. 


Example 5. А beam of light is thought to be circularly polarized. How may this 
be verified? : 

Insert a quarter-wave plate. If the beam is circularly polarized, the two com- 
ponents will have a phase difference of 90? between them. The quarter-wave plate 
will introduce a further phase difference of +90° so that the emerging light will have 
a phase difference of either zero or 180°. In either ease the light will now be plane- 
polarized and can be made to suffer complete extinction by rotating a polarizer in its 
path. 


Does the quarter-wave plate have to be.oriented in any particular way to carry 
out this test? _ 


Example 6. A plane-polarized light wave ef amplitude Eo falls on a calcite quarter- 
wave plate with its plane of vibration at 45° to the optic axis of the plate, which is 
taken as the y axis; see Fig. 46-20. The emerging light will be circularly polarized. 
In what direction will the rotating electric vector appear to rotate? The direction of i 
propagation is out of the page. - 

The wave component whose vibrations are parallel to the optic axis (the e-wave) 
can be represented as it emerges from the plate as 


Е, = (Eo cos 45°) sin wt = E Ho sin wt = En sin wt. 


у? 


The wave component whose vibrations are at right angles to the optic axis (the 
o-waive) can be represented as 


E. = (Eo sin 45°) sin (wt — 90°) = з Eo сов wt Em cos wt, 


~ the 90° phase shift representing the action of the quarter-wave plate. Note that E; 


Fig. 46-20  Plane-polarized li 
the light emerging from the 
Em rotates clockwise as seen by an observer facing the light source. 


ight, falls from behind on а quarter-plate oriented so that 
page is circularly polarized, In this case the electric vector 
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reaches its maximum value one-fourth of a cycle later than E, does, for, in calcite, 
wave E, (the o-wave) travels more slowly than wave E, (the e-wave). 

То decide the direction of rotation, let us locate the tip of the rotating electric 
vector at two instants of time, (a) t = 0 and (b) a short time f, later chosen so that wti 
isa small angle. Att = 0 the coordinates of the tip of the rotating vector (see Fig. 
46-20a) are 

Е, = 0 and Ez = —En. 


At t = tı these coordinates become, approximately, 


Il 


E, = Em віп ой = Eym(oots) 


E, = —H, cos wt\= — Es. i ~ 


Figure 46-200 shows that the vector that represents the emerging circular polarized 
light is rotating clockwise; by convention such light is called right-circularly polarized, 
the observer always being considered to face the light source. . 

If the plane of vibration of the incident light in Fig. 46-20 is rotated through 
2:005, the emerging light will be left-circularly polarized. 4 


46-6 Angular Momentum of Light 


That light waves can deliver linear momentum to ah absorbing screen or to a mirror 
is in accord with classical electromagnetism, with quantum physics, and with experi- 
ment. The facts of circular polarization suggest that light so polarized might also 
have angular momentum associated with it. This is indeed the case; once again the 

` prediction is in accord with classical electromagnetism and with quantum physics. 
Experimental proof was provided in 1936 by Beth, who showed that when circularly 
polarized light is produced in a doubly refracting slab the slab experiences а reaction 
torque. ; 7 

The angular momentum carried by light plays a vital role in understanding the 
emission of light from atoms and of y-rays from nuclei. If light carries away angular 
momentum as it leaves the atom, the angular momentum of the residual atom must 
change by exactly the amount carried away; otherwise the angular momentum of the 
isolated system atom plus light will not be conserved. 

Classical and quantum theory both predict that if a beam of circularly polarized 
light is completely absorbed by an object on which it falls, an angular momentum 
given by " $ 


e 


L= (46-5) 


is transferred to the object, where U is the amount of absorbed energy and [2 the angu- 
lar frequency of the light. The student should verify that the dimensions m Eq. 
46-5 are consistent. ; 


46-7 Scattering of Light ) 


‚ A light wave, falling on a transparent solid, causes the electrons in the 
solid to oscillate periodically in response to the time-varying electric vector 
of the incident wave. The wave that travels through the medium is the 
resultant of the incident wave and of the radiations from the oscillating 
electrons. The resultant wave has а maximum intensity in the direction of 
the incident, beam, falling off rapidly on either side. Тһе lack of sideways 
scattering, which would be essentially complete in a large “perfect” crystal, 
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comes about because the oscillating charges in the medium act cooperatively 
or coherently. 

When light passes through a gas, we find much more sideways scattering. 
The oscillating electrons in this case, being separated by relatively large 
distances and not being bound together in a rigid structure, act independently 
rather than cooperatively. ‘Thus the rigid cancellation of wave disturbances 
that are not in the forward direction is less likely to occur; there is more 
sideways scattering. 

Light scattered sideways р à gas can be wholly or partially polarized, 
even though the incident light is unpolarized. Figure 46-21, shows an un- 
polarized beam moving: upward on the page and striking a gas atom at a. 
The electrons at a will oscillate in response to the electric components of 
the incident wave, their motion being equivalent to two oscillating dipoles 
whose axes are represented by the arrow and the dot at a. An oscillating 
dipole does not radiate along its own line of action. Thus an observer at b 
would receive no radiation from the dipole represented by the arrow at a. 
The radiation reaching him would come entirely from the dipole represented 
by the dot at a; thus this radiation would be plane-polarized, the plane of 
vibration passing through the line ab and being normal to the page. 

Observers at с and d would detect partially polarized light, since the dipole 
represented by the arrow at @ would radiate somewhat in these directions. 
Observers viewing the transmitted or the back-scattered light would not 
detect any polarization effects because both dipoles at а would radiate equally 
in these:two directions. 

A familiar example is the scattering of sunlight by the molecules of the 
earth’s atmosphere. If the atmosphere were not present, the sky would ap- 
pear black except when we looked directly at the sun This has been verified 


Oscillating 
electron 


* Incident 
; unpolarized 
2072 Wave «à 


Fig. 46-21 Light is polarized either partially (c and d) or completely (b) by scattering 
from a gas molecule at a. 


| 
| 
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by measurements made in rockets and satellites above the atmosphere. We 
can easily check with a polarizer that the light from the cloudless sky is at 
least partially polarized. This fact is used in polar exploration in the so- 
called solar compass. In this device we establish direction by noting the 
nature of the polarization of the scattered sunlight. As is well known, mag- ` 
netic compasses are not useful in these regions. It has: been learned * that 
bees orient themselves in their flights between their hive and the pollen 
sources by means of polarization of the light from the sky; bees’ eyes contain 
built-in polarization-sensing devices, ; 

It still remains to be explained why the light scattered from the sky is pre- 
dominantly blue and why the light received directly from the sun—par- 
ticularly at sunset when the length of the atmosphere that it must traverse is 
greatest—is red. The cross section of an atom or molecule for light scatter- 
ing depends on the wavelength, blue light being scattered more effectively 
than red light. Since the blue light is largely seattered, the transmitted light 
will have the color of normal sunlight with the blues largely removed; it is 
therefore more reddish in appearance. - 


The fact that the scattering cross section for blue light is higher than that for red 
light can be made reasonable. An electron in an atom or molecule is bound there by 
strong restoring forces. It has a definite natural frequency, like a small mass sus- 
pended in space by an assembly of springs. The natural frequency tor electrons in 
atoms and molecules is usually in a region corresponding to violet or ultraviolet light. 

When light is allowed to fall on such bound electrons, it sets up forced oscillations 
at the frequency of the incident light beam, In mechanical resonant systems itis 
possible to “drive” the system most effectively if we impress on it an external force 
whose frequency is as close as possible to that of the natural resonant frequency. In 
the case of light the blue is closer to the natural resonant frequency of the bound 
electron than is the red light. Therefore, we would expect the blue light to be more 
effective in causing the electron to oscillate, and thus it will be more effectively 
Scattered. Е ' 


46-8 Double Scattering : : 


When X-rays were discovered in 1898, there was much speculation whether they 
were waves or particles. In 1906 they were established as transverse waves by Charles 
Glover Barkla (1877-1944) by means of a polarization experiment. 

When the unpolarized X-rays strike scattering block S$; in Fig. 46-22, they set the 
electrons into oscillatory motion. The considerations of the preceding section require 


- that the X-rays scattered toward the second block be plane-polarized as shown in the 


figure. Let this wave be scattered from the second scattering block, and let us ex- 
amine the radiation scattered from it by rotating a detector D in a plane at right, 
angles to the line joining the blocks. The electrons will oscillate parallel to each 
other, and the positions of maximum and zero intensity will be as shown. A plot of 
detector reading as a function of the angle Ф supports the hypothesis that X-rays are 
transverse waves. If the X-rays were a stream of particles or a longitudinal wave, 
these effects could by no means be so readily understood. Thus Barkla’s important 
experiment. established that X-rays are a part of the electromagnetic spectrum. 


¥ 


*See Scientific American, July 1955, and Bees: Their Vision, Chemical Sense, ond 
Language, К. von Frisch, Cornell University Press, 1950. 
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Second-scattered 
wave, maximum 
intensity 


Second-scattered 
wave, zero 
intensity 


Fig. 46-22 А double-scattering experiment used by Barkla to show that X-rays are 
transverse waves. и 


— In his later studies the student will learn that beams of particles such as electrons, 
protons, and pions can be viewed as waves. Scattering (including double scat- = 
tering) techniques are often used to investigate the polarization characteristics of 
such beams. 


QUESTIONS 


1. Why do sunglasses made of polarizing materials have a marked advantage over those 
that simply depend on absorption effects? 

2. Unpolarized light falls on two polarizing sheets so oriented that no light is trans- 
mitted. If a third polarizing sheet is placed between them, сап light be transmitted? 

3. Can polarization by reflection occur if the light is incident on the interface from the 
side with the higher index of refraction (glass to air, for example)? 

4. Is the optic axis of a doubly refracting crystal simply a line or a direction in space? 
Нав it a direction sense, like an arrow? What about the characteristic direction of в 
polarizing sheet? 

5. Devise в way to identify the polarizing direction of a sheet of Polaroid. 

16. If ice is doubly refracting (see Table 46-1), why don’t we see two images of objects 
viewed through an ice cube? 

7. From Table 46-1, would you expect а quarter-wave plate made from calcite to be 
thicker than one made from quartz? — . 3 у 

T the e-wave in doubly refracting crystals always travel at a speed given by 
с/т? ` 
9. In Fig. 46-140 апа b describe qualitatively what happens if the incident beam falls 
on the crystal with an angle of incidence that is not zero. Assume in each case that the 
. incident beam remains in the plane of the figure. 
10. Devise a way to identify the direction of the optic axis in a quarter-wave plate. 
11. If plane-polarized light falls on a quarter-wave plate with its plane of vibration 
; making an angle of (а) 0° or (b) 90° with the axis of the plate, describe the transmitted 
light. (c) If this angle is arbitrarily chosen, the transmitted light is called elliptically 
polarized; describe such light. ei, З д 1 
7127 What would be the action of а half-wave plate (that is, в plate twice ae thick as a ч 
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quarter-wave plate) on (a) plane-polarised light (assume the plane of vibration to be at 45° 
to the optic axis of the plate), (b) circularly polarized light, and (c) unpolarized light? 

18. You are given an object which may be (a) a disk of grey glass, (b) в polarizing sheet, 
(c) а quarter-wave plate, or (d) а half-wave plate (see Question 12). How could you 
identify it? 

14. Can a plane-polarized light beam be represented as а sum of two circularly polarized 
light beams of opposite rotation? What effect has changing the phase of one of the cir- 
cular components on the resultant beam? 

15. How сап a right-cireularly polarized light beam be transformed into a left-cireularly 
polarized beam? 

16. Could (а) a radar beam and (b) a sound wave in air be circularly polarized? 

17. А beam of light is said to be unpolarized, plane-polarized, or circularly polarized. 
How could you choose among them experimentally? | 

18. A parallel beam of light is absorbed by an object placed in its path. Under what ' 
circumstances will (a) linear momentum and (b) angular momentum be transferred to the 
object? 

19. When observing a clear sky through a polarizing sheet, one finds that the intensity 
varies by a factor of two on rotating the sheet. This does not happen when one views a 
cloud through the sheet, Can you devise an explanation? 


PROBLEMS 


1. Unpolarized light falls on two polarizing sheets placed one on top of the other. What 
must be the angle between the characteristic directions of the sheets if the intensity of the 
transmitted light is (a) one-third the maximum intensity of the transmitted beam or ib) 
one-third the intensity of the incident beam? Assume that the polarizing sheet is ideal, 
that is, that it reduces the intensity of unpolarized light by exactly 50%. — 

2. An unpolarized beam of light is incident on a group of four polarizing sheets which 
are lined up so that the characteristic direction of each is rotated by 30° clockwise with 
respect, to the preceding sheet. . What fraction of the incident intensity is transmitted? 

8. Describe the state of polarization represented by these sets of equations: 


(a) E, = E sin (kz — at) 

Ey = E cos (kz — wt), 
(b) E, = E cos (kz — wt) 

By = E cos (ke — ot +7), і 
(с) Ez = Е sin (kz — wl) 

Ey = —E sin (kz — ot). 


4. (a) At what angle of incidence will the light reflected from water be completely 
Polarized? (b) Does this angle depend on the wavelength of the light? 

5. Calculate the range of polarizing angles for white light incident on fused quartz. 
omm u the wavelength limits are 4000 and 7000 A and use the dispersion curve of 
6. A narrow beam of unpolarized light falls on a calcite crystal cut with its optic axis 

wn in Fig. 46-23. (a) Fort = 1.0 em and for 6; = 45°, calculate the perpendicular 
oh Şi between the two emerging rays z and y. (b) Which is the o-ray and which the 
y? (c) What are the states of polarization of the emerging rays? (d) Describe what 


distan: 
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happens if a polarizer is placed in the incident beam and rotated. (Hint: Inside the crystal 
the E-vector vibrations for one ray are always perpendicular to the optic axis and for the 
other ray they are always parallel. The two rays are described by the indices п, and Te; 
in this plane each ray obeys Snell's law.) 


Optic axis ~ 


Fig. 46—23 


7. A prism is cut from calcite so that the optic axis is parallel to the prism edge as shown 
in Fig. 46-24. Describe how such a prism might be used to measure the two principal 
indices of refraction for calcite. (Hint: See hint in 
Problem,6; see also Example 3, Chapter 41.) 

8. How thick must à sheet of mica be if it 
is to form a quarter-wave plate for yellow light 
(А = 5890 A)? Mica cleaves in such a way that the 
appropriate indices of refraction, for transmission 
at right angles to the cleavage plane, are 1.0049 
and 1.6117. 

9. Prove that two plane-polarized light waves of 
equal amplitude, their planes of vibration being at 
right angles to each other, cannot produce inter- 
ference effects. (Hint: Prove that the intensity of 
the resultant light wave, averaged over one or more 
cycles of oscillation, is the same no matter what 
phase difference exists between the two waves.) 

10. Show that in a parallel beam of circularly polarized light the angular momentum 
per unit volume L, is given by 


Fig. 46—24 


Бы 
i 
gp 


where P is the power per unit area (watts/cm?, say) of the beam. Start from Eq. 46-5. 

11. Assume that a parallel beam of circularly polarized light whose intensity is 100 watts 
is absorbed by an object. At what rate is angular momentum transferred to the object? 
If the object is a flat disk of diameter 5.0 mm and mass 1.0 X 107°? gm, after how long & 
time (assuming it is free to rotate about its axis) would it attain an angular speed of 1.0 
rev/see? Assume a wavelength of 5000 A. 


Light and Quantum Physics 


CHAPTER 47 


47-1 Sources of Light 


We have studied the propagation, reflection, refraction, diffraction, polari- 
tation, scattering, and interference of light. This chapter deals in part with 
the produciion of light and with the way that such studies led, in 1900, to 
the birth of modern quantum physics. 

The most common light sources are heated solids and gases through which 
an electric discharge is passing. The tungsten filament of an incandescent 
lamp and the familiar neon sign are examples in each category. By analyzing 
the light from a source with a spectrometer, we can learn how strongly it 
Tadiates at various wavelengths. Figure 47-1, which is typical of spectra for 
heated solids, shows the results of such measurements for a heated tungsten 
ribbon at 2000°K. 

The ordinate @ in Fig. 47-1 is called the spectral radiancy, defined so that 
the quantity G dd is the rate at which energy is radiated per unit area of sur- 
face for wavelengths lying in the interval А to À + dA. Typical units for 6t 
are watts/em?_y; the corresponding units of ® dd are watts/em?. In meas- 
uring 65, all radiation emerging into the forward hemisphere is included. 

Sometimes we wish to discuss the radiated energy without regard to its 
Wavelength. An appropriate quantity here is the radiancy R, defined as the 
. fate Der unit surface area at which energy is radiated into the forward 
E emisphere, appropriate units being watts/em?. It can be found by in- 
grating the radiation present in all wavelength intervals: 


Si Я = Ra dr. 
ү 4 S 
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\ Cavity radiator 
\ at 2000°K 


0 10 20 80 4.0 50 
Wavelength, microns 


Pig. 47-1 The Mtl radiancy of eth at 2000°K. The dashed curve refers t 
cavity radiator at the same temperature. One micron (1 д) = 107° meter = 10^ A. 


The radiancy Я can be interpreted as the area under the plot of 60. Мр. 
In Fig. 47-1 this area—and thus R—is 23.5 watts/em?. The student sho 
note the formal similarity between such curves and the Maxwell speed d 
tribution curve of Section 24-2. à 

For every material there exists а family of spectral radiancy curves like 
that of Fig. 47-1, one curve for every temperature. If such families. 
curves are compared, no obvious regularities stand out. A quantita’ 
understanding in terms of a basic theory presents serious difficulties. For 
nately, it is possible to work with an idealized heated solid, called а cav 
radiator. Its light-emitting properties prove to be independent of any р 
ticular material and to vary in a simple way with temperature. In much 
same way it proved convenient earlier to deal with an ideal gas rather than A 
analyze the properties of the infinite variety of real gases. The cavi 
radiator is the ideal solid as far as its light-emitting characteristics are c 


io | laid the foundations of modern quantum physics. 
47-2 Cavity Radiators 


` Let us construct a cavity in ub of three metal blocks through the walls 
‘eich а small hole is drilled. Let the biòeks be made of any suitable m 
“als; for UN AS tungsten, tantalum, and molybderam. Let each block 
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raised to the same uniform temperature (say 2000°K) as determined by a 
suitable thermometer. Finally, let us observe the blocks by their emitted 
light in a dark room. Measurements of Я and Gy show the following: 


1. The radiation from the cavity interior is always more intense than the 
radiation from the outside wall. Comparison of the two curves in Fig. 47-1 
makes this clear for tungsten. For the three materials given, at 2000°K the 
ratio of the radianey for the outside surface to that for the cavity is 0.259 
(tungsten), 0.212 (molybdenum), and 0.232 (tantalum). 

2. At a given temperature the radiancy of the hole is identical for all three 
radiators, in spite of the fact that the radiancies of the outer surfaces are 
different, At 2000°K the cavity radiancy (that is, the hole ‘radiancy) is 
90.0 watts/cm?. { 

3. In contrast to the radiancy of the outer surfaces, the cavity radianey 
Я. varies with temperature in a simple way, namely as 


Ф; = cT*, (47-2) 


where c is а universal constant (the Stefan-Boltzmann constant) whose 
measured value is 5.67 X 1079 watt/(meier?)("K*). The radiancy of the 
outer surfaces varies with temperature in a more complieated way and is 
different for different materials. It is often written as 


Q = eR, = eo", (47-3) 


where e, the emissivity, depends on the material and the temperature. 

1. ® for the cavity radiation varies with temperature in the way shown 
in Fig. 47-2. These curves depend only on the temperature and are quite - 
independent of the material and of the shape and size of the cavity. 

Figure 47-3 shows an actual cavity, consisting of a hollow thin-walled 
cylinder of tungsten heated by sending an electric current through it. The 
cylinder is mounted in an evacuated glass bulb, and a tiny hole is drilled 


j Fig. 47-2 The spectral radiancy for cavity 
Tadiation at three different temperatures. 


Ry, arbitrary units 


Wavelength, microns 
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Fig. 47-3 Photograph of an incan- 
descent tungsten tube with a small 
hole drilled in its wall. The radiation 
emerging from the hole is cavity radi- 
ation. 


through the cylinder wall. It is clear from the photograph that the radiancy 
of the cavity interior is greater than that of the cavity walls. 

Many of the faets just given about cavity radiation can be deduced from 
Fig. 47-4, which shows two cavities made of different materials, of arbitrary 
shapes, and with the same wall temperature T. Radiation, described by 
Qa, goes from cavity A to cavity B and radiation described by Rg moves 
in the opposite direction. If these two rates of energy transfer are not equal, 
one end of the composite block will start to heat up and the other end will 
start to cool down, which is a violation of the second law of thermodynamics. 
(Why?) Thus we must have 


y Ra = RB = Ry (47-4) 


where 61. describes the total radiation for all cavities. 

Not only the total radiation but also the distribution of radiant energy 
with wavelength must be the same for each cavity in Fig. 47-4. This can 
be shown by placing a filter between the two cavity openings, so chosen that 
it permits only a selected narrow band of wavelengths to pass. Applying 
the same argument, we can show that we must have 


Фла РА лв = Re; (47-5) 


where Ra; is a spectral radiancy characteristic of all cavities. 


Fig. 47-4 Two radiant cavities 
initially at the same temperature 
are placed together ns shown. 
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47-3 Planck's Radiation Formula 


A theoretical explanation for the cavity radiation was the outstanding un- 
solved problem in physics during the’ years. before the turn of the present 
century. A number of capable physicists advanced theories based on clas- 
sical physics, which, however, had only limited success. Figure 47-5, for 
example, shows the theory of Wien; the fit to the experimental points is 
reasonably good, within the experimental error of the data, but definitely 
not exact. Wien's formula is 

e 1 


Where c; and c; are constants that must be determined empirically by fitting 
the theoretical formula to the experimental data. У 


Spectral radiancy _ 


5 6: 


0 1 2 3 4 
Wavelength, microns . 


Fig. 47-5 The cifcles show the experimental spectral radiancy data of Coblentz for 


Cavity radiation. The theoretical formulas of Wien and Planck are also shown; Planck's 
Providing an excellent fit to the data. í 


In 1900 Max Planck pointed out that if Wien’s formula were modified in 
. 4 simple way it would prove to fit the data precisely. Planck’s formula, an- 
nounced to the Berlin Physical Society on October 19, 1900, was 


PO A A (47-6) 

A9 еса 1 \ 

Тыз formula, though interesting and important, was still empirieal at that 
Stage and did not constitute a theory. : 
Ў Planck Sought such a theory in terms of a detailed model of the atomic 
. Processes taking place at the cavity walls. He assumed that the atoms that 


1178 LIGHT AND QUANTUM PHYSICS Chap. 47 


make up these walls behave like tiny electromagnetic oscillators, each with 
а characteristic frequency of oscillation. The oscillators emit electromag- 
netic energy into the cavity and absorb electromagnetic energy from it, 
Thus it should be possible to deduce the characteristics of the cavity radia- 
tion from those of the oscillators with which it is in equilibrium. 

Planck was led to make two radical assumptions about the atomic oscil- 
lators. As eventually formulated, these;assumptions are the following: 


1. An oscillator cannot have any energy but only energies given by * 
Е = nh, (47-7) 


where > is the oscillator frequency, Л is a constant (now called Planck's 
constant), and n is a number (now called a quantum number) that can take 
on only integral values. Equation 47-7 asserts that the oscillator energy is 
quantized. i 

2. The oscillators do not radiate energy continuously, but only in “jumps,” 
or quanta. These quanta of energy are emitted when an oscillator changes 
from one to another of its quantized energy states. Thus, if n changes by one 
unit, Eq. 47-7 shows that an amount of energy given by 


AE = Anh» = hy (47-8) 


is radiated. As long as an oscillator remains in one of its quantized states 
(or stationary states as they are called), it neither emits nor absorbs energy. 


These assumptions were radical ones and, indeed, Planck himself resisted 

‚ accepting them wholeheartedly for many years. In his words, “Му futile 

attempts to fit the elementary quantum of action [that is, the quantity № 

somehow into the classical theory continued for a number of years, and they 
cost me a great deal of effort.” 

Consider the application of Planck’s hypotheses to а large-scale oscillator 
such as a mass-spring system or an LC circuit. It would be a stoutly de- 
fended common belief that oscillations in such systems could take place with 
any value of total energy and not with only certain discrete values. In the 
decay of such oscillations (by friction in the mass-spring system or by re- 
Sistance and radiation in the LC circuit), it would seem that the mechanical 
or electromagnetie energy would decrease in à perfectly continuous way and 
not by "jumps." There is no basis in everyday experience, however, to dis- 
miss Planck's assumptions as violations of “common sense," for Planck's 
constant proves to have а very small value, namely 


h = 6.625 X 107*4 joule-sec. 
The following example makes this clear. 
* Later developments show that the correct formula for a harmonic oscillator is 


E = (n + Pho. 
T change makes no difference lo Planck's conclusions, however. 


КУРУЧ Т ЭШ" AE У SES it 


2-4 


ae ee 
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> Examplel. A mass-spring system has a mass т = 1.0 kg and a spring constant 
k = 20 nt/meter and is oscillating with an amplitude of 1.0 cm. (а) If its energy is 
quantized according to Eq. 47-7, what is the quantum number n? (b) If n changss by 
unity, what fractional change in energy occurs? 

(a) From Eq. 15-8 the frequency is 


1 [k | 1 BO nt/meter 
"Y x et = 0.71 cycles/sec. 


From Eq. 8-8 the mechanical energy is ч 
Е = ikzh.. = 1(20 nt/meter)(10—* meter)? = 1.0 X 107 joule. 
From Eq. 47-7 the quantum number із 


E L0 X 10-3 joule. 
hv (6.6 X 107% joule-sec)(0.71 eycles/sec) 


(b) If n changes by unity, the fractional change in energy is given by dividing Eq. 
47-8 by Eq. 47-7, or 3 


n= 22.1. х 1016, 


AE. ho Sl i qoM 
n 


E тһ 


Thus for large-scale oscillators the quantum numbers are enormous and the quantized 
nature of the energy of the oscillations will not be apparent. Similarly, we are not 
aware in large-scale experiments of the diserete nature of mass and the quantized 
nature of charge, that is, of the existence of atoms and electrons. я 


On the basis of his two assumptions, Planck was able to derive his radiation 
law (Eq. 47-6) entirely from theory, receiving a Nobel prize for this accom- 
plishment in 1918. His theoretical expressions for the hitherto empiricai 
constants c, and сә were ; M 


c = roh: and ас] 


where k is Boltzmann's constant (see Section 23-5) and c is the speed of light. 
By inserting the experimental values for c; and cz, Planck was able to derive 
the values of both А and k. Planck described his theory to the Berlin Physi- 
cal Society on December 14, 1900. Quantum physics dates from that day. 
Planck’s ideas soon received re-enforcement from Einstein, who, in 1905, 
applied the concepts of energy quantization to a new area of physics, the 
Photoelectric effect. УА 

Before discussing this effect, it is important to realize that although Planck 
had quantized the energies of the oscillators in the cavity walls he still treatea 
the radiation within the cavity as an electromagnetic wave. Einstein's analy- 
sis of the photoelectric effect first pointed out the inadequacy of the wave 
Picture of light in certain situations. aN 


47-4 Photoelectric Effect | 

Figure 47-6 shows ап apparatus used to study the photoelectric effect 

onochromatic light, falling on metal plate А, will liberate photoelectrons 
wkich can be detected as a current if they are attracted to metal cup В by 


+ 


1180 LIGHT AND QUANTUM PHYSICS Chap. 47 


Fig. 47-6 An apparatus used to study the photoelectric effect. V cannot only be varied 
continuously but can be reversed in sign by a switching arrangement not shown. 


means of a potential difference V applied between 4 and B. Galvanometer 
G serves to measure this photoelectric current. . 


like that of Fig. 47-6, as a function of the potential difference V. If V is 
made large enough, the photoelectric current reaches a certain limiting value 
at which all photoelectrons ejected from plate A are collected by cup B. 


K max — eVo. (47-9) 


Here K max turns out to be independent of the intensity of the light as shown 
by curve 6 in Fig. 47-7, in which the light intensity has been reduced to one- 
half. E 

Figure 47-8 shows the stopping potential Vo as а function of the frequency 
of the incident light for sodium. Note that there is a definite cutoff frequency 


ku ер 
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Fig. 47-7 Some data taken with the apparatus of Fig.47-6. The applied potential 
difference V is called positive when the cup B in Fig. 47-6 is positive with respect to the 
photoelectric surface A. In curve b the incident light intensity has been reduced to one- 
half that of curve a. j 


з 
D 


vo, below which no photoelectric effect occurs. These data were taken by 
R. A. Millikan (1868-1953), whose painstaking work on the photoelectric 
effect won him the Nobel prize in 1923. Because the photoelectric effect is 
largely а surface phenomenon, it is necessary to avoid oxide films, grease, or 
other surface contaminants. Millikan devised a technique to cut shavings 
from the metal surface under vacuum conditions, a “machine shop in vacuo” 
as he called it. d 

Three major features of the photoelectric effect eannot be explained in 
terms of the wave theory of light: 


^80 


N 
o 


Fig. 47-8 A plot of Millikan's 
х Measurements of the stopping po- 
| tential at various frequencies for 
‘Sodium. The cutoff frequency vo 
8 4.39 X 10" cycles/sec. 


Stopping potential, volts 
m 
© 


0 
| 40 | 60 80 10.0 
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1. Wave theory suggests that the kinetie energy of the photoelectrons 
should increase as the light beam is made more intense. However, Fig. 47-7 


However, Fig. 47-8 shows that there exists, for each surface, a characteristic 
culo} frequency vo. For frequencies less than this, the photoelectric effect 
disappears, no matter how intense the illumination. 

3. If the energy of the Photoelectrons is “soaked up” from the incident 
wave by the metal plate, it is not likely that the “effective target area” for 
an electron in the metal is much more than a few atomic diameters. Thus, 
if the light is feeble enough, there should be a measurable time lag (see Ex- 
ample 2) between the impinging of the light on the surface and the ejection 
of the photoelectron. During this interval the electron should be “soaking 
up” energy from the beam until it had accumulated enough energy to escape. 
However, no detectable time lag has ever been measured. This disagreement is 


> Example2. A metal plate is placed 5 meters from a monochromatic light source 
whose power output is 10-3 watt. Ceasider that a given ejected photoelectron may 


The target area is т (107° meter)? or 3 x 10-18 meter?; the area of a 5-meter 
Sphere centered on the light source is 4r (5 meters)? = 300 meters? Thus, if the 
light source radiates uniformly in all directions, the rate P at which energy falls on 


; 3 X 10-5 meter? 
P = (10 wat (л) - 3; ; 
( watt) 300 meters? 10—28 joule/sec 
Assuming that all this power is absorbed, we may calculate the time required from 
Беу `) (1.6 X 1079 joule 
t= (поя) a) 
Gas joule/sec lev mu 
However, no detectable time lag can be measured. under any circumstances. 4 


47-5 Einstein's Photon Theory 


Einstein Sueceeded in explaining the Photoelectric effect by making a 
remarkable assumption, namely, that the energy in a light beam travels 
through space in concentrated bundles, called Photons. The energy Е of a 


Single photon. (see Eq, 47-8) is given by 


e 


s E-h (47-10) 
Recall that Planck believed that light, although emitted from its source 
discontinuously, travels through space as an electromagnetic wave. Ein- 


P) 
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stein's hypothesis suggests that light traveling through space behaves not like 
a wave at all but like a particle. Millikan, whose experiments verified 
Einstein's ideas in every detail, spoke of Einstein's “bold, not to say reckless, 
hypothesis.” х 
Applying the photon concept to the photoelectric effect, Einstein wrote 


hv = Eo + Kass (47-11) 


where hy is the energy of the photon. Equation 47-11 says that a photon 
carries an energy Л» into the surface. Part of this energy (Zo) is used in 
causing the electron to pass through the metal surface. The excess energy 
(hy — Ep) is given to the electron in the form of kinetic energy ; if the electron 
does not lose energy by internal collisions as it escapes from the metal, it 
will exhibit it all as kinetic energy after it emerges. Thus Kmax represents 
the maximum kinetic energy that the photoelectron can have outside the 
surface; in nearly all cases it will have less energy than this because of internal 
losses. 

Consider how. Einstein’s photon hypothesis meets the three objections 
raised against the wave-theory interpretation of the photoelectric effect. As 
for objection 1 (the lack of dependence of Kmax on the intensity of illumina- 
tion), there is complete agreement of the photon theory with experiment. 
Doubling the light intensity, merely doubles the number of photons and thus - 
doubles the photoelectric current; it does not change the energy (= hv) of the 
individual photons or the nature of the individual photoelectric processes 
described by Eq. 47-11. | ДА i ' 

Objection 2 (the existence of a cutoff frequency) follows from Eq. 47-11. 


| If K max equals zero, we have 


hvo = Бо, 


which asserts that the photon has just enough energy to eject the photo- 
electrons and none extra to appear as kinetic energy. This quantity Eo is 
called the work function of the substance. If > is reduced below vo, the indi- 
vidual photons, no matter how many of them there are (that is, no matter 
how intense the illumination), will not have enough energy to eject photo- 
electrons, 

Objection 3 (the absence of a time lag) follows from the photon theory 
because the required energy is supplied in а concentrated bundie. It is not 
Spread uniformly over a large area, as in the wave theory. YS 

Although the photon hypothesis certainly fits the facts of photoelectricity, 
it seems to be in direct conflict with the wave theory of light which, as we 
have seen in earlier chapters, has been Verified in many experiments. Our 
Modern view of the nature of light is that 2 has a dual character, behaving 
like а wave under some circumstances and like a particle, or photon, under 
others. We discuss the wave-particle duality at length in Chapter 48. Mean- 
while, let us continue our studies of the firm experimental foundation on 


which the photon concept rests. 
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Let us rewrite Einstein's photoelectric equation (Eq. 47-11) by substitut- 
ing eVo for K max (see Eq. 47-9). This yields, after rearrangement, 

h Eo 

Vo 2-»——. (47-12) 
e e 

Thus Einstein's theory prediets a linear relationship between Y, and », in 

complete agreement with experiment; see Fig. 47-8. The slope of the experi- 
mental curve in this figure should be h/e, or 


h ab 2.20 volt — 0.65 volt 


e be (10X 10 — 6 X 101) oycles/ses ^ 359 Х 10 ^ volt-seo. 
We can find À by multiplying this ratio by the electron charge e, 

h = (3.9 x 10715 volt-sec) (1.6 X 1079 coul) = 6.2 X 10734 joule-sec. 
From a more careful analysis of this and other data, including data taken 


with lithium surfaces, Millikan found the value h = 6.57 X 107°“ joule-see, 
with an accuracy of about 0.5%. This agreement with the value of Л derived 
from Planck’s radiation formula is a striking confirmation of Einstein's pho- 
ton concept. 


> Example 3. Deduce the work function for sodium from Fig. 47-8. 
The intersection of the Straight line in Fig. 47-8 with the horizontal axis is the cut- 
off frequency vo. Substituting these values yields 


(Eo = hy = (6.63 x 104 joule-sec)(4.39 X 10!* cycles/sec) 
` = 2.92 X 107" joule = 1.82 ev. + 


47-6 The Compton Effect 


« Cor en historical account of Compton's : 
Eres j : researchea read “The ttering of X Rays as 
Particles,” A. Н. Compton, p, 817, Am. J. Physa., December vius ў f 
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Fig. 479 Compton's experimental X-ray 
arrangement. Monochromatic X-rays source 
of wavelength А fall on a graphite scat- 


terer. The distribution of intensity Graphite 
with wavelength is measured for X-rays l | || crystal 
scattered at any selected angle e. The 

scattered wavelengths are measured by * Scatterer [M] | | OM 


observing Bragg reflections from a 

erystal; see Eq. 45-8. Their intensities 

are measured by a detector, such as an uU EN 
ionization chamber. slits 


` antenna, radiate electromagnetic waves that again have this same frequency 
у. Thus, on the wave picture the scattered wave should have the same fre- 
quency > and the same wavelength А аз the incident wave. 

Compton * was-able to explain his experimental results by postulating 
that the incoming X-ray beam was not a wave but an assembly of photons 
of energy E (= Л») and that these photons experienced billiard-ball-like col- 
lisions with the free electrons in the scattering block. The “recoil” photons 
emerging from the block constitute, on this view, the scattered radiation. 
Since the incident photon transfers some of its energy to the electron with 


*P. W. Debye simultaneously and independently offered the same interpretation. 


\ 


) 


Fig. 47-10 Compton's experimental results. The solid 
vertical line on the left corresponds to the wavelength A, 
that on the right to M. Results are shown for four different 


angles of scattering е. Note that the Compton shift Ad for 
е = 90° is h/moc = 0.242 A 
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Fig. 47-11 A photon of wavelength A is incident on an electron at rest. On collision, the 
photon is scattered at an angle ¢ with increased wavelength ^^, while the electron moves 
off with speed v in direction 6. 


which it collides, the scattered photon must have a lower energy E’; it must 
therefore have a lower frequency »'(— E'/h), which implies а larger wave- 
length \’(= c/v). This point of view accounts, at least qualitatively, for the 
wavelength shift AX. Notice how different this particle model of X-ray 


energy to this collision. Since the recoil electrons may have a speed v that 
Is comparable with that of light, we must use the relativistic expression 


for the kinetic energy of the electron. From Eqs. 47-10 and 8-21 we may 
write T 


| in which the second term on the right is the relativistic expression for the 
kinetic energy of the recoiling electron, m being the relativistic mass and mo 
the Test mass of that particle. Substituting c/A for » (and c/A' for »’) and 
using Eq. 8-20 to eliminate the relativistic mass m leads us to 


hc № 1 
= — => 7-1 

Du ieu) am 
Now let us apply the (vector) law of conservation of linear momentum to 
the collision of Fig. 47-11.. We first need an expression for the momentum 
~ ofa photon, In Section 40-2 we saw that if an object completely absorbs 
ап energy U from a parallel light bear that falls on it the light beam, accord- 
ing to the wave theory of light, will simultaneously transfer to the object а 


linear momentum given by U/c. On the photon picture we imagine this ` 


momentum to be carried along by the individual photons, each photon trans- 
porting linear momentum in amount p = Лә/с, where hy is the photon en- 
ergy. Thus, if we substitute А for с/у, we can write 
S pA ces | v Me RE ВАРНА 
- — ا کے سے‎ 5, M -14 
NE à : dgio 
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‘This conclusion, that the momentum of a photon is given by h/A, may also 
be deduced from the theory of relativity. - 
For the electron, the relativistic expression for the linear momentum is 


given by Eq. 9-13, or 
Me. а 
V1 — (о/о)? 


We can then write for the conservation of the z component of linear mo- 
mentum 


EMO uoc (47-15) 
NEU iE c. кые ыы zt 
uude 
and for the y component 
h то T 
0 = — sin e — -m Sin 0. 47-16 
ye VIT 0/0 Pes pia 


Our immediate aim is to find АХ (= M — X), the wavelength shift of the 
scattered photons, so that we may compare it with the experimental results 
of Fig. 47-10. Compton's experiment did not involve observations of the 
recoil electron in the scattering block. Of the five collision variables (A, Ny, 
¢, and 6) that appear in the three equations (47-13, 47-15, and 47-16) we 
may eliminate two. We chose to eliminate » and 9, which deal only with the 
_ electron, thereby reducing the three equations to a single relation among the 


Variables. 


.. Carrying out the necessary algebraic steps (see Problem 15)-leads to this 
simple result: a ` - 


Ad (= X919 9 d (47-47) 
тос À 


Thus the Compton shift A depends only on the scattering angle ¢ and not 
_ Оп the initial wavelength А. Equation 47-17 predicts within experimental 
error the experimentally observed Compton shifts of Fig. 47-10. Note from 
the equation that ДА varies from zero (for ¢ = 0, corresponding to a “graz- 
_ ing" collision in Fig. 47-11, the incident photon being scarely deflected) to · 
- 2ħ/mac (for ¢ = 180°, corresponding to a “head-on” collision, the incident 
- Photon being reversed in direction). 
It remains to explain the presence of the peak in Fig. 47-10 for which ‘the 
_ Wavelength does not change on scattering. This peak can be understood as 
resulting from а collision between a photon and electrons bound in an ionic 
Core in the scattering block. During photon collisions the bound electrons 
- behave like the free electrons that we considered in Fig. 47-11, with the ex- 
- “eption that their effective mass is much greater. This is because the ionic 
Core as a whole recoils during the collision. "The effective mass M for a carbon 
| Seatterer is approximately the mass of a carbon nucleus. Since this nucleus 


7s 
$ 
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contains 6 protons and 6 neutrons, we have approximately that M — 12x | 
1840то = 22,000то. If we replace mo by M in Eq. 47-17, we see that the ' 
Compton shift for collisions with tightly bound electrons is immeasurably 
small. 


As in the cavity radiation problem (see Eq. 47-7) and the photoelectric effect (see 
Eq. 47-11), Planck's constant А is centrally involved in the Compton effect. The 


> Example4. X-rays with А = 1.00 A are scattered from a carbon block. The - 
scattered radiation is viewed at 90? to the incident beam. (а) What is the Compton 
shift AA? (b) What kinetic energy is imparted to the recoiling electron? 
(a) Putting = 90° in Eq. 47-17, we have, for the Compton shift, 
h 
ДА = et (1 — cos e) 
E 6.63 X 10-и joule-sec Ei. ais 
(9.11 X 107? kg) (3.00 X 10° meters/sec) | 7 ^ 
= 243 X 107° meter = 0.0243 A. 
(6) If we put K for the kinetic energy of the electron, we can write Eq. 47-13 аз 


hc he 
- K VTE 
Since № = А + Ad, we obtain - 
he he 
oka О 
which reduces to 
he AX 
K 7 X + aN) 


_ (6.68 х 107 joule-sec)(3.00 x 108 meters/sec)(2.43 X 10-1? meter) 
(1.00 x 10710 meter)(1.00 + 0.024) X 10—9 meter 


= 4.73 X 107! joule = 295 ev. 


The student may show that the initial photon energy E in this case (= hv = Ac/A) is 
12,400 еу so that the photon lost about 2.3% of its energy in this collision. A photon 
whose energy was ten times as large (= 124,000 ev) can be shown to lose 23% of its 
energy їп a similar collision. This follows from the fact that AA does not depend on 
the initial wavelength. Hence more energetic X-rays, which have smaller wave- 
lengths, will experience a larger per cent increase in wavelength and thus a larger per 
cent loss in energy, 4 


47-7 Line Spectra” 


We have seen how Planck Successfully explained the nature of the radiation 
from heated solid objects of which the cavity radiator formed the prototype. - 
Such radiations form continuous spectra and are contrasted with line spectra | 

-such as that of Fig, 47-12, which shows the. radiation emitted from iron ions 
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“fig. 47-12 А small portion of the spectrum of iron, in the region 3400 to 3500 A. 


and atoms in an electric are struck between iron electrodes. We shall see 
that Planck's quantization ideas, suitably ‘extended, lead to an understand- 
ing of line spectra also. The prototype for the study of line spectra is that of 
atomic hydrogen; being the simplest atom it has the simplest spectrum. 

Line spectra are common in all parts of the electromagnetic spectrum. 
Figure 47-13 shows a spectrum of the y-rays (№ = 107 meter) emitted 
from a particular radioactive nucleus, an isotope of mereury. Figure 47—14 
shows a spectrum of X-rays (А & 10710 meter) emitted from a molybdenum 
target when struck by a 35-kev electron beam. The sharp emission lines аге. 
Superimposed on a continuous background. и 

Figure 47-15 shows a spectrum associated with. the iR на, It 
occurs in the infrared, with А £ 1079 meter. This is an absorption spectrum 
rather than an emission spectrum, as in Fig. 47—12. Experiment shows that 
isolated atoms and molecules absorb radiation, as well as emit it, at discrete 
wavelengths. 

Figure 47—16 shows а portion of the absorption: ыа of ammonia 
(NHs) in the microwave region (А = 10? meter). Finally, Fig. 47-17 
shows how radiation in the radio-frequency region (\ = 43 meters) is ab- 
sorbed by hydrogen molecules placed in a magnetic field. 


Fig. 47-13 А wavelength plot for a gamma тау 
emitted by the nucleus Hg", (From data by Du- 
Mond and co-workers. ) TENN 


Wavelength (uncorrected), 107 m 
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el the most intemae مدا‎ io ۲1 у 
M77 meter o 071 ۸ Tree 
data bj Ubey 


LEX Ав absorption spectrum of the HCI molecule pear à = 35 X 107* meter = 
15» (From data by Е & low.) 


" 


47-06 An owdkeope trace show. 
iag оле strong line and four weak lines 


Мф. 7-17 A portion of the ab 
SPOS apectrum ol the protons 
in molecular hydrogen at \ o 43 
meter. In this technique the fre 
quency in left fixed and the sample 
in placed in а magneti- feld, «hich 
ie varied to эсап the rpectrum 


(Prom data by Kellogg, Rabi, and 
Zacharias ) 
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0-4 The Hydrogen Atom 


Figure 47-15 we the spectrum of hydrogen. А theoretical interpreta- 
фа of the е pectrum, based on quantum ideas, was first given by 
Nul Boh: 

We might » associate the frequency of an emitted spectrum line 
with the fr { an electron revolving in an orbit inside the atom 
Cues кпе цат predicts that charges will radiate energy when 
Феу are a i In this way electromagnetic waves аге emitted from а 
medio trar z antenna in which electrons are caused to surge back and 
leth This radiation represents a loss of energy for the moving electrons 
wich. ar intenna, is compensated for by supplying energy from an 
сиза! ос 1 ated atom, however, no energy i supplied from external 
wate, We ild expect the frequency of the electron and thus that of the 
«айша rad ‚ to change continuously as the energy drains away This 

"E 4l theory cannot be reconciled with the existence of sharp 
| Spectr Thus classical physics cannot explain the hydrogen, or any 
Ober, «x 

Bohr ed this difficulty by assuming that, like Planck's oscil- 
lore t n atom exists in certain Malionary Males in which it does 
Bot radia on occurs only when the atom makes a transition from 
E Mate, w ку By, to а state with lower energy E, In equation 

hy = E» — Е), (47-18) 
Where А» is the quantum of energy carried away by the photon that is emitted 
from t? ing the transition 

To lea ea ed frequencies predicted by Eq. 47-18, it is necessary to 
know the energies of the various stationary states in which a hydrogen atom 
Cad exist his calculation was first carried out by Bohr on the basis of & 
specif Kiel for the hydrogen atom put forward by him. Bohr's model 
was highly successful for hydrogen and had а tremendous influence on the 


Fis. 47-18 The spectrum of hydrogen. It consists of а number of series of lines, three 
of which are shown. Within each series the spectrum lines follow а regular pattern, ap- 
prosching a so-called series limi at the short-wave eod of the series 


ш, further development of the subject; it is now regarded as an i 
7 ^ liminary stage in the development 9f a more complete theory of 


4 Let us assume that the electron in the 
Ei. orbit of radius r centered on its nucleus. 
pM is a single proton, is so massive that the 


tant pre. —— 
quantum | 


hydrogen atom moves in а circular — 
We assume that the nucieus, which { 


& ч Writing Newton's second law for the motion of the electron, we have (using 


E. F = ma, 


2 
€ 
(EJ. (47-21) 
P. тет 
Since the orbit radius can parently take on any value, so can the energy 
E. The problem of quantizi i 
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Phe глаг momentum p follows from Eq. 47-22: 

< те? 


р = т = 


: 47-24 
4те ( ) 4 


heongular momentum Lis given by 


[mer X 
emp AUS 47- 
1 = №7 AE 3 (47-25) 


if r is known, the orbit parameters K, U, E, 0, o, p, and L are also 
If any one of these quantities is quantized, all of them must be. 
` M this stage Bohr had no rules to guide him and so made (after some in- 
lieet reasoning which we do not reproduce) a bold hypothesis, namely, that - 
necessary quantization of the orbit parameters shows up most simply 
applied to the angular momentum and that, specifically, L can take 
only values given by 
ES o - (41-86) 
2r 
Planck's constant appears again in a fundamental way; the integer n is a 
quantum number. х 
Combining Eqs. 47-25 and 47-26 leads to 


n 
MIO EH о. (47-27) 


Which tells how т is quantized. Substituting Eq. 47-27 into Eq. 47-21 pro- 


r= 


Se да E 
А О) 
8 ey h? п? 
Which gives directly the energy values of the allowed stationary states. 
; Fi igure 47-19 shows the energies of the stationary states and their as- — 
F*iated quantum numbers. Equation 47-27 shows that the orbit radius 
етеде as n^. The upper level in Fig. 47-19, marked п = =, corresponds 
_ Юа state in which the electron is completely removed from the atom (that 
cd = (andr = o). Figure 47-19 also shows some of the quantum jumps - 
ч por place between the different stationary states. ANE M 
mbining Eqs. 47-18 and 47-28 allows us to write а completely theoreti- 
formula for the frequencies of the lines in the hydrogen spectrum. It is 


- ; 

8 v= xd (5-5 |o 47-99) ^ 
87h \? К : 

x pos J and k are integers describing, respectively, the lower and the 

E Per stationary states. Тһе corresponding wavelengths can easily be - 


b 
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ср. 


Fig. 47-19 An energy level diagram for hydrogen showing the quantum number п for 
each level and some of the transitions that appear in the spectrum. An infinite number 
of levels is crowded in between the ечен marked n = 6 and n = =. Compare this figure 
carefully with Fig. 47-18. —— ` 


~ 
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found from А = c/». Table 47-1 shows some wavelengths so calculated; it 
should be compared carefully with Figs. 47-18 and 47-19. 


Table 47-1 
Tue HYDROGEN SPECTRUM 
(Some selected lines) 


> Example 5. Calculate the binding energy of the hydrogen atom (the energy 


binding the electron to the nucleus) from Eq. 47-28. 
The binding energy is numerically equal to the energy of 
47-19. The largest negative value of E in Eq. 47-28 is found for 


me* 
E = gahi 


the lowest state in Fig. 
п =1 This yields 


E (9.11 x 10—91 kg)(1.60 X 107 coul)“ 
x 7 7 (8885 x 107" coult/nt-m)49.63 X 10-7 joule-sec)* 
= 2247 x 107" joule = —13.6 ev, 


in which agrees with the experimentally observed binding energy for hydrogen. 
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Although all theories in physics have limitations, they usually do not 
break down abruptly but in а continuous way, yielding results that agree less 


physics; it remains to find the circumstances under which the latter theory 
| ds revealed as a special case of the former. 


а 31 ‘Classically, the frequency of the light emitted from an atom is equal to vo, 
_ its frequency of revolution * in its orbit. This ean be expressed in terms of a 
quantum number л by combining Eqs. 47-23 and 47-27 to obtain 


met 2 А 
NUT (47-30) 
.. Quantum physies predicts that the frequency » of the emitted light is 
- given by Eq. 47-29. Considering a transition between an orbit with quan- 

tum number k = n and one with j = n — 1 leads to 


З ie me* [ 1 3] 
T ‘ae 8253 Ln — 1)? OE 27 
- mé f ا‎ 1 x СА 
uim Р : e SF Циста = (47-31) 


Аз n — æ the expression in the square brackets above approaches 2/13 so 


that Р — у) а5 n — x, Table 3722 illustrates this example of the cor- 


_Tespondence principle, 


‘of the frequency also exist but may be ignored without affecting the 


niet 12 
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Table 47-2 


Тнк CORRESPONDENCE PRINCIPLE AS ArPLIED TO THE 
HYDROGEN ATOM 


Frequency of ` 
Quantum ~Revolution in рй 
Number, Orbit ence, % 
n (Eq. 47-30) 
cycles/sec 


8.20 X 10“ 


2 
5 5.26 x 10" 29 
10 6.57 X 10" 14 
50 5.25 X 10!* 38 
100 6.578 X 10° 15 
015 


1,000 6.5719 X 10* 
6.5779 X 10* 


QUESTIONS 


1. “Pockets” formed by the coals in a coal fire seem ч — ome ture 
Is the temperature in such pockets appreciably higher than the K xi a 


exposed glowing coal? ES and bol for all 


2. The relation R = cT* (Eq: 41-2) is 
tures, Why don't we use this relation 5 the basis of a definition of temperature at, зау, 


A D e fourth-p | Ea. 47-3 
3. Do all incandescent: solids obey. the Н jaw of cemperature, as Eq- 
seems to suggest? \ 
4. А hole in the wall of a cavity radiator is sometimes called а black body. Why? 
5. It is stated that if we look into a cavity whose E 
temperati ils of the interior are visible . Does this seem res 2 
ure no details of he interior: io (Ea. 47-10) the very presen of 
the frequency » in the formula implies that light js awan 
T. In the photoelectric effect, existence of а cut 
oi the photon theory and against the wave theory? — 
8. Why are photoelectric measurements 80 


surface? 1 - 

Bs Does Einstein's theory of photoclectricity, in which light is postulated to и 
n, invalidate Young's interference experimen: : begs tale 

‚ 10. List and discuss carefully the assumptions made by Planck e 

the cavity radiation problem, by Einstein in connection with the 

by Bohr in connection with the hydrogen atom s 
11. In Bohr's theory for the hydrogen atom orbits, what 

that the potential ior y is negative and is greater in MAES 
12. Cam a hydrogen atom absorb a photon whose У 

(13.6 ev)? ins E 


کر 
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13. Discuss Example 1 in terms of the correspondence principle. 

14. According to classical mechanics, an electron moving in an orbit should be able to do 
so with any angular momentum whatever, According to Bohr’s theory of the hydrogen 
atom, however, the angular momentum is quantized according to L = nh/2x. Reconcile 
these two statements, using the correspondence principle. 


PROBLEMS 


1. At what wavelength does a cavity radiator at 6000°K radiate most per unit wave- 
length? Solve either analytically or graphically. 

2. Using Fig. 47-1, verify that the emissivity of tungsten at 2000°K is 0.259. 

3. A cavity radiator at 6000°K has a hole 0.10 mm in diameter drilled in its wall. At 
what rate do photons in the range 5500 to 5510 A escape from this hole? 

4. A cavity whose walls are held at 4000°K has a circular aperture 5.0 mm in diameter. 
(a) At what rate does energy in the visible range (defined to extend from 0.40 to 0.70 и) 
escape from this hole? (b) What fraction of the total radiation escaping from the cavity 
does this represent? Solve either analytically or graphically. 

5. Show that Wien's law (p. 1085) is à special case of Planck's law (Eq. 47—6) for short 
wavelengths or low temperatures. 

6. Solar radiation falls on the earth at а rate of 2.0 cal/em'-min. How many photons/ 
em*-min is this, assuming an average wavelength of 5500 A? 

T. А spectral emission line, important in radioastronomy, has a wavelength of 21 cm. 
To what photon energy does this correspond? * 

8. The energy required to remove an electron from sodium is 2.3 еу. Does sodium show 
a photoelectric effect for orange light, with A.— 6800 A? 

9. Light of a wavelength 2000 A falls оп an aluminum surface. In aluminum 4.2 ev 
are required to remove an electron. What is the kinetic energy of (a) the fastest and (b) 
the slowest emitted photoelectrons? (с) What is the stopping potential? (d) What is the 
cutoff wavelength for aluminum? 

10. The work function for a clean lithium surface is 2.3 ev: Make a rough plot of the 
stopping potential Vo versus the frequency of the incident light for such a surface. 

11. In Example 2 suppose that the "target" is a single gas atom of 1.0 A radius and that 
the intensity of the light source is reduced to 10^ watt. If the binding energy of the most 
loosely bound electron in the atom is 20 ev, what time lag for the photoelectric effect is 
expected on the basis of the wave theory of light? 

12. A-100-watt sodium vapor lamp radiates uniformly in all directions. (a) At what 
distance from the lamp will the average density of photons be 10/¢m?? (b) What is the 
average density of photons 2.0 meters from the lamp? Assume the light to be mono- 
chromatic, with А = 5890 A. Р 

13. Show, by analyzing a collision between a photon and a free electron (using rela- 
tivistic mechanics), that it is impossible for a photon to give all of its energy to the free 

‘electron. In other terms, the photoelectric effect cannot occur for completely free elec- 
irons; the eleetrons must be bound in a solid or in an atom. 

14. “Calculate the per cent change in photon energy for & Compton collision with e in 
Fig. 47-11 equal to 90? for radiation in (a) the microwave range, with А = 3.0 em, (b) 
the visible range, with А = 5000 А, (с) the X-ray range, with А = 1.00 A, and (d) the 
gamma ray range, the energy of the gamma-ray photons being 1.0 Mey. What are your 
conclusions about the importance of the Compton effect in these various regions of the 


encounter? : Š 
15. Carry out the ni ry algebra to eliminate » and @ from Eqs. 47-13, 47-15, and 
47-16 to obtain the Compton shift relation (Eq. 47-17). 


. 16. (a) Using Bohr's formula, calculate the three longest wavelengths in the Balmer 
series, (0) Between what wavelength limits does the Balmer series lie? 


‘ 
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17. In the ground state of the hydrogen atom, according to Bohr's theory, what are (a) 
the quantum number, (b) the orbit radius, (c) the angular momentum, (4) the linear 
momentum, (е) the angular velocity, (f) the linear speed, (g) the force on the electron, (А) 
the acceleration of the electron, (i) the kinetic energy, (7) the potential energy, and (k) the 
total energy? 

18. How do the quantities (b) to (k) in Problem 17 vary with the quantum number? 

19. How much energy is required to remove an electron from а hydrogen atom in а state 
with n = 8? 5 

20. A hydrogen atom is excited from a state with п = 1 to one with n =4, (a) Cal- 
culate the energy that must be absorbed by the atom. (b) Calculate and display on an 
energy-level diagram the different photon energies that may be emitted if the atom returns 
toitsn = 1 state. (с) Calculate the recoil speed of the hydrogen atom, assumed initially 
at rest, if it makes the transition from п = 4ton = 1 іп a single quantum jump. 

21. A hydrogen atom in а state having a binding energy (this is the energy required to 
remove an electron) of 0.85 ev makes в transition to a state with an excilation energy 
(this is the difference in energy between the state and the ground state) of 10.2 ev. (а) 
Find the energy of the emitted photon. (b) Show this transition on an energy-level di 
gram for hydrogen, labeling the appropriate quantum numbers. 

22. Show or an energy-level diagram for hydrogen the quantum numbers corresponding 
toa transition in which the wavelength of the emitted photon is 1216 А. 

23. A neutron, with kinetic energy of 6.0 ev, collides with а resting hydrogen atom in 
its ground state. Apply the laws of conservation of momen i 
lision and show that it must be elastic (that-is, kinetic energy must be conserved). 

24. Apply Bohr's theory to singly ionized helium, that is, to a helium atom with one 
electron removed. What relationship exists between this spectrum and the hydrogen 


spectrum? ? 
25. Using Bohr's theory, calculate the energy required to remove the electron from 
singly ionized helium. 

atom, This consists of a 


26. Positronium. Apply, Bohr’s theory to the positronium 
positive and a negative electron revolving around their center of mass, which lies halfway 
rum and the hydrogen 


between them. (а) What relationship existe between this spect 
spectrum? (b) What is the radius of the ground state orbit? (Hint: It will be necessary 
to analyze this problem from first principles because this “atom” has no nucleus; both 


partitles revolve about а point halfway between them.) 
/ muonic atom, which consists of a nucleus 


(an elementary particle with a charge of 7e and a mass 
see Appendix F) circulating about it. 
n energy, and (с) the wave- 
the muon is 


of charge Ze with a negative muon 
m-that is 207 times as large as the electron mass; 


circulating about a hydrogen nucleus (Z = 1)- i 
28. If an electron is rotating in an orbit at frequency. vo; classical electromagnetism 
predicts that it will radiate energy not only at this frequency but also at 20, ro, Avo, ete; 
see footnote on p. 1104. Show that this is also predicted by Bohr's theory of the hydrogen 


ator in the limiting case of large quantum numbers. 


29. In Table 47-2 show that the quantity in the last column is given by 


100 — т), 150 
VOY M ETE 


for large quantum numbers. | 
30. If the angular momentum. of the earth due to its motion around the sun ver^ . 


quantized according to Bohr's relation L = nh/2r, what would the quantum number be? , 
Could such quantization be letected if it existed? 


Waves and Particles. 


CHAPTER 48 


48-1 Matter Waves 

In 1924 Louis de Broglie 
symmetrical in many ways; 
of light and matter; 


of France reasoned that (а) nature is strikingly 
(b) our observable universe is composed entirely 
(c) if light has а dual, wave-particle nature, perhaps 
Since matter was then regarded as being composed of 


particles, de Broglie's reasoning suggested that one should search for a wave- 
like behavior for matter. 


De Broglie’s su 
hot predicted wh 


Way to acceptance. 


De Broglie assumed that the wavelength of the predicted matter waves 


Was given by the same relationship that held for light namely, Eq. 47-14, or 
not (48-1) 
p 


Which connects the wavelength of a light wave with the momentum of ш 
associated photons, The dual nature of light shows up strikingly in t 


equation and also in Eq. 47-10 (Е = №). Each equation contains within its 
‘structure both 


cry 
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> Examplel. What wavelength is predicted by Eq. 48-1 for a beam of electrons 
whose kinetic energy is 100 ev?  - 
The velocity of the electrons is found from К = jm», or 


E es _ „ [@@00 еу)(1.6 X 1079 joule/ev) 
т 9.1 X 107? kg | 


= 5.9 X 10* meters/sec. 


ы 


The momentum follows from 
р = те = (9.1 X 107?! kg)(5.9 X 10° meters/sec) = 5.4 X 107% kg-m/sec. 
The wavelength (called the de Broglie wavelength) is found from Eq. 48-1 or 
h _ 6.6 X 10^" joule-see 
NT p 7 554 x 107 onsec 7 02^ 


This is the same order of magnitude as the size of an atom or the spacing between 
adjacent planes of atoms in a solid. * 


Ql 


Fig. 48-1 The apparatus of Davisson and Germer. Electrons from filament Р are accel- 
erated by a variable potential difference V. After "reflection" from crystal C they are 
collected by detector D. М 


In 1926 Elsasser pointed out that the wave nature of ma:ter might be 
tested in the same way that the wave nature ot X-rays was first tested, 
namely, by allowing a beam of electrons of the appropriate energy to fall on 
a crystalline solid. The atoms of the crystal serve as a three-dimensional 
array of diffracting centers for the electron “wave’’; we should look for strong 
diffracted peaks in certain characteristic directions, just as for X-ray diffrac- 
tion. б х 

This idea was tested by C. J. Davisson апа L. Н. Germer in this country 
and by G. P. Thomson in Seotland.* Figure 48-1 shows the apparatus of 
—— ГА > 


.' For an historical account of Thomson's researches see "Early Work in Electron 
Diffraction," Sir George Thomson, p. 821, Am. J Phys., December, 1961. 
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Fig. 48-2 The collector current in 
detector D in Fig. 48-1 as a func- 
tion of the kinetic energy of the 
incident electrons, showing a dif- 
fraction maximum. The angle ф 
in Fig. 48-1 is adjusted to 50°. If 
an appreciably smaller or larger 
value is used, the diffraction max- 
imum disappears. 


35 45 50 55 60 65 70 75 
Kinetic energy, ev. . 


Davisson and Germer: Electrons from a heated filament are accelerated 
by a variable potential difference V and emerge from the “electron gun” @ 
with kinetic energy eV. This electron beam is allowed to fall at normal 
incidence on a single crystal of nickel at C. Detector D is set at a particular 
angle ф and readings-of the intensity of the “reflected” beam are taken at 
various values of the accelerating potential V. Figure 48-2 shows that a 
strong beam occurs at ф = 50° for V = 54 volts. Ў 
All such strong “reflected” beams can be accounted for by assuming that 
the electron beam has a wavelength, given by А = h/p, and that "Bragg 
reflections" oceur from certain families of atomic planes precisely as de- 
seribed for X-rays in Section 45-5, і 
- Figure 48-3 shows such а Bragg reflection, obeying the Bragg relationship 


mWccdsnó 4-123... (48-2) 


Incident 


e 


/ ^ d uy ts 1 Atomit 
planes 


Fig. 48-3 The Strong diffracted beam at, $ = 50° and V =54 volts arises from rede 
reflection? from the family of atomic planes shown, for d = 0.91 A, The Bragg angle 
8 is 65°. Боғ simplicity, refraction of the diffracted wave as it leaves the surface is ignored. 


| 


"тет, 
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For the conditions of Fig. 48-3 the effective interplanar spacing d can be 
shown by X-ray analysis to be U.91 A. Since $ equals 50°, it follows that 
8equals 90° — 5 X 50° or 65°. The wavelength to be calculated from Eq. 
48-2, if we assume m = 1, is 

X = 2d sin = 2(0.91 A) (sin 65°) = 1.65 A. 


The wavelength caleulated from the de Broglie relationship à = h/p is, for 
54-ev electrons (see Example 1), 1.64 А. This excellent agreement, com- 
bined with much similar evidence, isa convineing argument for believing that 
electrons are wave-like in some circumstances. 

Not only electrons but all other particles, charged or uncharged, show 
wave-like characteristics. Beams of slow neutrons from nuclear reactors 
are routinely used to investigate the atomic structure of solids. Figure 48-4 
shows a “neutron diffraction pattern’ for finely powdered lead. 

The evidence for the existence of matter waves with wavelengths given 
by Eq. 48-1 is strong indeed. Nevertheless, the evidence that matter is 


Neutrons per minute 
№ 
3 


19° 257 31° 37° 43° 49° 55*- 61*. 67° 


20, degrees 
Fig. 48-4 А diffraction pattern for powdered lead, using a monochromatic neutron beam 
from a nuclear reactor. The peaks represent “Bragg reflections” from the various atomic 
planes, 6 being the corresponding “Bragg angle.” 


composed of particles remains equally strong; see Fig. 10-10. Thus, for 
matter as for light, we must face up to the existence of a dual character; 
matter behaves in some circumstances like a particle and in others like a wave: 


48-2 Atomic Structure and Standing Waves 


_The motion of electrons in beams is not bounded or limited in the beam 
direction. We can make an analogy to a sound wave in в long gas-filled 
tube, a wave traveling down a long string, or an electromagnetic wave ina 
long waveguide. All four cases can be described by appropriate traveling: 
Waves and, significantly, waves of any wavelength (within a certain range) 
can be propagated. á 


Let these last three waves be bounded by imposing physical restrictions. р 


x the sound wave this corresponds to inserting end walls on a section” of 
the long gas-filled pipe, thus forming an acoustic resonant cavity (Section 


38-5). For the waves in the string it corresponds to removing а finite See 


tion of string and clamping it at each end, as a violin string (Bection 20-5). 
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'Fig.48-5 Showing how an electron wave can be 
adjusted in wavelength to fit an integral number of 
times around the circumference of a Воћг orbit of 
radius т. This concept, like the Bohr orbit concept, is ~ 
now regarded as oversimplified. 


For the electromagnetic wave it corresponds to inserting end caps on a finite 
length of waveguide, thus forming an electromagnetic resonant cavity 
(Section 38-6). 

Two important changes occur: (a) the motions are now represented by 
standing rather than traveling waves and (b) only certain. wavelengths (or-fre- 
quencies) can now exist. This quantization of the wavelength is a direct result 

` of bounding or limiting the wave, We expect that if electrons are limited in 
their motions by being localized in an atom that (а) the electron motion can 
be represented by a standing matter wave, and (b) the electron motion will 
become quantized, that is, its energy can take on only certain discrete values. 

De Broglie was able to derive the Bohr quantization condition for angular 
momentum by applying proper boundary conditions to matter waves in the 
hydrogen atom. Figure 48-5 Suggests an instantaneous "snapshot" of a 
standing matter wave associated with an orbit of radius r. The de Broglie 
wavelength (A = h/p) has been chosen so that the orbit of radius r contains 
an integral number n of the matter waves, or 


mom | п = 1,2,3 
X (h/p) ian elie 

This leads at once to GE 1 
BE а n= 1.2,3,..., 


2r: 
_ Which is the Bohr quantization condition for L. 
48-3 Wave Mechanics 


The idea that the stationary states in atoms correspond to standing matter 
Waves was taken up by Erwin Schrodinger in 1926 and used by him as the 
foundation of wave mechanics, one of several equivalent formulations of 
quantum physics. 

Ап important quantity in wave mechanics is the wave function ¥, which 
measures the “wave disturbance" of matter waves. For waves on strings 
the “wave disturbance” may be measured by a transverse displacement y; 
for sound waves it, may be measured by a pressure variation p; for electro _ 
magnetic waves it may be measured by the electric field vector E. 


— дь 
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We make the physical meaning of the wave disturbance V clear in Section 
48-4. Meanwhile, let us study the wave function V(z, t) for a simple, one- 
dimensional problem, that of the possible motions а particle of mass m con- 
fined between rigid walls of separation las in Fig. 48-6). The wave function 
ean be obtained by analogy with a known mechanical problem, that of the 
natural modes of vibration of a string of length J, clamped at each end as in 
Fig. 48-62. s 

Ín the vibrating string the boundary conditions require that nodes exist at 
each end. This means that the wavelength А must be chosen so that 


` 
195 п = 1,2,3; .:-, 


or that the wavelength Х is “quantized” by the requirement that 


2l E 
х=—= n= 1,2,8,...- 3 1 (48-3) 


n 
The wave disturbance for the string is represented by a standing wave 
whose equation was shown in Section 19-9 to be 
y= 2y, sin kz cos wt, 
where о (= 2v») is the angular frequency of the wave and k (= 27/3) is the 
wave number. Since A is quantized, Е must be also, or 


2 
RT 12515059. 05 
which leads to 
‚кт > 
y [2u n | cos wt n= ds 2,3, Picus Ё (48-4) 
! > 


Fig. 48-6 (а) A stretched string of length 7 
clamped between rigid supports. (5) А 
particle of mass m and velocity v confined to 
move between rigid walls a distance l apart. 


j ; جي‎ 


(b) 


О КУЕМ, ТИЛЛА ҮГӨ" 


_ WAVES AND PARTICLES 


q. 48-4 shows that no matter what value of n is selected 
. odes exist абс = 0 and at x = | 


› as required by the boundary conditions. 
Figure 48-7 shows plots of the quantity in the square brackets in this equa- 


: (th Standing wave) for the modes of vibration of the 
String Corresponding to n — 1, 2, and 3. 


icle confined between rigid walls. Since the walls 
are assumed to be perfectly rigid, the Particle cannot penetrate them so that 
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21 < 
aF 2 
Replacing ^ by h/p (see Eq. 48-1) leads to 
nh a 
Se 48-5) . 
Ps X 


which shows that the linear momentum of the particle is quantized. The. 
momentum p (= m») is related to the energy E (which is entirely kinetic 


and is equal to 3m?) by э. : х = 
p= v2mE. (48-6) 


Combining Eqs. 48-5 and 48-6 leads to the quantization condition for E, 
x Ё h? 3 
Еа RESEN E (48-7) 
Bm? ^ , c diea: 
The particle cannot have any energy, as we would expect classically, but 
only energies given by Eq. 48-7. ` 
The matter wave is described, in strict analogy with Eq. 48-4, by 


n x | 
v= |. sin 77 cos ot е Beane (48-8) 


Figure 48-7 can serve equally well to show how the amplitude of the standing 
matter waves for the states of motion corresponding ton = 1, 2, and 3 varies 
throughout the box. We see clearly in this problem how the act of localizing 
or bounding a particle leads to energy quantization. 


> Example 2. Consider an electron (m = 9.1 X 10~* kg) confined by electrical 
forces to move between two rigid “walls” separated by 1.0 X 10° meter, which is 
about five atomic diameters. Find the quantized energy values for the three lowest 
stationary states, Я f 


From Eq. 48-7, forn = 1, we have | aoe 

Маи (6.6 X 10-4 joule-sec)? 
"gag 7 UC i9 x 10-9 kg (1.0 X 10-* meter)? 
= 6.0 X 107? joule = 0.38 ev. AN 


Е = 


The energies for the next two states (n = 2 апа п = 8) аге 2? X 038 ev = L.5ev and 
9 X 038ev = 3.4 ev. х 4 


Example 3. Consider a grain of dust (m = 1.0 pgm = 1.0 X 107° kg) confined to 
prae between two rigid walls separated by 0.1 mm (— 10—* meter). Its speed is only : 
a meter/sec, so that it requires 100 sec to cross the gap. What quantum number 

escribes this motion? : * 

The energy is 


E (= К) = фт? = (10° kg 10-* O 
= 5 X 10-* joule. 


"= 1,2 and3. Note that for n 
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Solving Eq. 48-7 for n yields 
ч p 
n= М®тЕ} = (80107 kane X 10-8 joule) (xp ce) 


6 X 10-* joule-sec 
= 3 x 10". 
Even in these extreme conditions the quantized nature of the motion would never be 
apparent; we cannot distinguish experimentally between л = 3 X 10" and n = 3 


X 10* + 1. Classical physics, which fails completely for the problem of Example 2, 
works extremely well for this problem. 


48-4 Meaning of Y 


Max Born first suggested that the quantity V? at any.particular point is a 
measure of the probability that the particle will be near that point. More ex- 
actly, if a volume element dV is constructed at that point, the probability 
that the particle will be found in the volume element at a given instant is 
¥ dV. This interpretation of ¥ provides a statistical connection between 


Fig. 48-8 The “probability functions” 
for three states of motion of the parti- 
cle of Fig. 48-65, along with the corre- 
sponding quantized energies for the 
conditions of Example 2. The horizon- 
tal lines show the predictions of classi- 
cal mechanics, in which the probability 
function is constant for all positions of 
the particle. 


the wave and the associate 
be, not where it is. 


For the particle confined between rigid walls the probability that the par- 


ticle will lie between two planes that are distance z and x + dx from one wall 
(see Fig. 48-8) is given by 
, 


d particle; it tells us where the particle is likely to 


пт 
¥? dz = Yp? sin? Т х cos? ot dz. 


Since we are more interes 
behavior, we average W? 
to replacing cos? wt by i 


ted in the particle’s spatial location than in its time 
over one cycle of the motion. This is equivalent 
ts average value for one cycle, namely one-half, or 
S TE ея - 

Y= 2 eee ngog i (48-9) 
Figure 48-8 shows v? for the three stationary states corresponding to 
= 1 the particle is more likely to be near 
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the center than the ends. This is in sharp contradiction to the results of 
classical physics, according to which the particle has the same probability of 
being located anywhere between the walls, as shown by the horizontal line 
in Fig. 48-8. : 

The problem of a particle confined between rigid walls-has little real applica- 
tion in physics. We would prefer to illustrate the wave mechanics of Schró- 
dinger by applying it to a more experimentally realizable situation, such 
as the hydrogen atom. Only mathematical complexity prevents us from 
doing this. We state without proof that when this problem is solved by 
wave mechanics the motion of the electron in the.ground state of the atom, 
defined by putting n = 1 in Eq. 47-28, is described by the following wave 
function, i 


-E ; 
US as е7"! cos wt, (48-10) 
та : 
2 
Я Es he j E 
А тте? Ps Ia ы 


Putting n = 1 in Eq. 47-27 shows that a is the radius of the ground-state 
orbit in Bohr's theory. This special interpretation has little meaning in wave 
mechanics; ais taken here merely as à convenient unit of length when deal- 
ing with atomic problems, having the value 0.529 A. 


> Example4. Consider two hypothetical spherical shells centered on the nucleus 
of a hydrogen atom with radii r and r + dr. "What is the probability P(r) that. the 
electron will lie between these shells, as a function of 7? j 
Sid probability is V? dV, where dV is the volume between the shells, or 4z7* dr. 
us 


1 NA 
уду = (a gê cos wt ) Arr? dr) = P(r) dr. 
Ута? ) i х 
Averaging over the time (that is, replacing сов? at by 3) yields for the probability P(r) 
HD ADM з 
P(r) = Pu. dria. Ms 


: : : put: 
Figure 48-9 shows a plot of this function. Note that the most probable location for 
the electron corresponds to the first Bohr radius. Thus in-wave mechanics we do not 
Say that the electron in the n = 1 state in hydrogen goes around the nucleus in a 
circular orbit of 0.529 A radius but only that the electron is more likely to be found at 
this distance from the nucleus than at any other distance, either larger or smaller. 4 


al ai The probability function 
sis e ground state of the hydrogen 
"ee аз caleulated from wave me- 
is d 'The separation between 
| 8 ucleus and the electron is 7; @ 
n (0. x radius of the first Bohr orbit 
a 3 X10 meter), used here 
ely аз a convenient unit of dis- d 
tance. Ae rja 


P(r) 
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4-3 The Uncertainty Principle 


Ошу thow quantities that can be meas irod 1 
physics, И we could focus a “a sper” mien 


and see it moving around in an orbit, we w 
meaning However, we shall show that 
make much an obsereation—even with the r 


i 


conce vably be constructed. There fore, we de 


руса! meaning 

We observe the moon traveling around t 
that it reflecta in our direction. N »w light 
object from which it is reflected. In princ 
бш the course of the moon in its orbit, alt 
this disturbing effect is negligible 

For electrons the mtuation із quite di 
Ш "me" the electron only if we reflect ligh 


H 


ple, th 
ho ual 


ferent. He 


t, or ar 


this сае the recoil that the elec tron experien 
bounces from it completely alters the electron m 


be avoided or even corre ted for 

It is not surprising that the probability 
tailed information that we Сап hope to ot 
distribution of negative charge in the 
those envisaged by Bohr existed, t! 
attempts to verify their exist: noe. Under 
йау that it is the probability function, a 
physical reality 


woul 


nd : 


curve of Fig 


t 
ta 


fie. 46-10 An incident beam of electrons is diff 
Чагы diffraction pattern on men B. :fthea 
d wher 


tacted at the alit 


$e. 6-5 THE UNCERTAINTY PRINCIPLE m o — 
„t inability to deseribe the motions of electrons in в claaical way Aaii 1 

apis > ertointy principle, enunciated by Werner io 1027, 

To formulate thi» nnople, consider в beam of monoenengetie electrons sped m з 

gearing (roc leit to right in Fig. 48-10, Let us set ourselves the task of measuring 


i 


берй of ^ pa ticular electron in the vertical (y) direction and also ite 


аро! s, in thi» direction, Ш we succeed in carrying out these пенш!» 
ӨЙ unlimited accuracy ne can then claim to have established dhe position aud 
ee of the ele toon (or one component of it at least) with we 


Mull ме that i vs possible to make thee heo measurements simullancowsly 
fred accro; 

To measure y we block the beam with an absorbing sereen A in whieh puto elit 
МУНА dy. паь. «tron gets through the alit, its vertical position must 
te this aceeracy. Ry making the slit narrower, we сай improve the accuracy af 
иба) position iessurement as much as we wish, x ‚ . 


B 
Ж 


"Ж 


fee the electron м a wave, it will undergo diffraction at the slit, ands | 
graphic plate placed at B in Fig. 48-10 will reveal a typical diffraction 
aace of this diffraction pattern masha oic м 
My кишш! by the electrons emerging from the „ value 
werreponds to an clectron landing at the first minimum on the screen, 
palit a and described by a characteristic angle 0, We take ipa айа rou 
the uncertainty Ac, inc, for electrons emerging from 


Ge АТ + м LT 


К АС ей d 


the slit. > 
The frst minimum in the diffraction pattern is. n by Eq, 44-2, or PELIS 


M TS 


ors tema a 1 

чав, = Je PT dor 

E ue i INTE oe 

M we assume that 2, is small enough, we can write this equation as — у" ái 

To reach point o, cya (= An) must be such that E Leld mis 23 

An Y 

6,2: ^4 3 

Combining Eqs. 48-11 and 48-12 leads to “oe x5 i 
an AÀ, пет, 

PEER ж. са m Ts 

Which we rew rite as An, Ay тм». г h w^ > 


Now À, the wavelength of the electron beam, is iren by Ap cx omi ln e. 


d ч 
this into Eq 48-13 yields DIC 2M 


E (o3 е ч, 
мош RUE DU MET IC 
Werewrite this as Ap, Ау =h. d phe 9 qe 


In Eq. 45-14 Ap, (= mân) is the uncertainty in our kuow tele bes ve l г 
Momentum of the end у is the uncertainty in our these ы Жы 
Рол. The equation tells us that, since the rocher aicina: : 
Eon we cannot measure pyand y simultaneously with ч we want to подне аа 

We want to improve our measurement of y (that is, if wider diffraction 
run finer slit. However (see Eq. 48-11), this will Prose momenta OP gly 
pattern means that our knowledge of the vertical inerensed 
A has deteriorated, or, in other words, Ару : 
Eq. 48-14 predicts. ia 
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The limits on measurement imposed by Eq. 48-14 have nothing to do with the 
erudity of our measuring instruments. We are permitted to postulate the existence 
of the finest conceivable measuring equipment. Equation 48-14 represents a funda- 
mental limitation, imposed by nature. . 

Equation 48-14 is а derivation, for a special case, of a general principle known as 
the uncertainty principle. As applied to position and momentum measurements, it 
asserts that 


Ар. Ах >h 

Ap, Ay S h 

Ap, Аг > h. (48-15) 
Thus no component of the motion of an electron, free or bound, can be described with un- 


limited precision. 

Planck’s constant h probably appears nowhere that has more deep-seated signi- 
ficance than in Eq. 48-15. If this product had been zero instead of Л, the classical ideas 
about particles and orbits would be correct; it would then be possible to measure both 
momentum and position with unlimited precision. The fact that h appears means 
that the classical ideas are wrong; the magnitude of h tells us under what cireum- 
stances these classical ideas must be replaced by quantum ideas. Gamow * has 
speculated, in an interesting and readable fantasy, what our world would be like if the 
constant A were much larger than it is, so that nonclassical ideas would be apparent to 
our sense perceptions. 


۰ 


P Example 5. An electron has a speed of 300 meters/sec, accurate to 0.01%. With 
what fundamental accuracy canı we locate the position of this electron? 
` The electron momentum is 


p = mv = (9.1 X 107° kg)(300 meters/sec) = 2.7 X 10—°8 kg-m/sec. 
The uncertainty in momentum is given to be 0.01% of this, or 
‘Ap = (0.0001) 2.7 X 10-8 kg-m/sec) = 2.7 X 10-8 kg-m/sec. 
The minimum uncertainty in position, from Eq. 48-15, is 


È h _ 6.6 X 10~* joule-sec 
Ap 2.7 X 10-** kg-m/sec 
= 24 ош. 


* 


If the electron momentum has really been determined by measurement to have the 
accuracy stated, there is no hope whatever that its position can be known to any 
better accuracy than that stated, namely about Lin. The concept of the electron as а 
tiny dot is not very valid under these cireumstances. 


> Example 6. A bullet has a speed of 300 meters/sec, accurate to 0.01%. With 
what fundamental accuracy can we locate its position? Its massis 50 gm (= 0.05 kg). 
_ This example is the same as Example 5 in every respect save the mass of the particle 
involved: Thé momentum is 


p = mv = (0.05 kg)(300 meters/sec) = 15 kg-m/sec 
ана “Ар = (0.0001)(15 kg-m/sec) = 1.5 X 107? kg-m/sec. 
| Equation 48-15 yields 

m S 6.6 X 10—94 joule-sec 
1.5 X 10 kg-m/sec 
AES Mr: Tompkins in Wonderland, Macmillan, 1940. 


= 44 X 107?! meter. 
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L This is so far beyond the possibility of measure.nent (a nucleus is only about 107" 
“meter in diameter) that we can assert that for heavy objects like bullets the un- 
` certainty principle sets no limits whatever on our measuring procecures. Once again 

the correspondence principle shows us how quantum physics reduces to classical 
physics under the appropriate circumstances. 4 


— The uncertainty relation shows us why it is possible for both light апа matter to 
have a dual, wave-particle, nature. It is because these two views, во obviously op- 
posite to each other, can never be brought face to face in the same experimental 
situation. If we devise an experiment that forces the electron to reveal its wave 
| character strongly, its particle character will always be inherently fuzzy. If we 
modify the experiment to bring out the particle character more strongly, the wave 
character necessarily becomes fuzzy. Matter and light are like coins ‘that can be 
made to display either face at will but not both simultaneously. Niels Bohr first 
pointed out in his principle of complementarity how the ideas of wave and of particle 


QUESTIONS 


1. How can the wavelength of an electron be given by ^ = h/p when the very presence 
of the momentum р in this formula implies that the electron is & particle? 

2. How could Davisson and Germer be sure that the '*54-volt" peak of Fig. 48-2 was а 
first-order diffraction peak, that is, that m = 1 in Eq. 48-2? 

3. In а repetition of Thomson's experiment, for measuring e/m for the electron (see 
Section 33-8), a beam of 10*-ev electrons is collimated by passage through a slit of width 
0.50 mm. Why is the beam-like character of the emerging electrons not destroyed by 
diffraction of the electron wave at this slit? 

4. Why is the wave nature of matter not more apparent to our daily observations? 

„5. Apply the correspondence principle to the problem of а particle confined between 
rigid walls, showing that those features which seem “strange” (that is, the quantization of 
energy and the nonuniformity of the probability functions of Fig. 48-8) become undetect- 
able experimentally at large quantum numbers. 
ds E the T 1 mode, fora particle confined between rigid walls, what is the probability 

А е particle will be found in a small volume element at the surface of either wall? 

УА standing wave can be viewed as the superposition of two traveling waves. Can 
a apply this to the problem of a particle confined between rigid walls, giving an interpre- 

ation in terms of the motion of the electron? 5 

A m is the physical significance of the wave function ¥? 

15 d y does the concept of Bohr orbits violate the uncertainty principle? 

PES . How сап the predictions of wave mechanics be во exaet if the only information we 

i about the positions of the electrons is statistical? \ 
елм up some numerical examples to show the difficulty of getting the uncertainty 

12 Hi : en itself during experiments with an object whose mass is about 1 gm. 
E FRN i Shows that for n - 3 the probability function for a particle confined 
bee hs E is s is zero at two points between the walls. How can the particle ever 
ciple.) ese positions? (Hint: Consider the implications of the uncertainty prin- 


13. The uncertai inci ү с 
Eq. 48-15) nus ainty principle can be stated in terms of angular quantities (compare 


AL Ap > h B 
where Е : х z ; 
dE B the uncertainty in the angular momentum and Ap the uncertainty in the 
position. For electrons in atoms the angular momentum has definite quantized 


valu i i 
ies ee no uncertainty whatever. What can we conclude about the uncertainty in the 
position and about the validity of the orbit concept? 
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1. A bullet of mass 40 gm travels at 1000 metere/sec. (a) What wavelength сап we 
associate with it? (b) Why does the wave nature of the bullet not reveal itself through 
diffraction effects? z 

2. What wavelength do we associate with a beam of neutrons whose energy is 0,025 ev? 

3. An electron and a photon each have a wavelength of 2.0 A. What are their (а) 


average nucleus? (Hint: At these energies it is necessary to use the extreme relativistic 
relationship between momentum and energy, namely p = E/c. This is the same relation- 
ship used for light (Section 40-2) and is justified whenever the kinetic energy of a partiele 
is very much greater than its rest energy moc’, as in this case.) ` 

5. In the experiment of Davisson and Germer (а) at what angles would the second- and" 
third-order diffracted beams Corresponding to the strong maximum of Fig, 48-2 occur, 
provided they are present, and (б) at what angle would the first-order diff racted beam occur 
if the accelerating potential were changed from 54 to 60 volts? 


-Protons. Restrict the range of energy values to those in which classical mechanics applies 
reasonably well. A convenient criterion is that the maximum kinetic energy on each plot 


28.9; 
A P. =] — م‎ )- 
е (> x E i 1 


Does this yield expected values for (a) r= 0 and (û) 7 = =? (0) State clearly the difference 
Ш meaning between this expression and that, given on p. 1117. 


radius of the first Bohr orbit in hydrogen. What is the uncertainty in the linear mo- 


wavelength used; that is, the smallest detail that can be Separated is about equal te the 
wavelength. Suppose one wishes to “see” inside an atom. Assuming the atom to have a 


The Differential Form of Maxwell's 
Equations and the Electromagnetic. 
Wave Equation an 


SUPPLEMENTARY TOPIC V* 


V-1 Introduction 


In Chapter 39 we sought to make the existence of electromagnetie waves plausi- 
ble by showing that such waves are consistent with Maxwell's equations as 
expressed in Table 38-3. Here we seek to start from Maxwell’s equations and 
derive from them a differential equation whose solutions will describe electro- 
magnetic waves. We will show directly that the speed c of such waves is given by 


Eq. 39-15, orc = 1/V euo. : 

We followed a similar program in Supplementary Topie III for mechanical 
waves on a stretched string. Starting from Newton's laws of motion we derived 
a differential equation (Eq. III-1) whose solutions (Eq. III-2) described such 
waves. We showed further that the speed v of these waves is given by Eq. 11-3, 


oru = Е/р. 
In Table 38-3 we wrote Maxwell's equations аз 


eof E: dS = q, (V Des 
f B-dS = 0, | (V-2) 
f B-d = poli + eo dPz/d), (V-3)> < 
and S E- dl = —dbs/d. _ (V-4) 


*Supplementary Topics I to IV appear in Part I. 
" 3 
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"These equations are said to be written in integral form. The field variables E and 


B, which are usually the unknown quantities, appear in the integrands. Only in 
а few symmetric cases (see Sections 28-6 and 34-2, for example) can we “factor 
them out." In more general problems we cannot do so. 

The situation is somewhat analogous to computing the density p of a body if we 
know its mass m and volume r. In general these are related by the integral 
equation 

m = fpdr. 


Only if p is a constant over all parts of the volume сап we factor it out and write 
р = т/т. 

To carry out our program it is desirable to recast Maxwell's equations in the 
form of equalities that apply at each point in space rather than as integrals that 
apply to various regions of space. In other words, we wish to convert Maxwell's 
equations from the integral form of Eqs. V-1 to 4 into differential form. We will 
then be able to relate E and В at а point to the charge density and current density 
at that point. 


V-2 The Operator y 


To transform Maxwell's equations into differential form we must deepen our 
understanding of vector methods and, in particular, become familiar with the 
vector operator V. 

In Section 29-7 we saw how to obtain the components of the (vector) electro- 
static field E at any point from the (scalar) potential function V(z,y,z) by partial 
differentiation. Thus, 


дү av oV 
X x EINE FE нб 
z у! E, ay , and E, 3s 
во that the electrostatic field 


Р E = iE. +jE, + KE, 
can be written as 


ау av ov 
ee (ak dde که‎ V-5) 
(2 + +42) ( 


We can write Eq. V-5 in compact vector notation as 
Е = VY, 
- where V ("del") ıs в vector operator defined as * 


д a д 
= і ue cus -6 
v ia tie tky (V-6) 
This operator is useful in dealing with scalar and vector fields (see Sections 16-8 
and 18-7 for examples of such fields). Given any scalar field y we may form а 
vector field, called the gradient of V and written as grad V or VY, simply by apply- 
ing the operator V to y. Given a vector field U = U,i + U,j + О.к we may 
Apply the operator V to it in two different ways. One way is to take the dot 
product of V and U, yielding the scalar field called the divergence of U and written 


D 
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аз div Uor VU. The other way is to take the cross product of V and U, yielding 
the vector field called the curl of U and written curl U or V X U. These opera- 
tions may be summarized ав 


y 


TEE 
grad y m Vy EL ict 
div Û m v. U = 20 4 Us aus 

д ду СА 
curl U = Y XU =i 2. _ f) 
dy дг 
aU. 9UN | 
T4 д: 2) 
ðU, ðU: 
«(C x 


Note that grad ¥ and сип U are vectors, whereas div Uis a scalar. The student 
van gain some familiarity with these operations by the following exercises: (1) 
“rove that curl (grad ¥) = 0 and (2) prove that div (curl U) = 0. у 
Another frequently occuring operator is У? (“del squared"). It is simply 
V . У, or, as the student can show from Eq. V-86, ; 
а? ә. ә? 


3 = ү. = — 22. а, 
Te m VN а tas 


When we apply V? to a scalar field y, we obtain 
ay ду дф (V-10) 


VO oat Ка Гай 


For a vector field U, the operation V*U is defined as 


aU. , „U 
= s pratt | - 
wu nits +) (V-11) 


‚ дї, 
ду? her ez 


Ав an exercise the student can show that eurl (curl U) = —V?U - grad (div U). 


V-3 Maxwell's Equations in Differential Form—1 


In this section we show how to cast the first two of Maxwell’s equations (Eqs. 
V-1, 2) into differential form. Let us apply Eq. V-1 to a differential volume ele- 
ment shaped like a rectangular parallelepiped and containing в point P at (and 
near) which an electric field exists (see Fig. V-1a). Point P is located at 2, y, 2 in 
the reference frame of Fig. V-1b and the edges of the parallelepiped have lengths 
dz, dy, and dz. : 

We can write the surface area vector for the rear face of the parallelepiped as 
dS = —i dy йг. The minus sign enters because dS is defined to point in the 
direction of the outward normal, which is defined by —i. For the front face we - 
have dS = +i dy dz. : Е: 


. 
; - 
а » Piya) 
З —, 
: i Е w 
а Fig. V=) 
A * If the electric field at the rear face is E, that at the front face, which is a distance 


J de away from the rear face, is E + (0E/az) dz, the latter term representing the 
| фарде in E associated with the change dz in z, 
cM The fux through the entire surface of the parallelepiped is f£ E dS and the 
tontribution to this flux due to these two faces alone is 


E аан +(e + zu) “(Hi dy à) 


дЕ ә 
ё a pte С (-i) 
3 ae dy de (E i) dz dy dz — ( 


ду а 
From Eq. V-8 we may write this аз 
: $ E -dS = dz dy d: div E. (V-12) 
Now the right-hand side of Eq. V-1, which gives the charge enelosed by the 


4.7 fp dr and, in particular, for the differ- 
ential volume element at P, as den 


9 = p dz dy dz, (V-13) 


12 and 13 into 


lato differential form. 
element of rectangular shape 


T B: (Hida) 
+ (B+ Bee): ciem ` (front side) 
N a 
+(в+ в) (ian, 
where B is the magnetic induetion at P. 
Collecting terms we obtain 
анан СЕС TT 


= ew [ео -&a-»] | Ree | fu 


" 
à 


"eu (Fe - Se pena > 


Now in the right-hand side of Eq. V-3 ¢ is the current enclosed by the 


iho path and 27 
d®x/di is the change in electric flux through the enclosed surface. Hence, if | 
J is taken to represent the current density and dS(= k dz dy) the surface area 
vector, we can write we ? t 


ij: saus = dad, - “АМ (qan T 


ма - 
Dn وی‎ E wara ir 
PII усы 
4 ў ^ ж) aeg es ^X ү EY 
% eu X x 
x dard Re Ll 


E. 
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Substituting Eqs. V-16, 17, and 18 into Eq. V-3 and canceling the common factor 
dz dy, we get _ 
1 (өв, 3B, дЕ, : 
ol (saa ages da V-19 
ko ду Du E. 


We could have proceeded exactly as above if we had started with a rectangle 
parallel to the y-z plane or one parallel to the 2-2 plane. Each rectangle would 


have given us a different component of an arbitrarily oriented differentiel surface - 


at Р. Equation V-19 is obviously the component equation correspoading to 
Eq. V-3. If we multiply it by k and add to it the two similar vector equations, 
which may be obtained by cyclically permuting т, у, z and i, j, k, corresponding 
to the z-component and y-component equations, we obtain 


curl B = pol J + eo ӘЕ/9/), (V-20).. 


which is the third Maxwell equation in differential form. 
Similarly, starting with Eq. V-4, we may show that 


curl E = —óB/ót, (V-21) 


which is the fourth Maxwell equation in differential form. 

-- We have derived four differential equations (see V-22 to V-25 below) from the 
four integral equations (V-1 to V-4). It can be shown that the integral equations 
can be derived from the differential equations, that is, the two sets of equations 


V-5 The Wave Equation 


` We have now obtained from their integral form the four basic equations of 
electromagnetism, Maxwell's equations, in differential form. Corresponding to 
the integral equations, Eqs, V-1, 2, 3, and 4 respectively, we have 


eodiv E = р, (V-22) 

_div B = 0, (V-23) 

i Curl B = po( J + eo 0Е/00), (V-24) 
curl E = —3B/ðt, : (V-28) 


Which are four coupled partial differential equations. They apply at each point 
of space in an electromagnetic field. 

We will now derive the wave equation for electromagnetic waves in free space. 
In free space, the charge density p and the current density J are zero, so that the 
Maxwell equations there become 


б div E — 0, 
2 i div B = 0, 
3 ; curl E = — 9B/ót, 
and Z curl B = Hoeo 0E/ðt. i 


Let us take the curl of the equation for curl E; we obtain 
E Ё $ 


curl eur] E = — curl eH d curl B. 
j . 9t Ө A 
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t, from above, curl B = noco( E/O), so that 4 
VE 
curl curl E = — роєо э 9 (V-26) 


From the exercise in V-2, we know that curl curl E = —V*E + grad div E and 
from above that div E = 0. Thus, 


= D X 
curl curl E = — V^E. (V-27) . 
Combining Eqs. V-26 and V-27, we obtain finally 
І T 
VE = Loto A : (V-28a) 


"The student, proceeding as above, should be able to show that B satisfies the same _ 


equation, or 


m d 
VB = ше T7 700 (2285) 
- Equations V-28 are the equations of electromagnetic wave motion. Being vector 
equations, they are equivalent to six scalar equations, one for each component of 
E and of B. ^ і 
There are many solutions of Eqs. V-28, corresponding to different kinds of 
electromagnetic waves—plane, spherical, and cylindrical waves being three 
examples. Let us consider a solution in which two components of E and two of 
-B vanish, that is, in which 0 ) 


Е ЕТО ЕВЕ 


- Equations V-28 аге satsified for these assumptions. For the nonvanishing com- 
` ponents, E, and B,, Eqs. V-28 reduce to (see Eq. V-11) & 


aE, ôE, , OE, OR 
g га UD ae diens 
and ~ 
3B. oB, Ә*В 3B. 
912 + ay? 4 RES = поо 27 (V-29b) 


If we make the additional assumption that E, and B; are functions of x and t 
Only, the simplified wave equation that results, namely z 


0B, д?Е, OB, OB, 


= роє and = TR 
дл? коео p д ч 


0/2: дї? 


. similar to Eq. 111-1 for the vibrating string. 


-(V-299) 


A solution to these equations, as the student may verify by substitution, is - 


Э E, = Ensin (kz = ot) ` | (Y-300) 
pe В, = By sin (kz — ш). - (V-305) 


e= w/k = Ve а 
'hich. (see Eq. 39-15) gives the speed of electromagnetic waves in free space. 


Supplementary Problems 


. Chapter 26 


-— |. Two free point charges +q and --4 are a distance J apart. A third charge is so 

L placed that the entire system is in equilibrium. Find the location, magnitude, and 

"Sign of the third charge. 

— 2. If the balls of Fig. 26-7 are conducting, what happens to them after one is dis- 
charged? Find the new equilibrium separation. : 

3. Two identical conducting spheres, having charges of opposite sign, attract each. 
other with a force of 0.108 nt whén separated by 0.5 meter. The spheres are connected 

‘ bya conducting wire, which is then removed, and thereafter repel each other with a 

“force of 0.036 nt. What were the initial charges on the spheres? 

М 4. A particle of charge — and mass m moves in a circular orbit about afixed charge 

_ FQ. (а) Show that the “distance cubed = period squared" law, 


› 


T 


a 00 т? 
167 eom 


- "is satisfied. Note that the proportionality constant depends on the property (g/m) of 


the orbiting particle. (b) What is the corresponding situation when the force is gravi- 
3 tational rather than electrical? | 


5. An electron is projected with an initial speed of 3.24 X 10° meter/sec directly 
и ard а proton which is essentially at rest. If the electron is initially a very great 
nce from the proton, at what distance from the proton is its speed instantaneously 


К. equal to twice its initial value? (Hint: Use the work-energy theorem.) 


6. A “dipole” is formed from a rod of length 2a and two charges, +g and —q. Two 
; such dipoles are 


oriented as shown in Fig. 26-9, their centers being separated by the 


pam : ES [=] 


-4@——дФ+‹ =@@——Ф+ 


ы 


Fig. 26—9 
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. distance R. (a) Calculate the force exerted on the left dipole. (b) For R > a, shor 
that the nfügnitude of the force exerted on the left dipole is approximately given һу 
3p? 
22 reo Rt 


where p = 2qa is the “dipole moment." 
: Chapter 27 


l. A uniform vertieal field E is established in the space between two large parallel 
plates. In this field one suspends a small conducting sphere of mass m from a string ol 
length |. Find the period of this pendulum when the sphere is given a charge +91 
the lower plate is charged positively; is charged negatively. 

2. A charge q = 3.0 X 107 coul is 30 em from a small dipole along its perpendicular 
bisector. The magnitude of the force on the charge is 5.0 X 10-5 nt. Show ona 
diagram (a) the direction of the force on the charge, (b) the direction of the force on the 
dipole, and (c) determine the magnitude of the force on the dipole. 

3. A thin glass rod is bent into a semicircle of radius R. A charge +Q is uniformly 
distributed along the upper half and a charge —Q is uniformly distributed along tht 
lower half, as shown in Fig. 27-25. Find the electric field E at P, the center of the 
semicircle. "d 


++ 


$ 
X 


* n 
Fig. 27-25 Fig. 27-26 


4. A “semi-infinite” insulating rod (Fig. 27-26) carries a constant charge per unit { 
length of à. Show that the electric field at the point P makes an angle of 45? with the 1 
rod. - This result is independent of the distance R. 

5. Find the frequency of oscillation of an eleetrie dipole, of moment.p and rotational f 
inertia J, for small amplitudes of-oscillation about its equilibrium position in a uniform 
electric field of strength E. П 

6. Ап electric dipole of moment p is placed parallel to an electric field line along the 
y-axis in'a nonuniform electric field (Fig. 27-27). The magnitude of the field E varie 
uniformly along the y-direction as shown. (a) Show that the magnitude of the foret 
on the dipole is p GE/dy. (b) What is the direction of the force? 


-09 ө +5 
* TRA £ Р 
"д 
| +7@ @ -4 
Р Ke 2a ч 
Fig. 27-27 да ` 


Fig. 27-28 


26 One type of “electric quadrupole” is formed by four charges located at the vertices _ 
of а square of side 2a. Point P lies a distance R from the center of the quadrupole on ® 
line parallel to two of sides of the square as shown in Fig. 27-28, For R >> a, show that 


SUPPLEMENTARY PROBLEMS n 
the electric field at Р is approximately given by 


= 32097), 
Arco R* 


(Hint: Treat the quadrupole as two dipoles.) 


Chapter 28 


1. It is found experimentally that the electric field in a large region of the earth's 
atmosphere is directed vertically down. At an altitude of 300 meters the field is 60 
volts/meter and at an altitude of 200 meters it is 100 volts/metér. .Find the net 
amount of charge contained in a cube 100 meters on edge located between 200 and 


300 meters altitude. Neglect the curvature of the earth. 3 
2. Suppose that an electrie field in some region is found to have a constant direction 
but to be decreasing in strength in that direction. What do you conclude about the 


charge in the region? 


3. Two concentric conducting spherical shells have radii A; = 0.145 meter and 
Кз = 0.207 meter. The inner sphere bears a charge —6.00 X 10~*eoul. An electron 
escapes from the inner sphere with negligible speed. Assuming that the region between 
the spheres is a vacuum, compute the speed with which the electron strikes the outer 
sphere. 

4. (a) Two identical nonconducting spheres have radius r and are fixed with their 
centers a distance R > 2r apart. If each sphere has a total charge g uniformly dis= 
tributed on its surface, what is the magnitude of the electric force that either sphere 
exerts on the other? (b) Suppose instead that the spheres are conductors, the same 
total charge on each still being g. Will the electric force that either sphere exerts 
on the other in this case be greater than, less than, or equal to the force in case (a)? 
Explain. $ 

5. The spherical region а <r < b carries a charge per unit volume of p = A/r, 
where А is constant. At the center (r = 0) of the enclosed cavity is a point charge Q. 
What should the value of A be so that the electric field in the 
region a < r «' b has constant magnitude? 


6. ^ solid insulating sphere carries a uniform charge per unit yol- 
ume of p. Let r be the vector from the center of the sphere to a 
general point P within the sphere. (a) Show that the electric field 
at P is given by Е = pr/3e9. (b) A spherical “cavity” is removed 
from the above sphere, as shown in Fig. 28-25, .. Using superposition 
concepts show that the electric field at all points within the cavity Fig. 28-25 
is Е = pa/3e (uniform field), where a is the vector connecting the 
center of the sphere with the center of the cavity. Note that both these results are 
independent of the radii of the sphere and the cavity. 


Chapter 29 


1. What is the charge density on the surface of a conducting sphere of radius 0.15 
meter whose potential is 200 volts? р 1 


_2. Two identical conducting spheres of radius т = 0.15 meter are separated by a 
distance a = 10.0 meters. What is the charge on each sphere if the potential of one is 
+1500 volts and if the other is —1500 volts? 7 i REO LAT 

3. Two conducting spheres, one of radius 6.0 ст and the other of radius 12.0 cm, 
each have a charge of 3 X 107 coul-and are very far apart, If the spheres are con- 
nected by a conducting wire, find (a) the direction of motion and the magnitude of the 
Charge transferred and (b) the final charge on апа potential of each sphere. 
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4. In the rectangle shown in Fig. 29-29, the sides have lengths 5.0 ст and 15.0 ета, 
qı = —5.0 X 107*coul and 3: = +20 X 10-5 coul. (a) What is the electric potential 


F at corner B? Af corner A? (b) How much work is involved 

A is moving a third charge q3 = +3.0 x 19-6 coul from Bip А 

along a diagonal of the Tectangle? (c) In this Process, {в 

B 7 42 extemal work converted into electrostatic potential energy or 


5. Show that the potential energy of an assembly of four 
charges, each of charge q, in the configuration of a triangular pyramid, ag on an edge, _ 
is 8 X (02/40) /4ер. 


= 1. Show, using the fact that an electrostatic field is a conservative field, that one 
cannot create an electric field in which all the lines of force are straight parallel lines 
density (number per unit cross-sectional area) changes in a direction at right’ 
angles to the lines of force. 
8. Two line charges are parallel to the z-axis; one, of charge per unit length +2, isa 
- distance-a to the tight of this axis, and the Other, of charge per unit length —), isa _ 
distance a to the left of this axis (the lines and z-axis being in the same plane). Sketch 


9. A particle of (positive) charge & is assumed to have a fixed position at P- A 
Second particle of mass т and (negative) charge =q moves at constant speed in 8 
of radius rı, centered at Р. Derive an expression for the work W that must be 
done by an external agent on the serond Particle in order to increase the radius of the 
circle of motion, centered at Р, to ra. Express W in terms of quantities chosen from 
among т, ry r2, g, Q; and «o only, 


10. A particle of charge Q is kept in a fixed Position at a point P and a seeond particle 


8 Particle is then released and is repelled from the first one. Determine its 
û v Y At the instant it is a distance ra from Р. Let Q = 3.1 x 10-5 coul, m= 

= 20X10 kg r; = 9.0 X 10-4 meter, and 72 = 25 X 107* meter. 
HA Particle of mass m, charge 4 > 0, and initial kinetic energy K is projected 
(from “infinity”) toward a heavy nucleus of charge Q, assumed to have a fixed position 


m 
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in our reference frame. (а) If the "aim is perfect," how close to the center of the 
nucleus is the particle when it comes instantaneously to rest? (b) With a particular 
imperfect aim the particle's closest approach to the nucleus is twice the distance deter- 
mined in part (a). Determine the speed of the particle at this closest distance of 
approach 

12. The electric potential varies along the z-axis as shown in the graph of Fig. 29-30. 
For each of the intervals shown (ignore the behavior at the end points of the intervals) 
determine the z-component of the electric field and plot E, vs. z. 

13. A charge per unit length А is distributed uniformly along a straight-line segment 
of length L. (а) Determine:the electrostatic potential (chosen to be zero at infinity) at 
а point Р a distance y from*one end of the charged segment and in line with it (вее Fig. 
29-31). (b) Use the result of (a) to compute the component of the electric field inten- 
sity at P in the y-direction (along the line). (c) Determine the component of the elec- 
tric field intensity at P in a direction perpendicular to the straight line. 


3 А 
i | Я 
1, A 
Fig. 29—31 Fig. 29-32 ` 


14. On a thin rod of length L lying along the z-axis with one end at the origin (т = 0), 
ásin Fig. 29-32, there is distributed a charge per unit length given by à = kz, where k is 
а constant. (a) Taking the electrostatic potential at infinity to be zero, find V at the 
point P on the y-axis. (b) Determine the vertical component, E,, of the electric field 
intensity at Р from the result of part (а) and also by direct calculation. (с) Why 
ах Ez, the horizontal component of the electric field at P, be found using the result 
of part (a)? 


Chapter 30 


1. Show that the capacitance of two oppositely charged metal spheres of the same 
radius, when far apart, is one-half the capacitance of one isolated sphere. 

EZ Two metallie spheres, radii a and b, are connected by a thin wire. Their separa- 
tion is large compared with their dimensions. A charge © is put onto this system. 
(a) How much charge resides on each sphere? (b) Apply the definition of capacitance 
to show that the capacitance of this system. is C = 4те (a + b). Y 

3. N identical spherical drops of liquid are charged to the same potential V. One 
кїр is formed by combining these... Show that the potential of the large drop is 

ч. Charges 91, 92) 9з are placed on capacitors of capacitance C1, Cs, Сз respectively, 
arranged in series as shown in Fig. 30-28, Switch Sis then closed. What are the final 
5 91, 92", q3' on the capacitors? ji : d 

5. When switch 5 is thrown to the left in Fig. 30-29, the plates of the capacitor of 
capacitance C1 acquire a. potential difference Vo. Cz and Сз are initially uncharged. | 


` 
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The switch is now thrown to the right. What are the final charges di 


12, q3 оп the 
corresponding capacitors? 


Fig. 30-28 _ 


Fig. 30—29 


6. А geiger tube is made of two lo 
constant к between them. Negle 
- capacitance of this configuration. 
а radius b, and the length L> Б. 
7. A parallel plate capacitor has piates of area 0.12 m? апа a separation of 1.2 em. 
A battery charges the 
nected. A dielectric slab of thickness 0.4 c 


ng concentric metal cylinders with a gas of dielectric 
cting end effects, use Gauss’ law to calculate the 
The center rod has a radius а, the surrounding tube 


m and dielectric constant 4.8 is then placed 
of «o (a) find the capacitance before the slab 


determine the electric field strength in the 
) what is the electric field strength in the 


the slab in place what is the potential difference across the plates? 
(9) how much external work is involved in the process of inserting the slab? 


Chapter 31 


1. Asteady beam of alpha particles (9 = 2e) traveling with constant kinetic energy 
20 MeV carries а current 0.25 X 10-6 ampere. (a) If the beam is directed perpendieu- 
lar to a plane surface, how many alpha particles strike the surface in 3.0 sec? (b) At 
апу instant, how many alpha particles are there in a given 20-cm length of the beam? 


(c) Through what potential difference w as it 
necessary to accelerate each alpha particle 
from rest to bring it to an energy of 20 MeV? 

2. List similarities and differences between 
the flow of charge and the flow of a fluid; 


between the flow of charge and the conduction 
of heat. 


3. Explain why the momentum which соп- 
duction electrons transfer to the ions in 8 
metal conductor does not give rise to a result- 
ant force on the conductor. 


Fig. 31-10 


radii are a and b, the altitude is /, If the 
density is uniform across Any cross section, 


ths of 40 meters and a cross-sectional per 
i ; ; eS: А potential of 60 volts is applied across the terminal 
3 ро as connected Wires, г The resistances of the wires are 40 and 20 ohms respec- 

x Determine: (a) the resis tivities of the two wires: (b) the magnitude of the elec- 
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DE t 
: E. in each wire; (c) the current density in each wire; (d) the potential difference 
Бу applied to each conductor. X [ 
А 1250-watt radiant heater is constructed to operate at 115 volts. (a) What will 
“be the current іп the heater? (b) What is the resistance of the héating coil? (с) How 
many kilocalories are created in our hour by the heater? 
` 3. An iron wire (diameter 1 mm, length 10 cm) is placed in an evacuated chamber. 
Estimate the equilibrium temperature of the wire if it carries а current of 10 amp. 
` Assume that all heat transfer is by radiation and that the surface of the wire radiates 
. —gecording to Eq. 47-2. Take the temperature of the chamber.walls to be 27° C. List 
any additional assumptions that you use. у 


_ Chapter 32 з ^ : Ў ; 


__ 1. Two batteries having the same emf € but different internal resistances 7; and rz 
are connected in series to an external resistance Ж. Find the value of R that makes the 
- potential difference zero between the terminals of the first battery. 

2. The section of circuit AB (see Fig. 32-26) absorbs power P = 50.0 watts and a 
current i = 1.0 amp passes through it in the indicated direction. (а) What is the 
- potential difference between A and B? (Б) If the element С does not have internal 


i 


Ал REED 


(6, т) 
Fig. 32-26 { a 


› 


—.$. Two light bulbs, one of resistance № and the other of resistance r(< R), ате con- 
Ed (a) in parallel and (b) in series. Which bulb is brighter? 

ү; 4 N identical batteries of emf & and internal resistance r may be connected all in 
.. Series of all in parallel. Show that each arrangement will give the same current in an 
xternal resistor R if R = r, : 

Я Twelve resistors, each of resistance R ohms, form a cube (see Fig. 32-27). (а) 
@ Eas the resistance of ап edge. (b) Find Rac, the equivalent resistance of a face. 
c) Find 4c, the equivalent resistance of the body diagonal. 


j 


Y 
6 


Fig. 32-28 


interi П > 
oh E cnr Аы (resistors only) can atbount for the fact that there are 
к. 32-28) — y pair of the terminals on a box with N terminals? 


~~ 


wn in Fig. 32-29. The volt- 
3.62 ohms; in method (a) the 


1 * ts, whereas in method (b) the 
| Smmeter reads 0.356 amp and the voltmeter 23.7 volts. Compute №, and Re. 


Ra Ra c 


g › (a) what will the potential difference be 20 sec after £ = 0? 
the time constant of the circuit? 


itor with capacitance ( = 1.0 uf and initial 

ема ed t а resistance R = 1.0 X 105 ohms. (a) What is the initial charge 

_ 9h the capacitor? (Б) What is the current through the resistor when the discharge 

_ Starts? (с) Determine Ve, the voltage across the capacitor, and V, the voltage across 

the 4 Дел function of time. (d) Express the rate of joule heating іп the.resistor 
time, : 


Stored energy Uo = 0.5 joule 


rrents through each resistor. 
fA drop Vs across Rs from t = Otot = =. 
D sof Vo at í =0andt = =? (d) Give the physical 
` meaning of "4 = a” and state a rough, but, Significant, numerical lower bound, in 
«Seconds, for “¢ = o” in this саве, > 


Chapter 33 Т 
L Particles 1, 2, and 3 follow the pati 


hs shown in Fig. 33-25 as they pass through the 
XX Ea x 


x x Magnetic field there. What can one conclude about 
each particle? 


2. (a) What speed would a proton need to circle 
the earth at the equator, if the earth's magnetic 
field is everywhere horizontal there and directed 
along longitudinal lines, Take the magnitude of the 
earth's magnetic field to be 0.41 x 104 weber/meter* 
Y at the equator, (b) Draw the velocity and magnetic 
induction vectors corresponding to this situation. 


_3. An electron is accelerated through a potential 
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; with a voltage difference of 100 volts between them. 
Fig. 33-25 — — entree rts moving perpendicular to the 
®, = УС, electric ‘een the plates, what magnetic field 
P ety Perpendicular to both the electron path stri > 
electron travels in a straight line? ron path and uod electric field во that the 
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4. A positive point charge Q travels in a straight line with constant speed through an 
evacuated region in which there is a uniform electric field E and a uniform magnetic 
field B. (a) If E is directed vertically up and the charge travels horizontally from north 
to south with speed v, determine the least value of the magnitude of B and the cor- 

— responding direction of B. (b) Explain why B is not uniquely determined when E and 
у alone are given. (c) Suppose the charge is a proton which enters the region after 
having been accelerated through a potential difference of 3.10 X 105 volts. If E = 
1.90 X 10* volt/meter, compute the value of B in part (а). (4) If in part (c) the elec- 
tric field E is turned off, determine the radius r of the сігеје in which the proton now 

, moves. 


5. A certain galvanometer has а resistance of 75.3 ohms; its needle experiences a full- 
scale deflection when a current 1.62 X 1073 amp passes through its coil. (a) Determine 
the value of the auxiliary resistance required to convert the galvanometer into a volt- 
meter that reads 1.000 volt at full-scale deflection. How is it to be connected? (b) 
Determine the value of the auxiliary resistance required to convert the galyanometer into 
an ammeter that reads 0.0500 amp at full-scale deflection. How is it to be connected? 

6. In а Hall effect experiment a current of 3.0 amp lengthwise in a conductor 1.0 cm 
wide, 4.0 em long, and 107? em thick produced a transverse Hall voltage (across the 

- Width) of 1.0 X 10-5 volt when a magnetic field of 1.5 weber/meter? passed perpendicu- 
larly through the thin conductor. From these data, find (a) the drift velocity of the 
carriers and (b) the number of carriers per cubic centimeter. (c) Show on a 
diagram the polarity of the Hall voltage with a given current and magnetic field direc- 
Чоп, assuming the charge carriers are (negative) electrons. 

1. (а) What is the cyclotron frequency of an electron with an energy of 100 ev in the 
earth's magnetic field of 1.0 X 107* webers/meters*? (b) What is the radius of curva- - 
ture of the path of this electron if its velocity is perpendicular to the magnetic field? 


Г E Chapter 34 


A. Eight wires cut the page perpendicularly at the points shown in Fig. 34-32. A 
wire labeled with the integer k (k = 1,2, . . . 8) bears the current kis. For those with 
_ 9dd k, the current flows up out of the page; for - 2 
n: Ev With even k it flows down into the page. 
~ Аа SB: di along the closed path shown in 
SEVA: the direction indicated by the single arrowhead. 

aa Two long straight wires pass near one another 
3 ‘St right angles. If the wires are free to move, 
| БЛ ай se : вароне when сиггепёв „аге sent 
Boro a Fig. 34-25, that, the currents are all 
magnitu, ction. Ў What ів the force per meter 
2 аш, ude and direction) оп any one wire? Inthe i 
E de us сазе of parallel motion of charged parti- Fig. 34-32 - 

Y ^ plasma this is known аз the pinch effect. ` 
a А long straight conductor has a circular cross section of radius Ё and carries а 
current 7, Inside the conductor there is a cylindrical hole 
of radius a whose axis is parallel to the conductor axis at 
a distance b from it. Use superposition ideas, and obtain 
ап expression for the magnetic induction В inside the hole, 
5. A straight conductor is‘split into identical semicircular 
turns as shown in Fig. 34-33. What is the magnetic field 
at the center С of the circular loop so-formed? 
in a straight wire of length L in the direction shown in Fig. 
е Biot-Savart law, determine the resulting magnetic induc- 


26. (a) A current i flows 
Starting from th 
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tion (Bp, Bo, Br, Bs, respectively-direction and magnitude in each case) at each of the 
four points Р, 0, Е, S (all coplanar with the wire). (b) Using the results of part (a), 
compute the maggetic induction В (magnitude and direction) resulting at the point Т 


1 <— a—><— а —> 


«— — 24 ————»- 


(6) 


Fig. 34-34 


- ‘from the current flowing as indicated in the six-sided rectilinear closed loop shown in 

. Fig. 34-34». (Everything drawn is meant to lie in the same plane and all angles are 
90) . 

т. Use the Biot-Savort law to-calculate the magnetie induction B at C, the common 
center of the semicircular ares А D and HJ, of radii Ry and Ry respectively, forming 
part of the circuit A D/H carrying current i, as shown in Fig. 34-35. 


Fig. 34-35 Fig. 34-36 


8. Compute the magnetic induction B at C, the common center of the circular ares 
of the circuit carrying Current ї, the ares cutting a sector of angle 6, as shown in Fig. 
34-36. ES 

9. (a) A long wire is bent into the shape shown in Fig. 34-37, without cross-contact 
at P. Determine the magnitude and direction 
of B-at the center C of the circular portion when 
the current 7 flows as indicated. (b) The cireu- 
lar part of the wire is rotated without distortion 
about its (dashed) diameter perpendicular to 
Fig. 34—37 _ г the straight portion of the wire. The magnetic 
A E i moment associated with the circular loop 1$ 


, now in the direction of the current in the straight part of the wire. Determine B at 
~ Cin this case, i 
; 


Chapter 35 


_1. Show that emf has the same dimensions as time rate of change of magnetic flux. 
2. In Fig. 35-39, 1 = 2.0 meters and v = 50 cm/sec B is the earth’s magnetic field, 
directed perpendicularly out of the page and having à magnitude 6.0 X 10-9 webers/n? 
at that place. The resistance of the circuit А DEB, assumed constant (explain how 
thi Mel be achieved approximately), i$ R = L2 X 10-5 ohms. (a) What is the emf 


$ 


# 
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induced in the circuit? (b) What is the electric field strength in the wire АВ? (с) 
What force does each electron in the wire experierice due to the motion of the wire in 
the magnetic field? (d) What is the magnitude and direction of the current in the wire? . 
(e) What force must an external agency exert in order to keep the wire moving with this - 
constant velocity? (f) Compute the rate at which the external agency is doing work. 
(g) Compute the rate at which electrical energy is being converted into heat energy. 


- 


Fig. 35-39 — Fig. 35-40. 
M VIA | - 
3. Figure 35-40 shows two loops of wire having the same axis. The smaller loop is 
above the larger one, a distance г which is large compared to the radius 7? of the larger 
loop. Hence, with current i flowing as indicated in the larger loop, the consequent 
magnetic induction is nearly constant throughout the plane area xr* bounded by the 
smaller loop. Suppose now that z is not constant but is changing at the constant rate 
dz/di — v. (а) Determine the magnetic flux across the area bounded by the smaller 
loop as а function of z. (b) Compute the emf generated in the smaller loop at the 
instant when z = NR. (с) Determine the direction of the induced current flowing in 
the smaller loop if » > 0; T RES А à с ee 
4. A closed loop of wire consists of a pair of equal semicircles, radius 3.70 em, lying 
in mutually perpendicular planes. ‘The loop was formed by folding a circular loop 
along a diameter until the two halves beeame perpendicular. А uniform magnetic 
field B of magnitude 760 gauss is directed perpendicular to the fold diameter and makes 
equal angles (45°) with the planes of the semicireles as shown in Fig. 35-414, (а) The.» = 
Magnetic field is reduced at a uniform rate to zero during a time interval 4.50 X 107* 
Sec. Determine the magnitude of the induced emf and the sense of the induced current 
in the loop during this interval. (b) How Would the answers change if B is directed as 
shown in Fig. 35-41b, perpendicular to the direction first given for it but still per- 


Pendicular to the "fold-diameter?" WAR s y A 
K B 
(а) (b) HS 
Fig, 35-41 Fig. 35-42 


„3 A loop of wire of aren А is connected to a resistance BR. The loopis ides toa 
time varying B field (see Fig. 35-42). (a) Derive an expression for the net charge - 
3 М П 
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transferred through the resistor between ¢ = {у апа! = ta. Show that your answer is 
—— proportional-to the difference Фр (їз) — p(t), and is otherwise independent of the 


-manner in which B ischanging. (b) Suppose the change in flux, p(t) — g(t) ів sero. 


Does it then follow that no joule-heating occurred dur- 
ing this time interval? 
y — 6. An electromagnetic “eddy current” brake consista 
1 of a disk of conductivity с and thickness ¢ rotating 
x about an axis through its center with a magnetic field 
B applied perpendicular to the plane of the disk over a 
Fig. 3543 ^ small area a? (see Fig. 35-43). If the area а? is at a 
$ distance т from the axis, find an approximate expression 
` for the torque tending to slow down the disk at the instant its angular velocity equals w. 


` 


ез Chapter 36 
1. Two equal solenoids (inductance L) are wired in series. (a) If they are far apart, 
show that the equivalent inductance is 2L. (b) If they are “close wound,” show that 
the equivalent inductance is either zero or 4L depending on the direction of the windings. 
(Hint: They form a single solenoid.) 
2. In the circuit shown in Fig. 36-8, & = 10 volts, Ry = 5.0 ohms, Rz = 10 ohms, 
- and L = 5.0 henries. For the two separate conditions (I) switch S just closed and 
(II) switch S closed for a very long time, calculate (a) the current 7; through Ry, 
_ (6) the current L; through Rz, (с) the current i through the switch, (d) the voltage 
across Rs, (e) the voltage across L, and (f) dis/dt. 


S 


Fig. 36-8 x Fig. 36-9 


3. In Fig. 36-9, & = 100 volts, Р. = 100, Ёз = 209, Rs = 300 and L 72h. 
Find the value of i; and i; (a) immediately after S is closed; (b) a long time later; (c) 
immediately after S is opened again; (d) а long time later. 

4. A coaxial cable (inner radius a, outer radius b) is used ав a transmission line 
between a battery & and a resistor R., The cable acts as both a capacitor and ап 
inductor. If the stored electric and magnetic energies are equal, show that R must be 


АВИТ. b 
R i lom In () ohms. 


(The quantity 377 ohms is sometimes called the impedance of free space.) 

5. Each item (a) coulomb-ohm-meter/weber, (b) volt-second, (c) coulomb-am pere/ 
farad, @ kilogram-volt-meter?/(henry-ampere)?, (е) (henry/farad) is equal to one 
of the items in the following list: meter, second; kilogram, dimensionless number, 
050508 ае volt, ohm, watt, coulomb, ampere, weber, henry, farad. Give the 


his eh dee ee. 
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hapter 37 


kT/2? 


esence of a uniform magnetic field B directed normal to the plane of 
M motion. The electric force has precisely N times the magnitude of 
* magnetic force on the electron. (а) Determine the two possible 
hgular speeds of the electron's motion. (b) Evaluate these speeds 
cally if B = 4.27 X 10° gauss and N = 100. — 

А simple bar magnet is suspended by a string as shown in Fig. 
If & uniform magnetic field B directed parallel to the ceiling 
en established, show the resulting orientation of string and magnet, 
An iron magnet containing iron of relative permeability 5000 
ux path 1.0 meter long in the iron and an air gap 0.01 meter long — 
with cross-sectional areas of 0.02 meter.* What current is neces- 


webers/meter*? I 


Chapter 38 


ical analogy of this problem. 


Fig, 38-13 


peat using SB dS = 0, 


Fig. 3—15 


Fig. 38—14 


and efcbe share the common ейде bc as shown in Fig. 38-15. ` 


„ A total charge q is distributed uniformly on a dieleetric ring of radius т. 
js rotated about an axis perpendieular to its plane and through its center at an 
ar speed о, find the magnitude and direction of its resulting magnetic moment. 
(a) What is the magnetic moment due to the orbital motion of an electron in an 
when the orbital angular momentum is one quantum unit (= A = 1.05 X 10^?* 
The intrinsic spin magnetic moment of an electron is 0.928 X 10722 

1 What is the difference in the magnetic potential energy U between the 
in which the magnetic moment is aligned with and aligned in the opposite direc- * 
yn to an external magnetic field of 1.2 weber/meter?? (с) What absolute temperature 
d be required so that the energy difference in (b) would equal the mean thermal 


|. An electron travels in a circular orbit about a» fixéd positive point charge i in the 


in а 500 turn coil wrapped around the iron to give a flux density in the air Bap of 


‚ Initially the 900 pf capacitor is charged to 100 volts, and the 100 uf capacitor is 
Charged in Fig. 35-13. (a) Describe in detail how one may charge the 100 uf capaei- 
| tor to 300 volts using Sı and Sz appropriately. 
(b) Describe in detail the mass 4- spring mechan- 


2. A self-consistency property of two of the Maz- _ 
well equations. ‘Two adjacent parallelepipeds share 
а common face as shown in Fig. 38-14. (a) We 
may apply «of E* d$ = gto each of the two closed . 
E surfaces separately. Show that, from this alone, 

follows that «SE - ds = q is automatically satisfied for the composite closed surface. 


Self-consistency property of two of ihe Maxwell equations. Two кооп sie 
Е = ~d6,/dt to each of these closed р paren Show that from 


_ 
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this alone, FE -dl = —dbg/dt is automatically satisfied for the composite closed path 
RNC L^ $ d& 
abefeda. (b) Repeat using — £B-dl = i + <o c3 
uo 
4. Using the definitions of flux, volume charge density p, and current density j, write 


the four Maxwell equations in such a manner that all the fluxes, currents, and charges 
appear as volume or surface integrals. 


Chapter 39 


1. A coaxial cable is made of a center wire of radius a surrounded by a thin metal 
tube of radius b. The substance between the conductors is air. (a) Find the capaci- 
tance per unit length of this coaxial cable (Hint: Imagine equal but opposite charges to 
be on the wire and the tube). (b) Find the inductance per unit length of this coaxial 
cable (Hint: Imagine a current i flowing down the center wire and back along the tube.) 


2. Starting with Eqs. 39-10 and 39-13, show that E satisfies the “wave equation" 


" er 9?Е 
dio Ê 
Does B also satisfy the wave equation ? . 


3. Show that (a) through (d) below satisfy Eqs. 39-10 and 39-13. In each of these, 
A is a constant. (a) E = Ac(z — ct), B = A(z — ct). (b) E = Ac(r + ct), B= 
ТАС od). (c) E = Ape, B = Ace). (d) E до Ga + c) В = 
—А In (т + ct). (е) Generalize these examples to show that E = Acf(z = d), 
B = Af(z — ct) is a solution Where f is any function of (х — ci). What is the corre _ 
sponding situation for functions of @+ct)? i 


4. Consider the possibility of *standi ng Waves": 


| 

4 

/ 

x j 
: E 
` 


Е = Е, (віп) (sin kz) 

В = В„(соз wt) (cos kx) | 

(a)-Show that these satisfy Eqs. 39-10 and 39-13 if Ey, is suitably related to Bm ando — 

suitably related to k. What are these relationships? (b) Find the (instantaneous) 

Poynting vector. (e) Show that the time average power flow across any area is zero: 

(d) Deseribe the flow of energy in this problem. 

5. An airplane flying at a distance of 10 km from a radio transmitter receives a signal 1 

- of power 10.0 microwatis/meter?. Calculate (a) the (average) electric field at the all i 

plane due to this signal; (b) the (average) magnetic fisld at the airplane; (c) the total 3 
power radiated by the transmitter, assuming the transmitter to radiate isotropically 

and the earth to be a perfect absorber, 

6. A coaxial cable (inner radius a, 

between a battery $ and a resistor R, 


1 
| 


outer radius b) is used as a transmission pe Г 
as shown in Fig. 39-18. (a) Calculate E, B fo! 
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a <r «b. (b) Calculate the Poynting vector S for a <r < b. (c) By suitably 
integrating the Poynting vector, show that the total power flowing across the annular 
` eross section a <r < bis &?/R. Is this reasonable? (0) Show that the direction of S 
is always from the battery to the resistor, no matter which way the battery is connected. 

7. A long hollow cylinder (radius R, length 1) carries a uniform charge per unit area 


Д а او کف و‎ в. 


= Of eon its surface, An externally applied torque causes the cylinder to rotate at con- 

[ stant acceleration w(t) = at. (a) Find B within the cylinder (treat it as a solenoid). 
(b) Find E at the inner surface of the cylinder. (c) Find S at the inher surface of the 

cylinder. (d) Show that the'flux of S entering the interior volume of the cylinder is 

d y ex а 

© equal to É E 2 (Compare with Problem 18 ) 

E dt \ 2ш + 

q 


Chapter 40 


1, A plane electromagnetic wave, with wavelength 3.0 meters, travels in free space 

- inthe 4-z-direction with its electric vector E, of amplitude 300 volts/meter, directed 

along the y-axis. (a) What is the frequency » of the wave? (b) What is the direction 

and amplitude of the B field associated with the wave? (c) If E = Em sin (kz — ot), 

— What are the values of k and w for this wave? (d) What is the time averaged rate of 

vaergy flow per unit area associated with this wave? -(e) If the wave fell upon а per- 

fectly absorbing sheet of area A, what momentum would be delivered to the sheet per 
| Second and what is the radiation pressure exerted on the sheet? ў 

— 2. Show that «Е X B has the dimensions of momentum/volume. (The vector 

«E X B may be used to compute the momentum stored in the fields in the same man- 


_ Mer that the scalar 5 «Ез + az В? may be used to compute the energy stored in the 
fields.) ost x 
3. A particle in the solar system is under the combined influence of the sun’s gravi- 
tational attraction and the radiation force due to the sun's rays. Assume that the 
Particle is в sphere of density 1.0 gm/em? and that all of the incident light is absorbed. 
(e) Show that all particles with radius less than some critical radius, Ro, will be blown 
out of the solar system. (b) Calculate Ro: (с) Does Ro depend on the distance from 
earth to the sun? (See the appendices for the necessary constants.) 


Chapter 41 


‚1. When an electron moves through a medium at a speed exceeding the speed of 
light in that medium, it radiates electromagnetic energy (the Cerenkov effect, see Bec- 
_ tion 20-7). What minimum speed must an electron have in a liquid of refractive index 
164 іп order to radiate? : : 
: 2. Assume 


only, from the value one at the edge of the atmosphere to some larger value at the 


cdd the earth. (a) Neglecting the earth’s curvature, show that the apparent 
MP a а star from. the zenith direction is independent of how the refractive index of 
ei ‘osphere varies with altitude and depends only on the value of n at the earth's 
-  HACS. ^ (Hint: Compare a uniform atmosphere with one consisting of layers of 
Ў E refractive index.) (b) How does the earth’s curvature affect the analysis? 
to. A point source is 80 cm below the surface of a body of water. Find the diameter 
^em circle at the surface through which light can emerge from the water. 
CU сон 20 bey above the bottom of a swimming pool and 0.5 meters 
Eau: sain ара Бе кш at 45°. What is the length of the shadow of the 
"m A given monochromatic ligh initially in air, stri ° pri 
Ke a r ight ray, initially in air, strikes the 90° prism at P 
k: ШҮН e. and is refracted there and at Q to such an extent that Rion grazes ag 
* m Prism surface aftor it emerges into air at Q. (а) Determine the index of 


that the index of refraction of the earth's atmosphere varies, with eltitude 


E 
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Fig. 41-24 у Fig. 41-25 


_ refraction, relative to air, of the prism for this wavelength in terms of the angle of 
incidence 0; which gives rise to this situation. (b) Give a numerical upper bound for 
the index of refraction of the prism. (с) Show; by Я ray diagram, what happens if the 
angle of incidence at P is slightly greater than 01, is slightly less than £1. 

6. Two perpendicular mirrors form the sides of a vessel filled with water, as shown in 


Fig.41-25. A light ray is incident from above, normal to the water surf 
that the emerging ray is parallel to the incident ray. Assume that th 


(a) Show 
two reflee= 


tions at the mirror surfaces. (6) Repeat the analysis for the case of oblique incidence, 
the ray lying in the plane of the figure. (c) Using three mirrors, state and prove the 
three-dimensional analog to this problem. 


Chapter 42 г: 


ГА 


1. How many images of himself can an observer see in а room whose ceiling and two 


adjacent walls are mirrors? Explain. 


2. A thin flat plate of glass is a distance b from a convex mirror. А point source of 
` light S is placed a distance a in front of the plate (see Fig. 42-33) so that its image in the 


partially reflecting plate coincides with its image in the 
mirror. If b = 7.5 cm and the focal length of the mirror 18 
f = —30 em, find a and draw the ray diagram. 

3. (а) A simple magnifier (a converging lens) is used 
directly in front of the eye to examine an object. Draw & 
ray diagram showing the final image on the retina of the eye. 

^(b) The smallest distance at which a normal eye can focus 


Fig. 42-33 upon an object is 25 em. Use this result with your ray dia- 


gram to prove that the (angular) magnification of & simple 


Ў Magnifier is 25/f + 1, where f is the focal length of the magnifier lens. 


4. Two thin lens, one having f = +12.0 cm and the other f = —10.0 cm, are separ 
rated by 7.0 ст. А small object is placed 43.5 cm from the center of the lens system on 
the principal axis first on one side and next on the other side. . Find the location of the 
final image in each case. 

5. Show that a thin converging lens of focal length f followed by a thin diverging lens 
of focal length --f will bring parallel light to a focus beyond the second lens provided 


that the separation of the lenses L satisfies0 < L < f. (b) Does 
this property change if the lenses are interchanged? (c) What 
happens when L 5.0? .— : 

6. A concave and a convex lens are cut out of a plane parallel 
block of-ziass as shown in Fig. 42-34. — Discuss the geometry of & 
t eam of parallel rays incident (а) on the concave lens and (b) on 
the convex lens as the distance between lenses is increased from 
contact to a large separation. У 2 


5.1. An object is placed 1.0 meter in front of a convergent lens, of 
57 focal length 0.5 meter, which is 2.0 meters in f. 


mirror. 


ront of a plane 


(a) Where is the final image, measured from the lens, fig. 42-34 
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that would be seen by an eye looking toward the mirror through thelens? (b) Is the 


` findl image real or virtual? (с) Is the final image erect or inverted? (d) What is the 
~ Jateral magnification? р 


Chapter 43 


1, In a double-slit arrangement the distance between slits is 5.0 mm and the slits аге 


1.0 meter from the screen. Two interference patterns can be seen on the screen, ene 
due to light of 4800 A and the other 6000 А. What is the separation on the screen 
between the third-order interference fringes of the two different patterns? 

2. In Young's interference experiment in a large ripple tank (see Fig. 43-4) the 
coherent vibrating sources are placed 12.0 em apart. The distance between maxima 
2.0 meters away is 18.0 cm. If the speed of ripples is 25.0 cm /sec, find the frequency 
of the vibrators. 7 : 

3. One slit of a double-slit arrangement is covered by a thin glass plate of refractive 
index 1.4, and the other by a thin glass plate of refractive index 1.7. The point on the 
screen where the central maximum fell before the glass plates were inserted is now oceu- 
pied by what had been the fifth bright fringe before. "Assume X = 4800 A and that the 
plates have the same thickness ¢ and find the value of t. з ; 


4. In Fig. 43-25, the source emits monochromatic light of wavelength A. 8 is a very ` 


narrow slit in an otherwise opaque screen I, A plane mirror, whose surface includes 
the axis of the lens shown, is located a distance A below S. - Screen ЇЇ is at the focal 
plane of the lens. (a) Find the condition for maxima and minima brightness of fringes 


Fig. 43-25 


on screen JI in terms of the usual angle 6, the wavelength A, and the distance h. (b) Do 
fringes appear only in region А (above the axis of the lens), only in region B (below the 
axis of the lens), or in both regions A and В? Explain. (Hint: Consider the image of 
S formed by the mirror.) Є 

5. Let fit) = Aisin (ot + 43) and fal) = Аз віп (ot + ¢2). Suppose we want to 
calculate the time average of their product: | 


1 fT 2r 
7 Јал T= = 


Res а problem might arise if f; represents a current and fs a voltage; f1/s would then 
the instantaneous power.) Show that this average is equal to one-half the dot 
Product of the corresponding phasors, 

6. Consider the problem of determining the sum 


Aisin (wt + фу) + Assin (et + $3) +--+ < + Ay sin (ы + $n) 
from the phasor diagram. К 
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(а) Show that the sum may always be written in the form 1 


B sin ot + C cos wt, 


(b) Show that B? FCF < (4, 43 4- -.. F An). 
(c) When does the equality sign in (b) hold? 
7. À thin film of acetone (refractive index 1.25) is floated on a tk 
^ (refractive index 1.50). Plane light waves of variable Wavelength are incident normal 
to the film. When one views the reflected wave it is noted that complete destructive 
interference occurs at 6000 A and constructive interference ai 7000 A. Calculate the 
thickness of the acetone film. : è 
8. We wish to coat a flat piece of glass (n = 
(n = 1.25) so that light of wavelength 6000 A (in 
reflected. How can this be done? 
9. Light of wavelength 6300 A is incident normally on a thin wedge-shaped film of 
- index of refraction 1.5. There are ten bright and nine dark fringes over the length of. 
film. By how much does the film thickness ehange over this length? 
10. An oil drop (n. — 1.20) floats on а water (n = 1.33) surface and is observed from 
above by reflected light (see Fig. 43-26). (a) Will the outer (thinnest) regions of the 
drop correspond to a bright or a dark region? (b) Approximately how thick is the oil 


Observer A 


j Water 
^ | Fig. 43-26 


мек glass plate 


1,50) with a transparent material 
vacuum) incident normally is not 


film where one observes the third blue region from the outside of the drop? (c) Why do 
the colors gradually disappear as the oil thickness becomes larger? 


Chapter 44 


1. It сап be shown that, except for 0 = 0, a circular obstacle produces the same 
diffraction pattern as a circular hole of the same diameter. Furthermore, if there are 
many such obstacles located tandomly, then the interference effects vanish leaying only 
the diffraction associated with а single obstacle. (a) Explain why one sees a “ring” 
around the moon on a foggy day. (Б) Calculate the size of the water droplet in the air 
if the bright ring around the moon appears to have a diameter 1.5 times that of the 
moon, 

_2. A monochromatic beam of parallel light is incident on a “collimating” hole of 
diameter =>. Point P lies in the geometrical shadow region on a distance screen, aS 
shown in Fig. 44-154, Two obstacles, shown in Fig. 44-150, are placed in turn over the 
collimating hole. А is an opaque circle with a hole in it and B is the “photographic 
negative" of 4. Using Superposition concepts, show that the intensity at P is identical 
for each of the two iffraeting objects A and В (Babinet's principle). 

., 3+ An astronaut in a satellite claims 
the earth, 100 miles below him. Wha 


is their Separation, assuming ideal conditions? 
Take \ = 5500 A, and the pupil diam У 


4. Under ideal conditions, estimate the linear separation of two objects on the planet 
Mars which can just be resolved by an observer on earth (a) using the naked eye; 


po 


> 
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Screen 
Р 
aed ж 
EU — 2 
-x E 
i mm x T Eu on 
1 @ (а) 
m ___\ 
: A B 
(a) (b) 
Fig. 44-15 


; N Е $ 

(b) using the 200-in. Mt. Palomar telescope. Use the following data: distance to 

Mars = 50 million miles; diameter of pupil = 5.0 mm; wavelength of light = 5500 A. 

__ 8. A double-slit system (slit separation d, slit width a) is driven by two loudspeakers 
asshown in Fig. 44-16. Ву use of a variable delay line, the phase of one of the speakers 


Variable 
delay 
line 


E" Audio 
source 


Fig. 44-16 


may be varied. Describe in detail what changes occur in the intensity pattern at large 
1 distances as this phase difference is varied from zero to 2r. Take both the interference 
4 and diffraction effects into account. 


Chapter 45 


| L A diffraction grating has a large number N of slits, each of width d. Let Imar 
ET denote the intensity at some principal maximum, and let I; denote the intensity of the 
; kth adjacent secondary maxima: (а) If k < N, show from the phasor diagram that, 
Н approximately, Fp/Imax = 1/(k + $). (Compare this with the single-slit formula.) 
© For those secondary maxima, which lie roughly midway between two adjacent 
Principal maxima, show that roughly //1тшах = 1/N?. (c) Consider the central 
Principal maximum and those adjacent secondary maxima. for which k < N. Show, 
that this part of the diffraction pattern quantitatively resembles that of one single slit 
of width Nd. | ' 
di 3. With light from a gaseous discharge tube incident normally on а grating with а 
‘stance 1.732 X 10-4 cm between adjacent slit centers, a green line appears with sharp 
ape at measured transmission angles @ = +17.6°, 37.3°, 37,1%, 65.2°, and —65.0°. 
а) Compute the wavelength of the green line that best fits the data. j 
3. A narrow beam of monochromatic light strikes a grating at normal incidence and 
ы Sharp maxima at the following angles from the normal: 6°40’, 13°80', 20°20’, 
Б h Мо other maxima appear at, any angle between 0° and 35°40’. The separa- 
3 oe adjacent slit centers in the grating is 5.04 X 10-*em. (a) Compute the 
ай pd of the light used. (b) Make the most complete quantitative statement that 
е inferred from the above data concerning the width of each slit. н ^ 


"E. r~ = TA 
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— ` 4. Two spectral lines have wavelengths à and \ + AA, respectively, where 
` Show that their angular separation A6 in a grating spectrometer is given app 
— by A6 = д/у (d/m)? — А2, where d is the separation of adjacent slit centers and mis 
the order at which lines are observed. Notice that the angular separation is greater in 
` the higher orders, i 
— 5. А diffraction grating is made up of slits of width 3000 A with a 9000 A separati 
between centers. The grating is illuminated by monochromatic plane waves, у = 
— 6000 A, the angle of incidence being zero. (a) How many diffracted lines are there? 
AN ш) What is the angular width of the spectral lines observed, if the grating has 1000 slite? 
с) How is the angular width of the Spectral lines related to the resolving power of the 


AKA 


grating? 2 
_ 6, A diffraction grating has a resolving power R = A/AX = Nm. (a) Show that the 
corresponding frequency range, Av, that can just be resolved is given by ду = ¢/M 
(6) From Fig. 45-1, show that the “times of flight” of the two extreme rays différ by an 
“amount Af = Ndsin @/с. (с) Show that (Av)(At) = 1, this relation being independent 
of the various grating parameters, ` 
.. T. Consider an infinite two-dimensional square lattice аз in Fig. 45-145. One inter 
= planar spacing is obviously ао itself, (a) Caleulate the next five smaller interplanar 
spacings by sketching figures similar to Figure 45-16а. (b) Show that your answers 
obey the general formula \ н 


` Chapter 46 ү 
уа A beam of light is a mixture of plane polarized light and randomly polarized light. < 
When it is sent through a Polaroid sheet, it is found that the transmitted intensity can - 
be varied by a factor of five depending on the orientation of the Polaroid. Find the 

. relative intensities of these two components of the incident beam. s 


2. It is desired to rotate the plane of polarization of a beam of plane polarized light | 
by 90°. (a) How might this be done using only Polaroid sheets? (b) How many sheets | 
.&re required in order that the total intensity loss is less than 5%? Assume that each E | 
Polaroid sheet is ideal. . s | 
_ 3. A sheet of Polaroid and a quarter-wave plate are glued together in such а way m 
that, if the combination is placed with face A against a shiny coin, the face of the com | 
сап be seen When illuminated with light of appropriate wavelength. When the com- 
bination is placed with face А away from the coin, the coin cannot be seen. Which - 
component is on face А and what is the relative orientation of the components? я 
г 4. А beam of right circularly polarized light is reflected from a mirror. (a) Is the 0 
reflected beam right or left circularly polarized? (b) Has the direction of the associated _ 
linear momentum of the light changed? (с) Has the direction of the associated angula" — | 
momentum of light changed? (4) Describe the reaction “felt” by the mirror. - 


~~ Sere 


Definition of Standards and 
Fundamental and Derived 


Physical Constants 
APPENDIX A- 


The definition of primary standards is by agreement within the International 
Conference of Weights and Measures whose most recent general meeting was 
October, 1964 in Paris, Measured and derived values of the fundamental physical 
constants summarize hundreds of physical measurements made over the years by 

| scientists in all parts of the world. They have been subjected to exhaustive statis- 
tical analysis and, with their accompanying error limits (which are given as three 
‚ standard deviations), represent the best values to date (1963). For most problem 
work three significant figures suffice, and the “computational” (rounded) values 
may be used. The data presented are based largely on values given in the National ~ 
Bureau of Standards Technical News Bulletin, Vol. 47, No. 10 (October 1963). 


Fundamental Constants,” by J. W.M. 


* See “A Pilgrim’s Progress in Search of the 
Du Mond, Physics Today, October 1965. 
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^. DEFINITION or STANDARDS AND EQUIVALENTS 


БЕУ Abbre- 
- Standard ' viation Equivalent 
Meter  - m  1,650,763.73 wavelengths in vacuo of the une 
Р perturbed transition 2р,у—50; in Kr36 
Kilogram ` kg mass of the international Kilogram at Sèvres, 
France 
Second sec 


9,192,631,770 vibrations of the unperturbed 
hyperfine transition 4,0—3,0 of the funda- 
ў mental state *S, in Cs!" 
Degree Kelvin ^K defined in the thermodynamic scale by assign- 
` ` ing 273.16 °K to the triple point of water 
Unified atomic mass unit ати ту the mass of an atom of the Сї? nuclide 
‘Mole age mol amount of substance containing the same num- 


; ber of'atoms as 12 gm (exactly) of pure C!* 
Standard acceleration of En 9.80665 meter/sec? 
free fall 


^ 


‚ Normal atmospheric atm 101,325 nt/meter? 
pressure 
` Thermochemical calorie ^ ca] 4.1840 joules 
Liter Di 0.001,000,028 meter? 


Inch 


Inch. .in 0.0254 meter 
. Pound (avdp.) 


lb - 0.453,592,37 kg - 


* There is no measurable difference betw 

_ time, 1/31,550,925.9747 of the-tropieal year at 12^ ЕТ, 0 January 1900. For this 

reason and because even more accurate maser standards may soon be available, the 
Cs standard was adopted provisionally rather than "permanently." 


een this and the previous standard of 
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DEFINITION OF STANDARDS 31 
FUNDAMENTAL AND DERIVED CONSTANTS 
Best Experimental — 
Name Symbol Computational Value Value? 
~ Speed of light. c 3.00 X 108 meters/sec 2.997925 + 0.000003 
Permeability constant P 1.26 X 107° henry/meter 4x X 1077 exactly 
> Permittivity constant E 8.85 X 1071? farad/meter 8.85418 + 0.00002 
“Elementary charge e 1.60 X 10719 coul 1.60210 + 0.00007 
Avogadro constant No 6.02 X 10%°/mole 6.02252 + 0-00028 
Electron rest mass ‘Me 9.11 x 107?! ke 9.1091 + 0 0004 
Proton rest mass тр 1.67 X 107? ke" 1.67252 + 0.00008 
Neutron rest mass та 1.07 X 10777 kg 1.67482 + 0.00008 
Faraday constant F 9.65 X 10* coul/mole 9.64870 + 0.00016 
Planck constant À 6,63 x 107* joule sec 6.6258 + 0.0005 
Fine structure constant « 7.80 X 107* 7.29720 + 0.00010 
Electron charge/mass ratio e/m, 1.76 X 104? coul/kg 1.758796 + 0.000019 
Quantum/charge ratio h/e 4.14 X 10715 joule sec/coul 4.13556 + 0.00012 
Electron Compton wavelength de 2.43 X 1071? meter 2.42621 + 0.00006 
Proton Compton wavelength Mp 1,32 X 10715 meter. 1.32140 + 0.00004 
Rydberg constant Re 1,10°% 107/meter 1.0973731 + 0.0000003 
Bohr radius ao 5.29 X 10711 meter 5.29167 + 0.00007 
Bohr magneton BB 9.27 X 10724 joule/tesla* 9.2732 + 0.0006 
Nuclear magneton BN 5.05 X 107?" joule/tesla* 5.0505 + 0.0004 
Proton magnetic moment m 1.41 X 107?5 joule/tesla* 1.41049 + 0.00013 
Vniversal gas constant R 8.31 joule/°K mole 8.3143 + 0.0012 
Standard volume of ideai gas — 2.24 X 107? meter*/mole 2.24136 + 0.00030 
Boltzmann constant k 1.88 X 10725 joule/^K. 1.38054 + 0.00018 „ 
First radiation constant т 2 he? ei 3.74 X 10715 watt/meter* б 7405 + 0.0003 
Second radiation constant Ac/ _ 3 1.44 X 107? meter °K 1.43879 + 0.00010 
Wien displacement constant ` b 2.90 X 1073 méter °К 2,8978 + 0.0004 
Stefan-Boltzmann constant ` с 5.67 X 10-5 watt/meter!?K* 5.6697 + 0.0029 
Gravitational constant G 6.67 X 10711 nt meter?/kg* 6.670 + 0.015 
< — 
* Tesla = weber/meter*. 
> Same units and power of ten as the computational value. - 


Miscellaneous Terrestrial Data 


VILI ы UG d 
x : APPENDIX B 


< Standard atmosphere 1.013 X 105 nt/meter* 
Я 14.70 ]b/in* 
{ 760.0 mm-Hg 
Density of dry sir at STP» 1.293 kg/meter* 
| 2.458 X 107? slug/ft* 
Speed of sound in dry air at STP - 331.4 meters/sec 
1089 ft/sec 
я 742.5 miles/hr 
Acceleration of gravity, g (standard value)» 9.80665 meters/sec? 
32.1740 ft/sec? 
Solar constant: 1340. watts/m? 
1.92 cal/em?-min 
Mean total solar radiation 3.92 X 107° watts 
Equatorial radius of earth 6.378 X 10° meters 
I 3963 miles 
Polar radius of earth 6.357 X 10% meters 
fu ! : 8950 miles 
Volume of earth 1.087 X 10?! meter? 
3.838 x 107? ft? 
Ваша; 9f sphere having same volume 6.871 X 10° meters 
| :8959 miles 


x j ЭЕ 5 2.090 x 107 ft 


MISCELLANEOUS TERRESTRIAL DATA 33 


Mean density of earth 5522 kg/meter* — 
Mass of earth Я 5.988 X 10% kg 
Mean orbital speed of earth 29,770 meters/sec 

: F 18.50 miles/sec 
Mean angular speed of rotation of earth 1.29 X 10-5 radians/sec 
Earth's magnetic field, B (at Washington, D. C.) 5.7 X 10-5 teala“ 


Earth's magnetic dipole moment 6.4 X 10?! amp-m* 


«STP = standard temperature and pressure = 0° C and 1 atm. 

‚> This value, used for barometer corrections, legal weights, ete., was adopted by 
the International Committee on Weights and Measures in 1901. It approximates 
45° latitude at sea level. E ; 

< The solar constant is the solar energy falling per unit time at normal incidence 
on unit area of the earth’s surface. 2 
а Tesla = weber/meter?. 


s The Solar System" 


PS 


APPENDIX C 


Planet Mercury 8 | Venus 9 | Earth 0,6, ò Jupier 2 Saturn b Uranus ô, ж | Neptune y |Pluto E ] 
Mean diameter 
km 5,000 12,400 12,742 139,760 | 115,100, 51,000 50,000 |12,7001 - 
Earth diameters 0.39 0.973 1.000 10.97 9.03 4.00 3.90 0.46 
2 Volume (earth Ў i 
volumes) 0.06 0.92 1.00 0.15 1,318 736 64 39 0.10 
` Mass (earth 
masses) . _ 0.04 0.82 1:00 0.11. 318.3 95.3 14.7 17.3 1.0? 
Density (earth 
densities) 0.69 0.89 1.00 0.70 0.24 0.13 0.23 0.29 ? 
Mean density : 
gm/em? 3.8 4.86 5.92 3.96 1.83 9.71 а ve qur os d 
Surface gravity 
(earth's) 0.27 0.86 1.00 0.37 3 2.64 ў 1:47 V. 0.92. АШАА. J VET Ms 
Velocity of 
escape, km/sec 3.6 10.2 11.2 5.0 60 36 21 . 23 | 11? 
Length of day ' 
(earth days) 58.6% 13 1437723? 9455% 10138” 10.7% 15.8۸ ? 


ыы? ж Les. dO Em l1 
; | | 
Planet Earth, 6, 9,6 Mars 7 Jupiter 2 | Saturn b | Uranus ô, ж | Neptune y |Pluto E 
| | 
Period, siderial + | 
days 365.26 686.98 4,932.59 | 10,759.20 | 30,685.93 60,187.64. | 90,885 
| Inclination of i 
. equator to orbit 0°? , 23°27' 25°12' KEE 26°45! ` 98.0° 29° у, 
Oblateness 1/296 1/192 1/15.4 1/9.5 1/14 1/45 ? a 
тёш гый peut E Sal oca aS ШЫЙ, ec Lf ОНОВА Саз ДЕНЕНИ BEES Ah HR d 
5 а Y mn 
- main con- З Б 2 
i Ха СО», А Na, О» Ns COs, н.о CH, NH; CH4 NH; CHa, NH; СН, NH; none ® 
a 
a 
8 
z 


` The ram © 329,390 earth masses, mean density 1.42, mean diameter eve km, surface gravity 28 (earth’s). 


d "eus > 0. 01228 earth masses, mean density 3. 36, mean diameter 3,476 km, surface gravity 0.17 (earth's ‚ distance from earth 
38 X 1 


* Adapted from Payne-Gaposchkin and Handbook of Chemistry and Physics. 
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PA ioa tue of the Elements 


| A. : CEU EN. ~ -APPENDIX D 
x | ) \ 
nits (amu), one atom of the isotope С e defined to have a mass of (exactly) 12 аши. For à 


i Qi ME weights are expressed in atomic mass 
i yo elements the 1 number of tha eine most prit or best known isotope i is gie in brackets. 


d 122. 2 
> i E 26 Fe 27 Co 
9. $ Ў 55.847 58.9332 


44 Ru 45 Rh 
101.07 102.905 


77 Ir 
1922 


Actinide 
series? Ы 
—Ó—————ÀÀá N 
57 la | 58 Ce | 50 Pr Si Fm | 628m | 63 Eu | 64 Gd | 65 Tb | 66 Dy | 67 Ho 68 Er | 69 Tm | 70 Yb | 71м 
164.930 | 167.26 | 168.934 | 173.04 1197 


сч, | 140.12 ең eu Er Td 4 | [145] 150.35 | 151.96 | 157.25 158.924 | 162.50 
ар И 55 97 Bk to | est | "esr | w^ | ш 


{Икан n Gri | 232.083 | % pa | seo. | BA BT pa [мы | [ай | (a9 | (204) 


APPENDIX E 


i Average? Typieal 
d . Е = 
Family Particle Symbol Mass | Spin D ped Charge | Antiparticle* ез, lifetime, decay 
name pane ; P seconds products 
| Кя 
Photon + (gamma ray) 0 1 0 0 Same 1 Infinite — 
= ^ e particle E: 
` Electron "| Electron - ra E- i: — —e et 24 Infinite — 
family 
Electron's ve 0 4 — 0 ve 2 Infinite — 
neutrino - } E 
Muon Muon u- 206.77| à E e ut. 2 2.212 X 10-95 |е + », + yy 
family i 
Muon’s D 0(?) + — | 0 Yn 2 Infinite — 
neutrino S Ў 
Mesons Pion тър 0 273.2 0 0.1 +e т^ 3 2.55 X107? |р d». 
Lu 264.2 | 0 0, 0 m 1.9x10735 |у+у 
966.6 | 0 +1 Te Kr 4 1.22 X108 |rt +r? 
974 $ 0 +1 Өе % 1.00 x 10—10 |rt + т 
3 \ ' and 6 X 10-5 
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Symbols, Dimensions, and Units 


for Physical Quantities 


: APPENDIX F 


All Units and dimensions are in the mksq (rationalized) system. The primary 
units ean be found by reading kilograms for M, meters for L, seconds for Т, and 
coulombs for Q. The symbols are those used in the text. 

In practice, Q is defined in terms of M, L, and T. However, the addition of Q to 
the traditional M, 1, and Т enables us to avoid the use of fractional exponents in 
dimensional considerations. The term ‘rationalized’ simply means that a factor 
l/4r is separated out of Coulomb’s law in order to remove the factor 4r that would ~ 


_ Otherwise appear in many other formulas ій electricity. 


Quantity Symbol | Dimensions Derived Units 
Acceleration a LT meters/sec? 
Angular acceleration a (e radians/sec? 

: Angular displacement 0 — radian 
Angular frequencysand speed | w [= radians/sec 
Angular momentum L MLT- kg-m?/sec 
Angular velocity a pi | radians/sec 
е А І? meter? 


Di S. А 
isplacement - a L 395 ameter : 


39 


potential 


Frequency - 

Gravitational field strength 
Gravitational potential 
Length 

Mass 

Mass density 

Momentum 

~ Period 

Power 


- Pressure 


Rotational inertia 
Time 


Torque 
Velocity 
Volume 
Wavelength 
Work ^. 


Conductivity 
Current 
. Current density 

Electric dipole moment 
Electrie displacement 
Electric polarization 
Electric field кеш 
Electric flux 

Electric potential 
-Electromotive force 
Inductance- 

Magnetic dipole moment 
Magnetic field strength 
Magnetic flux 
Magnetic induction 
Magnetization 2 
Permeability E 
Permittivity 
Resisiance 

Resistivity 

Voltage 


ч 


APPENDIX F 
Symbol| Dimensions Derived Units 
E MLT- Joule 
<E ML*T-? joule 
U ML?T-* joule 
Е MLT-* newton 
P mi hertz = cycles/sec 
g ir. nt/kg 
y LT? joules/kg 
l L meter 
m M kilogram 
p ML- kg/m? 
Р MLT-! kg-m/sec 
T vu second 
Р ML?T-* watt 
р MLT- nt/m? 
y: МІ? kg-m? 
t T, second 
^T MET? nt-m 
v LT! meters/sec 
V 1% meter? 
X L meter 
Ww MI?T-? joule 
8 MIT joules/K° 
U MLT- joule 
Q ML?T-? joule 
7. — Kelvin degree 
C M-L-3T*Q* | farad 
q Q coulomb 
о M-XL-TQ* | (ohm-meter)! 
i TQ ampere 
j 15210-10). amp/meter? 
р LQ coul-meter 
р MQ coul/meter? 
P м-°0 coul-meter? 
E MLT-*Q-! . | volts/meter 
Pg ML*T-?Q-! | volt-meter 
y MI?T-Q-! | volt 
8 ML TQ | volt 
-L ` ML?Q-? henry 
E L'T-319 amp-meter? 
H LaT-Q amp-meter 
Dp ML?T-1Q-! | weber = volt-sec 
B MTQ: tesla = webers/meter* 
M EEO. amp/meter 
u MLQ-* henrys/meter 
€ M-!L-*T*Q* | farads/meter 
R MI^T-19-? | ohm 
p ML*T-Q-*  ohm-meter 


: РАА ‚ | Мї?Т—°0-1 | volt —- 3 


Conversion Factors 


АРРЕМО!Х © 


Conversion factors for common and not-so-common units may be read off 
directly from the tables below. For example, 1 degree = 2.778 X 10-* revolu- 
tions, so 16.7 = 167 X 2.718 ХО re: The mks quantities Are capitalized 
in each table. 


PLANE ANGLE 


° + т RADIAN 
Emus nue E 
— 

ede 1 60 3600 ias x 102 | 2.778 X107 
imimute- + | 1.607 X107 1 gog x 10-* | 4680 X107 
агае: 2.778 x 1074 | 1.667 X 107 i 4,88 x 10-5 | 7.718 X 10 7 
1ВАПІАМ = 57.30 3438 9,063 x 10° 1 0.1592 

P revolution’ = 360 238 x 10! | 1296 X 10* 6.283 1 


1 rev = 2r radians = 360° 15 = 60 = 3600” 
У SOLID ANGLE 
a Adapted in part from G. Shortley and D. Williams, ‘Elements of Physics, Prentice- 


Hall, Englewood Cliffs, New Jersey; Second Edition, 1955. 


. 


in. ft mile 
| 
0.3937 3.281 6.214 
х 107! х 107* 
39.37 3.281 6.214 
| xac 
8.937 3281 0.6214 
x 104 
>: 1 8.333 1.578 
х 1071 x 107% 
12 1 1,894 
х 107* 
6.336 5280 1 
X 104 
1 angstrom (A) = 10710 meter 1 light-year = 9.4600 x 10!? km 1 yard = 3 ft 
1 X-unit = 10712 meter 1 parsec = 3.084 x 10!5 km 1 rod = 16.5 ft 
1 micron = 107% meter 1 fathom = 6 ft 1 mil = 107 in, 
1 millimicron (mp) = 107° meter 
1 nautical mile = 1852 meters = 1.1508 statute miles = 6076.10 ft 
2 AREA 
» — б . METER? · сш? it? in? cire mil 
pe ee ТӨ. беш су qu] Ira 
1 SQUARE METER = | 1 10* 10.76. 1550 1.974 X 10” 
square centimeter — ;1-10-* 1 1.076 x 107? 0.1550 1.974 X 10 
1 square foot = 9.290 x 107? 929.0 1 144 1.833 X w 
1 square inch = 6.452 x 1074 6.452 6.944 x 1073 1 1.273 X 10! 
` leireular mill = 5.007 X 1071 | 5.067 X 10-5 | 5.454 x 1079| 7.854 x 10-7 1 
чс шм Аз M 
1 1 square mile = 27,878,400 ft? = 640 acres 1 acre = 43,560 ft? 
-1 barn = 10—28 meter? 
VOLUME 
a? -| METER? em? 1 ft? tn? 
ENS SEN 
1 CUBIC METER = 1 10% = 1000 35.81 6.102 x 10* 
1 cubic centimeter = 10-5 1 1.000 X 1073 13.531 x 10-5 | 5.102 x 1072 
1 liter = 1.000 x 1078 1000 . 1 3,531 x 107* 61.02 
1 cubic foot = 2.832 X 107° | 2.832 x 10! 28.32 1 2728 
1 cubic inch = 1.089 x 10-5 16.39 16:9 X 107? | 5.787 x 10° 4 1 
e Et эү 


s fluid quarts = 8 U. S, pints = 128 U. 8. fluid our nes = 231 in? 
1 British imperial gallon = the volume of 10 Ib of water at 62° F = 277,42 in. 
} liter = the volume of 1 kg of water at its maximum density = 1000.028 cm? 


CONVERSION FACTORS 43 
MASS i 


Note: "Those quantities to the right of and below the heavy lines are not mass units at all but are often 
used sa such. When we write, for example, 


1 kg “=" 2.205 lb 


Clearly this *'equi valence" is approximate 


this means that a kilogram is a mass that weighs 2.205 pounds. 
care must be 


L (depending on the value of g) and is meaningful only for terrestrial measurements. Thus, 
employed when using the factors in the shaded portion of the table. 


gm KG slug amu 


gram = 1 0.001 | 6.852 | 6.024 - 1.102 
x 1075 х 107% 

1 KILOGRAM = 1000 1 6.852 6.024 2 1.102 
3 x 1072 | x 10° x 107% 

1alug = 1.450 14.59 1 8.789 1.609 
1 x 104 x 10" х 107? 


lounce (avoirdupois) = 


‚ | pound (avoirdupois) = 453.6 opa 
юз» 9.072 2 
ү - x 1078 
-—-—— 
DENSITY 


ше: Those quantities to the right or below the heavy line are weight densities and, as such, are dimen- 
sionally different from mass densities. Care must be used. - (See note for mass table.) 


slug/ft3 ъл 15/in. 
1 slug per ft? 
` = 1 32.17 1.862 x 107* 
1 KILOGRAM рег 
\ : EARR MES 
Eu = 1.940 x 10-3 1 6.243 X 1072 | 3.613 X 107° 
jÎ gram per cm? = 1.940 1000 62.48 3.613 X 1072 
4 3.108 X 107° 16.02 1 5.787 X 107* 
Pound per in, = 53.71 2.768 X 104 ^ 1728 1 
TIME 
yr day hr тіп. SEC 
1 ы f 
(ing 1 385.2 8.766 x 10* 5.259 X 105 3.156 X 107 . 
Tii 2.788 X 1073 1 24 1440 8.640 X 104 
кы 1.441 X 107! | 4.167 X 107? 1 60 3600 
1 SECOND 1.901 x 10-* | 6.944 x 107* | 1.667 x 1072 1 60 
mtg 3.169 x 1078 | 1.157 x 10-7 | 2.778 x 1074 | 1.667 X 107? 1 


орус селт шш чс Bur eese ы эе алата E 


| 
APPENDIX @ ! 
SPERD 

—— L— T C | 

km/hr |METER/SEO|  miles/hr | cm/sec knot 3 
ке —— —— ш 

| | 

: | D 

1 1,097 0.3048 0.6818 | 30.48 0.5925 j 
oss — 1 0.2778 0.0214 | 27.78 0540 — | 
m 3.6 1 2.237 | 100 194 09 l 
1,467 1.009 0.4470 1 44.70 0.8686 - 
3.281 X 107? | 3.6 x 107? 0,01 2.337 X 107) 1 1.944 x 107? 
1.688 _ 1:852 0,5144 1131 | 51.44 1 1 

| 


1 knot. = 1 nautical mile/hr * 1mile/min = 88 ft/sec = 60 milea/hr 


E уе FORCR | 
Мое: Those quantities to the right of and below the heavy lines are not force units at all but are often | 
~ used a» such, especially in chemistry. For instance, if we write d 


s + 1 gram-force “* ="" 980.7 dynes, 


"1 а experiences а force of 980.7 dyneain the earth's gravitational field. Thus, care — — 
must be employed when using the factors in the shaded portion of the table. 


3 
d 
Ч 
Б 
1 
E 
; lkgf = 0.80605 nt llb = 42.17398 ndi 5 
PRESSURE 
dv 2| inch of NT/ in.3 | 1b/ft 
\ туча" у еш Hg | prer?) Dn 
кс мшу 36] 
1 atmosphere = 1,013 406.8 76 1.013 14.70 2116 
z TE 1 x 10* x 105 
dyne per cm? = i 1 4.015 7.501 0.1 1.450 | 2089. 
агь X107 | x 1075 | x 107* | x 10 і 
<a ке water at: 2491 1 0.1868 | 2491 | 8.618 5,20% E 
Maec v x 107 3 
1 centimeter of mer. i E ET Е ae ТРЕЯ oa 37 
Ы : е E 3 27.85 
ону aO C m 5.353 . 1 1383 0.1934 
1 NEWT AS "| mos 
RS nU per 10 4.015 | 7.50] 1 1.450 EE 
Mer сыз =|_x 10-* | x 1074 x 107! | X ; 
; Peo per in? = 6.895 27.68 | 5,171 6.895 1 — 
1 pound per ft? = 
ЕХ 


ENERGY, WORK, HEAT 
The electron volt (ev) is the kinetio energy an electron gains from being accelerated through the potential difference of one volt in an electric field. The Mev is tho kinetic 
energy it gains from being accelerated through a million-volt potential difference. 
The last two items in this table are not properly energy units but are included for convenience. They arise from the relativistic mass-energy equivalence formula E = mc? 
and represent the energy released if а kilogram ог atomic mass unit (amu) is destroyed completely. 
Again, care should be used when employing this table. 


Btu erg ft-lb amu 
1 British thermal unit = 1 ios | 7729 7.074 
x 1019 x 10!* 
lerg = 9.481 1 7.376 670.5 
x 1078 x 1078 
1 foot-pound = 1.285. 1.356 1 9.092 
x 107% x 107 ; x 10% 
1 horsepower-hour = , 2545 2.685 1.980 1.800 
x 1015 x 108 x 1018 
1JOULE - 9.481 107 0.7376 6.705 
f x 10° 
1 calorie = 2.807 
: x 10! 
1 kilowatt-hour = 2.414 
x 1018 
1 electron volt = 1.014 
Ng SEXUS | 0030:96 Lo 4 C9 mata s ee Qs Б. 107 M ЙЕ. Г ЖЫ 
1 million electron volta = 


1 m-kgf = 9.807 joulés 1 watt-sec = 1 joule = 1 nt-m 1 ст-дупе = 1 erg 


SHOLOVA NOISUAANOO 


St 


cal/sec 


1 British thermal 3.929 7.000 2.930 0.2030 
unit per hour = X107* | x 107? x 107* 

1 foot-pound per 3.030 5.399 2.200 2.260 
minute = X 1075 X 1073 x 1075 X 107? 

1 foot-pound per 


0.3239 


faraday statcoul 


1 abeoulomb (1 

emu) = 2778 x 107? 10. | 1.086 x 10-4 | 2.908 x 1019 
1 ampere-hour = 1 3600 3.730 X 107? | 1.079 x 10!* 
1 COULOMB = 0.1 2.778 X 1074 1 1.036 x 10-5 | 2.998 x 10? 
lfaraday = 9652 ` 206.81 9.652 x 104 1 2:893 x 104 
1 statcoulomb (1. 

esu) = 3.336 X 1071! | 9.266 x 19-14 3.336 X 10719 | 3,456 x 10—15 1 


1 electronic charge = 1.602 x 10-19 coulomb 
ELECTRIC CURRENT 


AMP statamp 
وا ت‎ deoa 
1 abampere (1 ent) E 1 10 2.998 x 1019 
1 AMPERE 0.1 1 2.998 x 10° 
етет сбн (esu) = | 3.336 x 10—11 3.336 x 10710 


1 


1 
Lr tiae o ENG 


statv 


labvolt (1 emu) = 3.836 x 107!! 
1 VOLT = 108 3.336 x 10-5 
1 statvolt (1 esu) = 2.998 x 1010 1 


ELECTRIC RESISTANCE ў 
а abohm OHMS statohm 


SEAS Aart ne ана ETT > АЕРА 


1 abohm (1 emu) = 1 107? 51.113 x 107% 
10HM = ~. 10 1 1.113 x 1071? 
1 statohm (1esu) = | ggg; x 19: 


8.987 х 101 1 


CONVERSION FACTORS 47 
ELECTRIC RESISTIVITY 


IC 


1 sbobm-centimeter 1 
(Lemu) = ӨСТ! 
1 micro-ohm- 1000 à ` 6.015 
centimeter = 
lohm-centimeter — 10° 6.015 
x 10° 
1 statohm-ventimeter 8.987 5.406 
(1 esu) = х 10% x 10!* 
10HM-METER - 10!! 6.015 
x 10* 


lohm-cireular mil 
per foot = 


labíarad (1 emu) = 1 10* 1015 8.987 X 10% 
1FARAD = 107° 1 10° 8.987 x 1044 
1 microfarad = 10715 107* 1 8.987 х 10° 


fie 
1 statfarad (1 esu) = 1.113 X 10721 1113 X 10712 |, 1118 X 1076 1 


* This unit is frequently abbreviated ав mí. 


^ INDUCTANCE 
stathenry 
1 abhenry (1 emu) = 1 107? 1.113 X 107?! 
1HENRY - 10° 1 1.43 X 1074 
1 microhenry = Е 1000 107% 1 1.113. X 10718 
1 millihenry = 10% 0.001 1.113 X 10745 
1 


1000 
‚ Latathenry (1 esu) = | 8.087 X 10% | 8:967 x 101 | 8.087 X 1017 


1 maxwell (1 line or 1 emu) = 
1 kiloline = 
1 WEBER = 10° 


10? 10* 
1 100 
0.01 . 


TURN oemsted. 
METER р 


К Aathematical Symbols and the 
_ Greek Alphabet — . 


APPENDIX Н 


p Mathematical. signs and symbols 

EU — equals 

E. с> equals approximately 

Es: = is not equal to 

a = is identical to, is defined as Ё 4 
2 > is greater than (> is much greater than) 

< is less than ( is much less than) 

> is more than or equal to (or, is no less than) 
< is less than or equal to (or, is no more than) 
+ plus or minus (€g., М4 = +9) 


E = is proportional to (e.g., Hooke's law: parok =ke) - 
> the sum of у 
= the average value of 2 
The Greek alphabet 
Alpha САА Ө, Nu Nou» 
Beta В 8 Sik ETE 
Gamma T Y Omicron | О о 
Delta A 6 Pi п т 
=й Epsilon Е € Rho В p 
: Zeta Z t -. Sigma У т 
Eta Hen E no 
Theta ө 9,9 Upsilon р 
Iota I 8 Phi - Ф Q, ¥ 
Кара K к * Chi dE Lp E 
E Tonbda KRN Psi Y ү 
E d Mu M ы Omega Q o Y 
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- Mathematical Formulas 


APPENDIX I 


Quadratic formula — 
: = — 
eet +0 Fe = 0, then z = EÈ VE des 


Fig. App. ! 


Tri tric identities 
sin? 0 + cos? 0 = 1 sec?@—tan?@=1 sc? @ — cot? 0 = 1 
sin ( + B) = sin o cos B + cosa sin В 
боз (æ + В) = cosa cos B + sina sin В 
tana + tan В 
tan Bea کے ا ہے یا ا‎ 
OTT 
sin 20 = 2 sin 000s 9 : 
cos 20 = cos? 0 — sin? Ө = 20520 — 1 = 1 — 2 jin* 8 
id ið i0 i" 
s Lon Ee НЕС Me 
2i 


etit = cos@ + isin Ө 


"sing = 


Taylor's series a 


Szo + 2) = f(20) + f'(z9)z +) He) = THEE 
50 


Ss 
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Series expansions (these expansions converge for —1 < z < 1, except as noted) 


1+2 
سم‎ zt 2% 
УІ+2=1+5 s^ 
Lo 0 К 
м1 += 2 8 16 
1 3 › 
i++ tote (—= <2< 9%) 
>s z* 25 ۶ = 
= т —— LLL Casero, UTERE —e«z«) 
i кате с ( 
\ » 
j z? of 
-1-—— аер о <2< ә) 
s E zta А 
8 
barcid i p M (—7/2 < x € 1/2) 
3 15 А 
ЕЕ 1) уа (22 > 0) 
Derivatives and indefinite integrals 


In what follows, the letters и and 0 stand for any functions of z, and a and m are 
constants. To each of the integrals should be added an arbitrary constant of 


integration. А Short Table of Integrals by Peirce and Foster (Ginn and Со.) gives 
& more extensive tabulation. 5 


dz 
1. = Я „Јат = т 
=! атр 
а 5 
2. (ашу =a 2, faudz =a f ийт 
4 1 du,, dv 5 : 
3. — кє сын б dz = Judr + ойх 
090 е ш 3. faut» f tj 
d am 
4, Û от 2 mo dmm E 
| di^ : afr mi 
md uice cv] s capta 
dz z т 
4 dv , du x do -Í du iz 
8 3 uo uuo en fala = 
о Tage 5 [ge ш ) "a 
on. 
ELE em рейх = 
ral e HJ: et e 
d 
8. qy sinh z = cosh z 8. f cosh z dz = sinh z 
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9. оойт = sinh z 9. f sinh z dz = cosh z 
d 1 z dz 
10.56 aroten s ita w f 7 arctan z 
i, asina =. 11 ls 
de Vi-2 м1 – 22 
а 1 dz 
12. — arcsec х = ————— 12. —— = 910800 z 
dz zV- ا‎ 
18. کے‎ oe ع‎ = — sin z 13. f sinzdr = — созт 
M. 4 sinz ee 14. f eos z dz = sin z 
15. ап: = se z 19. f tan zdz = In [sec z| 
1. Жоок = — owt z 20. f cot z dz = In |sin z| 
d 
17.3, se z = tan z pec z < 21. f seo z dz = In |sec x + tan z! 
d e 
18. 5,09 z = — cot z eso z 22. f csc z dz = In jose z — cot z| 
Vector products 


Let i, j, k be unit vectors in the z, y, z directions. Then 
fi=jj=k-kel, 1j-jk-ki-0 
dXi-jxj-kXk-0, 
ixj-k. jxk-i kxi-j 
Any vector a with components az, Gy, a, along the z,'y, z axes can be written 
| a= ad + aj + ak. 
Leta, b, e be arbitrary vectors with magnitudes a, b, с. Then 
ах (b+c)=axbt+axc 
(а) Xb = a x (Gb) = (а Xb) (га sealar). 
Let 0 be the smaller of the two angles between а and b. ‘Then 
a:b —b-a = oj, + a,b, + a,b, = ab cos 0 


SPP oye” ү j E 
aXb--bxa- а, = (a,b. — bya.)i + Mi Б,а,)) 
x b, 5 + (oy — b,ay)k 


с В xbl=absing 
а: (хе) =b- (сха) =е. ‘(a X b) 
e E e os ehe £ 


3 
3 
ү; 


- Values of Trigonometric Functions 


APPENDIX J 


Г 
TRIGONOMETRIC FUNCTIONS 
Radians | Degrees| Sines | Cosines | Tangents |Cotangents 
0000 0 .0000 .0000 © 1.5708 
.0175 | 1 .0175 .9998 .0175 57.29 89 1.5533 
.0349 2 .0349 „9994 0349 28.64 88 1.5359 
‚0524 3 .0523 .9986 .0524 19.08 87 1.5184 
0698 4 0698 9976 .0699 14.30 86 1.5010 
.0873 5 0872 .9962 .0875 11.430 85 1.4835 
1 ‚1047 6 1045 9945 .1051 9.514 84 1.4661 
A .1222 7 1219 .9925 .1228 8.144 83 1.4486 
' .1396 8 1392 .9903 .1405 7.115 82 1.4312 
.1571 9 1564 9877 .1584 6.314 81 1.4137 
1745 10 .1736 9848 1763 5.671 80 1.3963 
1920 11 .1908 9816 1944 5.145 79 1.3788 
2004 | 12 .2079 9781 2126 4.705 38 1.3614 
2289 , 13 .2250 | .9744 2309 4.332 77. | 1.3439 
2413 | 14 .2419 .9703 2493 4.011 16 1.3265 
2618 15 2588 „9659 2679 3:732 75 1.3090 
2793 16 2756 ‚9613 2867 3.487 14 1.2915 
2967 17 2924 .9563 3057 3.271 13 1.2741 
3142 18 3090 9511 3249 3.078 72 1.2566 
3316 19 3256 9455 3443 2.904 71 1.2392 


| Cosines Sines |Cotangents| Tangents | Degrees | Radians 
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TRIGONOMETRIC Functions (Continued) 


Radians | Degrees | Sines | Cosines| Tangents |Cotangents 
.9420 .9397 ‚8640 2.748 70 1.2217 
8584 .9336 .9839 2.605 69 1.2043 
.9746 .9272 .4040 2.475 68 1.1868 
-3907 -9205 ‚4245 2.356 67 1.1694 
.4067 .9135 .4452 2.246 66 1.1519 
.4226 ‚9068 ‚4668 2.144 65 1.1345 
.4384 .8988 .4877 2:050 64 1.1170 
.4540 .8910 .5095 1.963 63 1.0996 
.4695 .8829 .5317 1.881 62 1.0821 
.4848 . 8746 ‚5548 1.804 61 1.0647 
.5236 | 30 -5000 .8660 ‚5774 782 60 1.0472 
.5411 81 -5150 -8572 | _ -6009 664 59 1.0297 
-5585 32 ‚5299 .8480 | .6249 1.0128 


-5760 33 -5446 ‚8887 ‚6494 
.5934 34 |. .5502 .8290 .6745 


Bee юы ы 
о 
о 
о 
© 
oo 


.6109 35 .9736 .8192 ‚7002 
.6283 36 .5878 ‚8090 ‚7265 
- 6458 87 .6018 .7986 ‚1586 
-6632 38 ~ 6157 ‚7880 ‚7818 
.6807 “89 .6293 T7171 ‚8098 


конне ы 
co 
[S] 
a 
or 
9 
о 
ә 
pv] 
e 
© 


.6981 40 .6428 .7660 :8391 
.7156 741 -6561 ‚7547 ‚8698 
-7330 42 -6691 7481 ‚9004 
‚7505 48 ‚6820 ‚7814 ‚9325 
:7679 44 -6947 ‚7198 ‚9657 
-1854 45 -7071 4071 | 1.0000 . 


н ы ы н юы ы 
[em 
[m 
pun 
> 
oo 
о 
go 
e 
ESI 
oo 


Cosines | Sines |Cotangents| Tangents | Degrees | Radians _ 
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Nobel Prize Winners in Physics’ 


1901 
1902 


1903 
1904 
1605 
1906 


1907 


1908 
1909 
1910 
1911 


1912 
1913 


1914 
1915 


1916 
1917 
1918 


1919 


Wilhelm Konrad Réntgen 
Hendrik Antoon Lorentz 
Pieter Zeeman 

Henri Becquerel 

Pierre Curie 

Marie Curie 

Baron Rayleigh 

Philipp Lenard 

Sir Joseph John Thomson 


Albert A. Michelson 


Gabriel Lippmann 


Guglielmo Marconi 
Karl Ferdinand Braun 
Johannes Diderik yan der Waals 


Wilhelm Wien 


Nils Gustaf Dalen 
Heike Kamerlingh-Onnes 


Max уоп Laue 
Sir William Henry Bragg ` 
Sir William Lawrence Bragg 


(No award) 
Charles Glover Barkla 


Max Planck 


Johannes Stark 


1845-1923 
1853-1928 
1865-1943 
1852-1908 
1850-1906 
1867-1934 
1842-1919 
1862-1947 
1856-1940 


1852-1931 


1845-1921 
1874-1937 
1850-1918 
1837-1023 
1864-1928 


1869—1937 
1853-1926 


1879-1960 

1862-1942 
1890- 
1877-1944 
1858-1947 


1874-1957 


55 


German 
Dutch 
Dutch 
French 
French 
French 
English 
German 


English 


U. 8. 


French 


Italian 
German 
Dutch 


German 


Swedish 
Dutch 


German 
English 
‘English 
` his son 
English 


German 


German 
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Discovery of X-rays X 

Influence of magnetism on the 
phenomena of atomic radiation. 

Discovery of naturalradioactivity 
and of the radioactive elements 
radium and polonium. 

Discovery. of argon. 

Research in cathode rays. - 

Conduction of electricity through 
gases. 

Invention of interferometer and 
spectroscopic and metrological 
investigations. x 

Photographic reproduetion of 
colors. - 

Development of wireless teleg- 
raphy. 

Equations of state of gases and 
fluids. М 

Laws of heat radiation. 

Automatic coastal lighting. 

Properties of matter at low tem- 
peratures; production of li id 
helium. 

Diffraction of X-rays in crystals. 

Study of crystal structure by 
means of X-rays. 


Discovery of the characteristic 
X-rays of elements. 

Discovery of the elemental quan- 
tum. 

Discovery of the Doppler effect 
in canal rays and the splitting 
of spectral lines in the electric 
field. 2 


Charles Edouard Guillaume 
Albert Einstein 
Niels Bohr 


Robert Andrews Millikan 


- Manne Siegbahn 


James Franck 
Gustav Hertz 

Jean Perrin — . 
Arthur H. Compton 


Charles T. R. Wilson 


Sir Owen Williams Richardson 


_ Louis-Victor de Broglie 


Sir Chandrasekhara Raman 


(No award) ў 
Werner Heisenberg c 
Paul Adrien Mauric; Dirac 
Erwin Schródinger 

(No award) 

James Chadwick 

Victor Hess 

Carl David Anderson 
Clinton Joseph Davisson 
George P. Thomson 

Enrico Fermi 


Е. О. Lawrence 


(No awards) 
Otto Stern 


Isidor Isaac Rabi 
Wolfgang Pauli 


Percy Williams Bridgman 


‚ Sir Edwatd Appleton 


Patrick Maynard Stuart Blackett 


f 


Hideki Yukawa 
Cecil Frank Powell 


Sir John Douglas Cockcroft 
Ernest Thomas Sinton Walton 


Felix Bloch 
Edward Mills Purcell 
Frits Zernike — , 


Max Born 


APPENDIX K 
1861-1938 Swiss 
1879-1955 German 
1885-1963 Danish 
1868-1953 · U.S. 
1886- Swedish 
1882-1964 German 
1887 . German 
1870-1942. French 
1892-1962 U. 8. 
1869-1959 English 
1879-1959 ^ English 
1892- French 
1888- Indian 
1901- German 
1902- English 
1887-1961 ` Austrian 
1891- ‘English 
1883-1904 ^ Austrian 
1905- U.S. 
1881-1958 U.S. 
1892- English 
1901-1954 Italian 
1901-1958 U.S. 
1888 U.S.: 
1898- 0-8. 
1900—1958 Austrian 
1882-1961 U.S. 
1892- English 
1897- English 
1907- Japanese 
1903- English 
1897- English 
1903- Irish 
1905- U.S. 
1912- U.S. 
1888- Dutch 
1882- English 
7 


Discovery of tlie anomalies of 
nickel-steel alioys. 

Discovery of the law of the photo- 
electric effect. 

Study of structure ind radiations 
of atoms. 

Work elementary electric 
charge ‘and the photoelectric 
effect. 

Discoveries in the area of X-ray 
spectra. 

Laws governing collision between 
electron and atom. 

Discovery of the equilibrium of 
sedimentation. 

Discovery of the scattering of 
X-rays by charged particles 
Invention of the cloud chamber, 
a device to make visible the 

paths of charged particles. 

Discovery of the law known by 
his name (the dependency of 
the emission of electrons on 
temperature). 

Wave-nature of electrons. 

Work on the scattering of light 
and discovery of the effect 
known by his name. 


on 


/ Creation of-quantum mechanics. 


Discovery of new fertile forms of 
the atomic theory. 


Discovery of the neutron. 

Discovery of cosmic radiation. 

Discovery of the positror. 

Discovery of diffraction of elec- 
trons by crystals. 

Artificial radioactive elements 
from neutron irradiation. 

Invention of the cyclotron, 


Work with molecular beams and 
magnetic moment of proton. 
Nuclear magnetic resonance. _ 
Discovery of quantum exclusion 
principle, 
High-pressure physics. 
Upper atmosphere physics and 
discovery of Appleton layer. 
Discoveries in cosmic radiation 
and nuclear physics. 
Prediction of existence of meson. 
Photographie method of studying 
nuclear processes; discoveries 
about mesons, A 
Transmutation of atomic nuclei 
by artificially accelerated 
atomic particles. 


Measüre of magnetic fields in 
atomic nuclei, 

Invention of phase contrast 
microscopy- 


Work in quantum mechanics 
statistical interpretation 
wave function. 


and : 


T 


+ 


1955 


1956 


1957 


1958 


1959 


1960 
1961 


1965 
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Walther Bothe 


Willis E. Lamb, Jr. 
Polykarp Kusch 
John Bardeen 
Walter H. Brattain 
William B. Shockley 
Chen Ning Yang 
Tsung Dao Lee 


Pavel A. Cerenkoy 
Ilya M. Frank 

Igor Y. Tamm 

Owen Chamberlain 
Emilio Gino Segré 
Donald A. Glaser 
Robert L. Hofstadter 


Rudolf L. Móssbauer 


Len D. Landau 


Eugene B. Wigner 


Maris Goeppert-Mayer 
J. Н. D. Jensen 

C. H, Townes 

Nikolai Basov 
Aleksandr Prokhorov 
Richard Feynman 
Julian Schwinger 
Shin-Ichiro Tomonaga 


1891-1957 


1902- 


1906— 
1907- 
1915- 
1922- 
1916- 
1918 
1918 
1906. 


German 


Russian 


U.S. 


U. Sa 
German 


> DS 


Russian 
Russian 
U.S. 
U.S. 
Japanese 


Analysis of cosmic radiation using 
the coincidence method. 

Fine structure of hydrogen. 

Magnetic moment of electron. 

Invention and development of 
transistor. 


Non-conservation of parity and 
work in- elementary particle 
theory. 

Discovery and interpretation of 
Cerenkov effect of radiation by 
fast charged particles in matter, 

Discovery of the antiproton. . 


Invention of bubble chamber. 

Electromagnetic structure of nu- 
cleons from high-energy elec- 
tron scattering. _ 

Discovery of recoilless resonance 
absorption of gamma rays in 
nuclei. 

Theory of condensed matter; 
phenomena of superfluidity and 
superconductivity. 

Contributions to theoretical 
atomic and nuclear physics. 


-Shell model theory and magic 


numbers for the atomic nucleus. 
Invention of the maser and theory 
of coherent atomic radiation. 


Development of quantum electro- 
dynamics 


* Bee Nobel: The Man and His Prizes, by Schick et el., Elsevier, N. Y. 
^ Born in Germany; naturalized British citizen. 
* Born in England; naturalized U. 8. citizen. 
4 Both have permanent U. S. resident status. 


* Born in Italy; naturalized U. 8. citizen. 


! Born in Hungary; naturalized U. 8. citizen. 
* Born in Germany; naturalized U. S. citizen. 
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= the Gaussian System of Units 
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Much of the Ijyerature of physics is written, and continues to be w ritten, in be 

aussian system- of units, In electromagnetism many equations have slight = 
different, forms depending on whether it is intended, as in this book, that m 
Variables be ysed or that Gaussian variables be used. Equations in this M 
De cast in Gaussian form by replacing the symbols listed below under ‘rationalize 
mks” by those listed under “Gaussian.” For example, Eq. 37-28, 


B = (H+ M) 


B 4m с 
becomes = = (=) (= H+ м) 
acm B=H+4M ` 


in Gaussian form. Symbols used in this book that are not listed below remain 
unchanged, The quantity cig the speed of light. 


Quantity Rationalized mks Gaussian 
Permittivity constant € 1/4т 
Permeability constant Ho 4r /c? 
Electric displacement `D D/4r 

agnetic induction ў B B/c 
Magnetic flux EN Фи Фв/с 
Magnetic field strength H cH/4m 
Magnetization — M cM 
Magnetic dipole momen H ey 


SUR ec e quamque 
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In addition to casting the equations in the proper form it is of course necessary 
І to use a consistent set of units in those equations. Below we list some equivalent ` 
quantities in mks and Gaussian units. This table can be used to transform units 
from one system to the other. 


Кырк Symbol Mks system Gaussian system 

Leugth i 1 meter 10° cm 

Mass m 1kg 10° gm 

Time t 1 sec 1 sec 

Force F 1 newton 10° dynes 

Work or Energy W,E 1 joule 107 ergs 

Power P 1 watt 107 ergs/sec 

Charge q 1 coulomb ~ 8 X 10? statcoul 

Current i 1 ampere 3 X 10° statamp ~ 
a Electric field strength E 1 volt/meter Ф X 10-‘ statvolt/em 

Electric potential Wer 1 volt sis statvolt 

Electric polarization Р 1 eoul/meter? 3 X 105 statcoul/em* 

Viectric displacement D 1 eoul/meter? 12x X 105 statvolt/em 

Resistance R 1 ohm Ф x 10-1 sec стал! — 

Cspacitance e 1 farad -. 9 X 10™ em 

Magnetic flux Фь 1 weber . 108 maxwells 

Magnetic induction B 1 tesla = 1 weber/ 104 gauss 

meter? 

Magnetic field E H 1 amp-turn/meter 4r X 10-* oersted 

Magnetization M 1 weber/meter? 1/4т X 104 gauss  . 

Induetance I 1 henry 3x10! 


All factors of 3 in the above table, apart from exponents, should be replaced by 
(2.997925 + 0.000003) for accurate work; this arises from the numerical value of 
the speed of light. For example the mks unit of capacitance (= 1 farad) is actu- 
ally 8.08758 X 10!! em rather than 9 (= 3?) X 10!! cm as listed above. This 
` example also shows that not only units but also the dimensions of physical quan- 
tities may differ between the two systems. In the mks system (seo Appendix F) 
the dimensions of capacitance are M—1L-2T?Q*; in the Gaussian system they are 
simply L, the Gaussian standard unit of capacitance being 1 em. 1 ` 
The student should consult Classical Electromagnetism, р. 611, by J. D.. sekson _ 
(John Wiley and Sons, 1962) fer a fuller treatment of units and dimensions. —_ 


1 


CAREER VN ee ы 


Answers ie Odd-Numbered 


Problems 
Chapter 25 
1. 0.12 amp. з. +2.4 X 107 coul. 
5. 6.0 X 107? coul. 7. (a) Q = —2V/2q, 
y (b) no. 
9. (a) 5.7 X 10” coul, 11. 3.8 X 1075 coul, 1.2 X 107° coul. 
(b) no, 
(c) 660 tons. 
13. (b) Along the body diagonal. 15, (d) 6.3 X 10", 
(b). 7.3 X 107". 


17. (a) 510 nt, 
(b) 7.7 X 10% meters/sec*. ¢ 1 


Chapter 27 
‚ 5. 5.6 X 107" coul. 
9. (a) The larger charge produces a field of 13 X 10* PE at the site of the small 

the smaller charge produces a field of 5.8 X 10‘ nt/coul at the site of the largor. 
(b) 1.1 X 1077 nt, repulsive. 

11. E lies in the median plane and points radially away from the charge axis. 

13. 1.0 X- 108 nt/coul, pointing up. 

17. B= q/8r«a?, pointing along the axis of symmetry aad away from the Ет ў 


1 " 
n. (a) E. LUI 25. (a) 1.5. X 10* nt/coul, 
m (а? + 23) (b) 24 X 1071 nt (up), 
(б) 1 ese (e) 1.6 X 107% nt, 
253 (a? +)” (d) 1.5 X 10%. СУ 
27. (а) 7.1 cm, T 
(b) 2.9 x 10-8 sec, 5 Pa ice: 
(с) 11%. j 
"E" Sd ur 
dr CC where lis the distance ders che charges; yes. _ і 


+ 1.64 X 107 соц. — 
- 61 


` ANSWERS TO ODD-NUMBERED PROBLEMS 


a e 2 


-V «RE (an expected result). 3. EA cos ө. 
7. (a) 40 x 105 nt/coul, 9. (a) E = c/o, to the left, 
0 B=0. Q) E =0, 
(с) E = a/e, to the right. 
50. 49 X 107? coul, 13. 0.44 mm. 


“зө. (a) E = = (radially inward), where t is the length of the cylinders, 
Ф) —4 on inner surface and —4 оп outer surface, 
: е Е = xÛ (radially outward). 
n. 25 X 107? coul/meter?. 23. 1.9 X 10? nt, 


je 2.9 X 1075 meters/sec? 
-.25. (a) 1.1 nt-meters?, 
| 0) 9.3 X 107! cou]. 


З re а d) 
(09.19 х 10-29 coul meter; text value (0:61 X 10—29 coul meter) is lower and correct; the 
assumptions made in this problem are oversimplified. 


11 Флот. | — ~. 13. —6.4 X 10-7 joule. 
15. (а) -0.12 volt, ` 17. 2900 volts. 

UU). 1.8 X 1075 nt/coul, radially inward. 
21. No. 23. (a) —180 volts, 


(b) --2900 volts and —9000 volts. 
27. —021*/ea. 


29. (a) 1.1 x 107 yolts/meter, 


(b) 4.6 x 10% volts/meter, assuming a nuclear radius of 5 X 1075 meter. 
31. (a) 2.6 x 105 volts, 33. 9.0 kw. 


Q) Y в= 0745 c. 


35. (а) 3.2 x 10-1 joule, 
©) L6 x 19755 joule, 
(c) proton. 
Chapter 30 
1. (a) 42 = фа = 4.8 X 104 cou] 3. 43 ди. 
Ёз = 240 volts, T 
Vs = 60 volts; 
0) @ = 20 X 104 cout, 


"n 33 иі. 13. 4 yf 
15. 7.3 uf, $ 21. Mica 
23. ing x = 5.4 

(a) 10* volts/; 


© [3 н 54. х. 10^ joule, 7 
= 109 X 107 joue, - ZEN 


+ 


eS 2E 


Siva V= 13 vit SEE 


We Ra SAS PE 
X o. qu кее E SNE 


ma Ў ay (0) 10 отв, Ф: 
~~) 10 ohms. EXT 


64 ANSWERS TO ODD-NUMBERED PROBLEMS 


Chapter 33 . 
1. (a) East, 
(b) 6.3 X 10" meters/sec?, 
(c). 8.0 mm. 
3. 7.5 nt, perpendieular to the wire and to B. 
5. See Appendix. 7. 3.8 coul. 
9. 520 gauss, normal to plane of tracks. 
11. 4.3 X 107? nt-meter. The torque vector is parallel to the long side of the coil and 


points down. 
15. (a) 1.4 X 10~ meter /sec, 17. (а) Kj = Ka = ÀK,, 
(b) 4.5 X 107? nt (down), (b) Ra = 14 cm. 
(c) 2.8 X 10-4 volt/meter (down), (c) Re = 14 cm. 
(d) 5.7 X 1075 volt (top +, bottom —), 
(е) same as (b). А 


19. (a) 2.6 X 10" meters/sec, 
(b) 1.1 X 1077 sec, 
(с) 14 Mev, 
(d) 7.0 X 10° volts, 
23. 1.6 X 107° weber/meter?, horizontal and at right angles to the equator. 


25. T = 3,6 X 107” geo, 27. 2.11 X 10-75 kg or 127 proton masses. 
p — 0.17 mm, 2 
т = 1.5 mm, 
29. (a) Increase, 5 31. (a) 8.5 Mev, 
(b) decrease. (b) 0.80 weber/meter?, 
$ : (c) 34 Mev, 
(d) 24 mc/sec 


(e) 34 Mev, 1.6 webers/meter?, 
34 Mev, 12 mc/sec. 


33. 1.4. 35. 3800 meters/sec. 
Chapter 34 
1. 7.9 X 10-2 weber/meter?, 


3. (a) 3.2 X 10—16 nt, parallel to eurrent; 
(b) 3.2 X 10715 nt, radially outward if v is parallel to the current; 
(c) zero. 2 у 
7. 1.0 X 107° weber/meter. 

9. В = 0 along a line parallel to the wire and 4.0 mm from it. If the current is horizontal 
and points toward the observer and the external field points horizonta:!y from left 
to right, the line is directly above the wire. 

11. 80 X 10° weber/meter?, ир. 13. 3.2 X 107ê nt, toward «he long wire. 

23. (a) 1.0 x 107 weber /meter?, out, of figure; 

(F) 80 x 1074 weber/meter?, oüt of figure, 

27. (a) 9.4 x 105 weber/meter?, 

° (b 1.5 x 10-5 nt-meter. 


Chapter 35 
=- T 20 X 107? coul.. 3. Zero. 
АЯ ; 11. 30 x 1074 
| des S . 3.0 X 1074 volt. 
13. (а) 3.1 X 10? webers/sec, 17. (а) 4.4 X 107 meters/sec’, to the right; 


j (b) zero; 
КҮ DS GANE ENE ЖОМ. i da 7, 7 


(0) left to right. 
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Chapter 36 2 e 
1. Let the current charge at 10 amp/sec. 7. 1.0 X 1077 weber. 
9. 12 sec. 13. 27 amp/sec. 
15. (a) 10 amp, 17. 0.63 joule/meter?. 
(b) 100 joules. 
21. (a) 2.5 X 107° joule/meter, 23. 1.5 X 10? volt/meter. - 
(b) 14 X 107° joule/meter, ч 
/_ (e) 0.8 X 107° joule/meter. ч 
Chapter 37 
1. (а) 5.0 X 107 amp, з. (a) 1.4 X 101 volts/meter, 
(b) yes, (b) 2.8 X 107° weber/meter?. 
(c) no. x 
5. (a) 7.6 amp meter?, 9. 7.5 X 107° weber/meter?., 


(b) 11 nt-meter. 
11. (a) 1.8 webers/meter?, 
(b) 6.5 X 107” joule. ' 


Chapter 38 
1. 600, 710, 1100, and 1300 cycles/sec. 13. (a) 35 eycles/sec. 
(b) 38 or 33 cycles/sec. 


[3 [3 ee 2E Es 
15. о = ie, * Мыс 19. ia = or” 7, ("< В), 


dE 
ig = erR? — (т 5 R). 


dt 
21. (a) 1.4 X 10" volts/meter-sec, 
(b) 9.9 X 107 weber/meter’. 
Chapter 39 
з. 4.9 om, 5.2 X 10° meters/sec 9. 18 cm, 12 cm. 
(= 17е). , 
13. (a) aEB/ uo 
for faces parallel to zy-plane, zero por others; 
(b) zero. 
15. 1000 volts/meter, 
3.4 X 1076 weber/meter?. 


Chapter 40 
1. (a) 5100 A and 6100 A, 
(b) 5.5 X 10'* cycles/sec and 1.8 X 10—15 sec. 3 


3. Frid = 6.0 X 10° nt, 7. 1.3 X 1077 nt/meter?, 
Кш = 3.6 X 10° nt. : : 


V. 0.13. 13. (b) 7.8 (cycles/sec) /(miles/hoür), 
15. 3.8 X 107? A, ў 2597; Yellow-orange. 


Chapter 41 А oe 
з. 2.05 X 108 meters/sec. в. 156. _ 
15. (b) 0.17. | 


19. d d the center of each face with & circle of radius 0.33 cm, The fraction covere 
is Uus Ж» ES 


Chapter 42 s $ 

(WT _ 2 Hinge a, 
(b) 5, : Uem 
(c) 2. AD MEE. Е 
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6. Alternate vertical columns: 7. Object at center of curvature. 
(а) +, +40, —20, +2, no, yes; 
(с) concave, +40, +60, —2, yes, no; " 
(e) convex, —20, 4-20, +0.5, no, yes; 
(9) —20, —, —, +5, +0.80, n0, yes. 
9. 1.24 cm. 10. Alternate vertical columns: 
(a) —18, no; 
(с) +71, yes; 
(e) +30, no; 
(g) —26, no. 
11. Alterríate vertical columns: 
(a) +, X, X, +20, X, —1, yes, no; 
(с) converging, +, X, X, —10, X, no, yes; 
(e) converging, +30, —15, +1.5, no, yes; 
(0) diverging, —120, —9.2, +0.92, no, yes; 
. () converging, +3.3, X, X, +5, X, —, no. 
17. 45 cm, 9.0 em. - 


19. Assuming the light is incident from the left, a distance of — Nn to the right of 
the right edge of the sphere, EI) 
7-21. (а) R'is negative and R” is positive, 
Р —2r 
(b) i= А 
п 
(с)! virtual and erect. 


23. (a) Coincides in location with original object and is enlarged 5.0 times, 
(c) virtual and inverted. : 


2 


Chapter 43 
1. Slit separation must be 0.034 mm. s 3. 0.15°. 
5. 6.6 X 107? mm, ` 7. 3.0 mm. 
9. 1-а | +в eos (ene), V. y = 17.4 sin (wf + 13.39). 
13. 80 million. 15. 1.21. 
17. 4800 A (blue). 19. 6700 A. 
23. 5880 A. 25. 6057.8021 A. 
Chapter 44 ы 
1, 0.17 mm. 2 ; 
3. (a) X, = 2%, І 
(b) coincidences occur when ть = 2m. 3 
5. 797° 7. (а) 52.9°, "us 
> (b 10.25, 
(c). 5.1*. ES 


9. 9100 meters. 11. (а) 0.16 sec of arc, 


- 0) 74 X 107 km, 
(c) 22 x 10-4 mm. 
17. (a) Must have d = 4a, 
(b) Every fourth fringe is missing. 


15. 3. 


Chapter 45 
.. 1. Three complete orders. 


5- Theintensity would be concentrated near the twentieth order for blue and the eleventh ; 
“order forred. Тһе orders would. 


overlap to euch an extent, as to appear almost white. "3 
"U A > 


: 
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7. All wavelengths shorter than 6300 A. 
9. 0°, +10°, +21°, +32°, 2-45", and +62°. 
11. 5200 A to 6200 А. 17. (a) 0.0032°/A, 
0.0077°/А, 
0.024°/А; 
(b) 40,000, 
80,000, 
120,000. 
19. 3600 lines. 
21. (a) 4.6 X 107? A. 
(b) No. The resolution could normally be improved by Ош to а higher or 
diffraction, but in this ease m = 3 is the highest order that can exist (assum 
that the light falls on the grating at right angles). X 
23. (a) 6 X 105 A, 
(b) 1.5 X 104 A, 
(c) 0,1, 2,3, 5,6, 7, 9. The tenth order is at @ = 90°. 


25. 33°, 20°, 5.2? (all clockwise); 27. Yes, n = З for A = 1.29 A, 
14° (eountéreloekwise). . n = 4for X = 0.97 А, 
Chapter 46 Да 
1. (а) 55°, 
(b) 35°. 


з. Assuming that a right-handed coordinate system is used, 
(2) circular, counterclockwise us seen facing the source; 
(b) elliptical, counterclockwise as seen facing the source, Bor axis of ellipse acu 


у = 2; 
(с) plane, along y = —z. 
5. 55730' to 55°46’. 11. 2.7 X J0>"4 g-meter?/sec?, 
2.1 hr. с 
Chapter 47 ` 
1. 48А. 3. 6.2 X 10? photons/sec, 
7. 5.9 X 107 ev. 9. (a) 2.0 ev, 
(b) zero, 
(с) 2.0 volts, 
(d) 3000 A. 
11. 100 years. 17. (а) 1, 
(b) 5.8 X 107" meter, 
(c) 1.1 X 107" joule-sec, 
^o (0) 20 X 107 kg- meter /вес, 
(e) 4.1 X 10! radians/sec, 
(f) 2.2 X 10° meters/sec, 
(g) 8.2 X 107 nt, - 
(h) 9.0 X 10” meters/sec? ` 
(0 +13.6 ev, | | 
Q) -272ev, Ё Ry 7 
; (k)- 5486 а T A 
19. +0.21 еу. д : 21. 2.6 ev. т А s 


25. +54 ev, assuming the electron to be in its d italy. 
27, (а) 2.6 X 10713 meter, poe 


(b) 2800 ev, 
(с) 44 A. 


inswers to Odd-Numbered 
upplementary Problems i 


d } 3. (@) 1.0 X 107# coul from small to. | 
1 large sphere; HU 
| ie located £ from +4. Ф) mas sphere: 2X NUS CHE 
| 3000 volts, =, FREMITU E $ 
| +1.0 X 107* coul, F 3.0 х10—* large sphere: 4 X10 pal > 
ary Р 13000 volts. $ 
| 1.61 X 107? meter. 
АЕ 
һар\ет 27 жат Е 
£ 40 
kA : n. @) E 
g——E g+-£ : 
т @) E 
4 Q i m t к 
Козу неу downward: 13. (а) ln rtr), - 
к Areo y 
3 4 
— N L 
Kf t © are vi 4 D 
‘Chapter 23 (c) Zero. 
E 4 
+3.54 X 107% coul. 
®. 1.98 X 10" meters/sec. > C б 
: суб, + CX 
Q 5. x 162 13 
4t di 27 бубу + бубу + Саб» OVa 
i == (uA Er 
Y 29 ; D Пааа: E a | 
1. 12 X 107* coul /meter*. FETE 
; 69 pied д PN vee 


Б. 


~ 70 ANSWERS TO ODD-NUMBERED SUPPLEMENTARY PROBLEMS f 
: 4 
Т. (a) 10o farad, i 
Ў (b) 13.6«, farad, (b) TE V1 + «3 out of pago dii 
(с) 12000 coul, 12000 coul, 
(d) 10* volts/meter, angle of 18° with page. {, 
е) 2.1 X 10? volts/meter, | 
о 88 volts, d Chapter 35 $ 
(9) 19 X 103e joules. PR. иол? 4 
з j 
Chapter 31 6 2 ; 
1. (a) 2.3 X 1012, (b) bo | 
(b) 5.0 x 10°, 
(c) 10? volts. (c) In the same sense as the current 
5. (а) рд = .10 ohm-meter, рв = in the larger loop. ; 
-05 ohm-meter, 


=l 
(b) E, — 10 volt/meter, Eg = .50 5. (а) д = E [Фр (t2) — %a(t)], 


ашны, (0) No. В field could still hv 


(c) ja = jz = 10 amp/meter’, changed between t; and tg indue 
(d) V4 = 40 volts, Vz = 20 volts. У 


n T = 130°С. ing currents. 
GUESS 32 3 Chapter 36 | 
3. (а) ї = 3.3 amp, 1: = 3.3 amp; 
i R =r =r (b ii = 4.5 amp, їг = 2.7 amp; - 
3. (a) 7, (©) à = 0, is = 1.8 amp; _ 
T (5) R. 2 (d) à = 0, i, = 0. 
@) түр, 5. (a) meter, (b) weber, (с) watt, 
x pe " (d) coulomb, (e) ohm. 
7. (a) 85.0 ohm, Chapter 37 
(b) 85.0 ohm. 2 Mv. 
9. (в) 1.0 X 107? coul., 1:55, in direcüoniof a. 
@) LO X 107? amp., - 2 
€) Vc = Vg = 1000e“ volts, . „еВ 
азе з. (а) (N + 1), a 
: 0 
бы (b) 744 X 101° rad/sec; 759 X 10 
i b Г гаа /вее. 
1. 1 is positively charged, 2 is neutral, 5. 29 amp. 
and 3 is negatively charged. | 
3. 27 X 107* weber/meter?. Chapter 38 | 


5. (a) 542 ohms, series, 


H 2 4 3 
E 1. Let T; be the period of inductor an 
(b) 2.52 ohms, parallel. е 


900 uf capacitor and T; the period of . 


T. (a) 2.8 Me/sec. x itor. Then: 
inductor and 100 uf capaci i | 
бр н: (a) close Sz, wait 74/4; (b) oe | 
Ска close S; then open S»; (с) wall 
" and then open 81. 
i 1. —10uoip. 
з 3V2 и? Chapter 39 
3. 3 V2 w? toward center of square. 
wee row cem 
5. zero. К t In (b/a) 
mifi 1X, » moln (b/a) 
i (& ж) раве. (тот 
T KA US 1 5. (a) 6.3 X 107? volt/meter, g 
19. (а) E| | —10 weber /те{ег”, 
9. (a) = 142) out of page. (b) 2.1 X 10-19 wel 
DU UN oct (с) 1.3 X 104 watts. 3 


(| Pe 92234 
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Т. (a) В = wor Re. 
(b) E = juorR'a. 


(0 8 = Tot Rua. 


(d) They are both pore*R‘lwa. 


Chapter 40 
1. (a) 1.0 X 10? cycles/sec, 
(b) 1.0 X 107* weber/meter?, 
(c) 2.1 meter-!, 6.3 X 10° rad/sec, 
(d) 120 watts/meter?, ў 
(e) 4.0 X 1077 A nt, 4.0 X 1077 nt/ 
meter’. | 
3. (b) About 6 X 1077 meter (com- 
parable with the wavelength of 
light). 
(с) No. 


Chapter 41 


1. 1.95 X 10° meters /sec. 
3. 180 cm. 


5. (a) ¥1 + віп? 01 
0 V2 


Chapter 42 

1. 0. 

5. (b) No. 

(c) Rays pass undeviated through 
system. 


7 


Chapter 43 


1. .072 mm. 

3. 8 microns. 

1. 8400 A. 

9. 1.89 microns. 


Chapter 44 
1. (a) The droplets act as diffracting 
obstacles producing the observed 
ring. 
(b) .20 mm. 
3. 71 ft. 


Chapter 45 
3. (a) 5860 A. 
(b) Since the fourth maximum із 
missing, the slit width must lie 
: between 1.00 and 1.69 mierons. 
5. (a) One line to each side of the cen- 
tral maximum. ^ 
(b) 1.44 107‘ rad. 


(c) АӨ - 


Chapter 46 А 


1. 67% polarized, 33% unpolarized. 

3. Side A has the Polaroid, and the 
Polaroid axis must be at 45? to the 
principal axes of the quarter-wayeé 
plate. A 


Index 


E Aberrations, for lenses, 1061 B, see Magnetic induction 

for mirrors, 1048 Ballistic galvanometer, 928 
Absorption spectrum, 1189 Barkla, C. G., 1169 
Acoustic cavity, 954, 977, 1203 Bees and polarized light, 1169 
Action-at-a-distance, 663, 652 Betatron, 884 
Addition of velocities, 1006 


Beth, 1167 
Airy, Sir George, 852, 1112 B-H curve, 937 
Allen, A. J., 831 Biaxial erystal, 1162 j 
Alpha-emission, 658 ; Binding energy, 1195. ` 
Alpha-particle, 700 '  Biot-Savart law, 859 
Alternating current Eenerator, 895 Birefringence, 1156 
Ammeter, 800 ' . Birge, R. T., 1002 eat 
Ampere, 652 Bloch, F., 931 A 
Ampere, A. M., 844, 853 "Bloérnberzen, N., 934 e 7 
е Сат E 857, 911, 93 Bohr, N., 1191, 1196, d ium 
aL bare В O add 
Amplitude grating, 1127 М | Bol, 1102 


Analyzer, 1150 
.. Andrade, E, N., 700, 701 
. Angstrom, 994 à 
| Angular momentum, of electrons, 916, 
1193, 1204 А А 
з of light, 1167 

: Aniso ріс, 1155 . 

ilation, 660 — 
онаа etism, 980 


Boltzmann, L., 903: 


ў Boltzmann’ 8 constant 11 
id ^ 


74 


Calcite, 1156, 1159 - 
Capacitance, 741, 745 

' and dielectric, 748 

and inductance, 900 

of cylindrical capacitor, 746 


of parallel-plate capacitor, 745 


of spherical capacitor, 765 


Capacitative time constant, 805, 902 


Capacitors, and dielectries, 741 
a8 circuit elements, 802 
* force on plates of, 769 
in parallel, 747 
in series, 748 
Carragan, G. H., 1118 
Cavendish, H., 650 
Cavity, acoustic, 954 
* electromagnetic, 963 
Cavity radiator, 1174 7 
CERN accelerator, 834 
Charge, and matter, 655 
conservation of, 660 
in circular motion, 829 
in electric field, 675 
line of, 674 
quantization of, 654 
ring of, 673 
` two kinds of, 648 
Circuits, 789 
charge conservation in, 798 
` current in, 792, 793 


energy conservation in, 792, 798 


potential differences in; 795 
RC, 802 


Cireular aperture, diffraction at, 1112 


Circular polarization, 1163 
Circulating charges, 829 
- Coaxial cable, 911, 971 
currents in, 974 
energy flow in, 987 
fields in, 974 
Coblentz, 1177 
‚ Coherence, 1074 
Complementarity, 1213 
`. Compton, A. H., 1184 
Compton effect, 1184 
Compton shift, 1184 
Concave mirror, 1041 
Conduction electrons, 781, 828 
drift speed of, 781 
Conductivity, 774 / 
electrical, 780 : 
thermal, 780 


Conductor, 649 Я 


'rvation of charge, 660 
ае, - 


INDEX 


Conservation of-energy, in circuits, 792 


798 
Conservative force, 710 
Constant-deviation prism, 1033 
Continuous spectra, 1188 
Convex mirror, 1041 
Corona discharge, 732 
Correspondence principle, 1196 
Coulomb, 652 
Coulomb, C. A., 650 
Coulomb's law, 657, 1192 
Critical angle, 1024 
Curie, P., 922 
Curie temperature, 926 
Curie's law, 922 
Current, 770 
displacement, 962 
induced, 871 
magnetic force on a, 819 
measurement of, 800 
sense of, 772 
Current balance, 848, 854 
Current density, 770 
Current element, 860 
Current loop, B for, 861 
torque on, 823 


Cutoff frequency, in photoelectric effect, 


1180 
in waveguide, 977 
Cyclotron, 831 
resonance in, 833 
Cyclotron frequency, 830 
Cylindrical capacitor, 749 


D, 758, 934 
Damped oscillations, 950 
Davisson, C. J., 1201 
de Broglie, L., 1200, 1204 
de Broglie wavelength, 1201 
Debye, P. W., 1186 
Dees, 832 | 
Descartes, R., 1015, 1023 
Deuteron, 831 
Diamagnetism, 923, 937 
Dichroism, 1159 
Dielectric constant, 749, 750 
Dielectrics, 649, 750 
and capacitors, 748 
and Gauss’s law, 753 
Dielectric strength, 750 
Diffraction, 1035, 1199 
and Huygens’ principle, 1035 
and interference, 1115, 1119 
at a circular aperture, 1112 
Fraunhofer, 1101 


iffraction, Fresnel, 1200 
сас r 1102, 1105, 1108, 1109 
of matter waves, 1211 
of neutrons, 1202 
of water waves, 1037 
X-ray, 1123, 1134 
Diffraction grating, 1123, 1128 
. Dipole, electric, see Electric dipole 
magnetic, see Magnetic dipole 
Dipole antenna, 980 
- Dipole-dipole interaction, 942 
Dispersion, 1133 
Displacement, electric, 758 
Displacement current, 962 
Distributed elements, 954 
in acoustics, 955 
in electromagnetism, 956 
Dominant mode, 977 
Domains, 929, 930 
Doppler, J., 1006 
Doppler effect, 1006 
for light, 1007 
for sound, 1006 
Double refraction, 1155 
Double slit, 1104, 1115 
Drift speed of electrons, 771, 781 
Driscoll, R. L., 821 
Duality, of light, 1183 
of matter, 1200 
wave-particle, 1203 
Du Mond, J., 1189 


E, see Electric field 
Eddy currents, 891 


Einstein, A., 1004, 1092, 1094, 1100, 1179, 
1182, 1184 


© 

Electret, 938 

| lx dipole, alternating, 720, 1148, 
167 


energy of, 679 

field due to, 681, 684, 724 

in dielectrics, 750 * 
induced, 720, 751, 757 

in nonuniform field, 684 
Potential due to, 718 
Properties of, 864 

torque on, 825 

Water molecule as, 819 


кеше di neoprene 758, 934 
Electric field, 708, 7 


and potential, Se 
ition of, 817 
energy of, 760, 912 
1 of, 686 
for a conductor, 699, 771 


Ке: i ЖЫ 


INDEX 


Electric field, for dipole, 671, 728 
for line of charge, 674, 698, 849 
for sheet of charge, 698 
in coaxial cable, 974 
in waveguide, 978 
induction of, 880 
of point charge, 670 
of ring of charge, 673 
of spherical charge, 695 
Electrie polarization, 756 
Electric potential, see Potential, electric 
Electrie quadrupole, 683, 721 
Electric vectors, table of, 760 
Electromagnet, 815 
Electromagnetic cavity, 955 
energy flow in, 988 
Electromagnetic induction, 870. 
Electromagnetic oscillations, 943 
energy in, 950 
forced, 952 
quantitative, 948 
resonance in, 952 
Electromagnetic shielding, 892 
Electromagnetic spectrum, 993 
Electromagnetic waves, 971, 982, 986, 
1002 
Electromotive force, 7: { 
gravitational analog of, 790 
induced, 871, 899 
Electron, 655 
angular momentum of, 916 
e/m for, 885 
free, 649 
moment of, 917, 925 
Electron microscope, 1115 
Electron volt, 833 
Electrostatic force, 711 
Electrostatic generator, 733, 734 
Elsasser, W., 1201 
Emissivity, 1175 
Energy, and Poynting vector, 986 
in capacitor, 760 
in circuits, 783 
in electric field, 760, 790 
in electromagnetic. cavity, 986 - 
in LC oscillations, 943, 948 
in magnetic field, 790, 907 
in resonant, systems, 955, 956 
quantization of, 1178 
, Energy level diagram, 1194 
Equipotential surface, ae. 123557 
Essen, 1002 ү 
Ether; 1003. 74 Ты ТЛ 
Euclid, 1015 | : 
Exchange "oup, полая! 
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Expanding universe, 1009 
Extraordinary ray, 1156 
Bye, seusitivity, 904 


“Parad, 743 + 
Faraday, M., 647, 743, 748, 851, 852, 870, 
871, 923 


Faraday’s law, 870, 894 
counterpart of, 959 
in traveling waves, 983 
Fermat, P. 1028 .. i 
Fermat's principle, 1028, 1161 
‚ Ferrimagnetism, 930 
Ferroelectric, 


, 938 


Field, electric, see Electric field 
magnetic, see Magnetic induction 
ion, 658 


Ё 


oscillations, 952 
t, J. B. L., 1000, 1023 
-power law, 1175 я 
і , B., 
ofer diffraction, 1101 

Free charge, 754 
ectron model, 828 

Fresnel, A. J., 1099, 1148 

inges of constant thickness, 1086 


Galileo, 998 
Galvanometer, 824 
ballistic, 928 
Gamma rays, 660 
Gamow, G., 1212 
Gauss, 817 
Gauss's law, 686, 690, 859 
and Coulomb’s law, 690 
and dielectrics, 753, 759 
- applications of, 695 
for fluids, 703 
sg gravitation, 704 
. for magnetism, 920 
Geiger, H., 700 і 
Gen , alternating current, 895 
Geometrical Optics, 1035, 1037 k 
Germer, L. H., 1201- i x 


Glancing angle, 1140 2M 
Goudsmit, 8. A., 842 1 
Grating, 1123, 1128 
dispersion of a, 1133 j 
resolving power of, 1132 n 
Gravitational field, 663, 665 
Gravitational force, 711 
Grimaldi, F. M., 1099 
Group speed, in waveguide, 978 
Guide wavelength, 979 


H, 815, 934, 937 
Haidinger's brushee, 1152 
Half-silvered mirror, 1075 e: 
Half-width, of diffraction maximum, ШЙ" 
of resonance curve, 953 D. 
Hall, E. H., 827 
Hall effect, 649, 771, 827 
Hansen, 1002 
Harmonie oscillator, 1178 
НСІ spectrum, 1190 
Heaviside, O., 648 
Hege, E. K., 807, 906 
Heisenberg, W., 1211 E 
Helmholtz coils, 869 Ree 
Henry, G. E., 995 " 
Henry, J., 870, 900 > 
Henry, W. E., 923 : 
Hertz, H., 648, 986 
Hipple, J. A., 821 
Hull, G. F., 995, 996 4 
Huygens, C., 1019, 1099, 1156 4 
Huygens' principle, 1018 i 
and double refraction, 1159 
Hydrogen atom, 1191 
Hydrogen spectrum, 1191, 1195 
Hysteresis, 929 >` 


Image, 1038 
егесс. 1048 
inverted, 1048 
real, 1028 
virtual, 1038 : 
Image distanc% 1043 
Imes, E. S., 1190 
Incident ray, 1013 
Index of refraction, 1014, 1023 
principal, 1157 
Induced magnetic fields, 959 
Induced surface charge, 751, 754, 756 
Inductance, 899 
calculation of, 901 
energy storage in, 910 
of solenoid, 901 
of toroid, 901 ` 
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Induction, and relative motion, 888 
electromagnetic, 870, 875 
Faraday's law of, 872, 880 
lines of, 851 

Insulated conductor, 730 

Insulator, 649 

Interference, 1068 
and diffraction, 1115, 1119 
double-slit, 1079 
fringes, 1070 
in thin films, 1083 

Interferometer, 1090 

Internal resistance, 793 

Interplanar spacing, 1140 

Isotopes, 658 

Isotropic, 1155 

Yves, H. E., 1008 


Jessop, Н. T., 1155 
Joule heating, 784, 908 
Joule's law, 785 

Joyce, J., 1921, 1022 
Junction theorem; 798 


Карапу, N. S., 1028. 
Katz, J. L., 1136 

Kellogg, 1190 

Kelvin, Lord, 733 
Kirchhoff's first rule, 798 
Kirchhoff's second rule, 793 


Land, E. H., 994 
Laser, 1027 
Lattice, 771, 781 
Laue spots, 1136 
Lawrence, E. O., 831 
Lawton, 694 
LC oscillations, 943 

analogy of to SHM, 947 
Lebedev, 995 
Lens, 1055 

equation for, 1057 

extended object for, 1059 

sign conventions for, 1057 
Lens maker's equation, 1059. 
Lenz, H. F., 873 
Lenz’ `8 law, 873, 883, 900 

Light, 993 
. ааб quantum physics, 1173 
and the electromagnetic spectitum, 993 
angular momentum of, 1167 
corpuscular theory of, 1023 | 
energy of, 905 , Ч 
momentum of, 995 ; ^ 
moving source of, 1008 500 ON 


Тү, 


^ for square loop, . 868 i 


А ош a waveguide, 100: ; 


Light, polarization of, 1147 
pressure of, 995 
propagation of, 1092 
scattering of, 1167 
sensitivity of eye to, 994 
sources of, 1173 
speed of, 998, 1001, 1012 
wave theory of, 982, 1023 

Line integral, 713 

Lines of force, 665 

Lines of induction, 815, 846 

Line spectra, 1188 

Loop theorem, 793 

Lorentz, H. A., 648, 818, 835 

Lorentz relation, 818 

LR circuit, 902 

LRC oscillations, 946, 950 

Lumped elements, 954 
electromagnetic systems, 957 
mechanical systems, 957- 


Magnesia, 814 
Magnetie damping, 892 
Magnetic dipole, 825, 915 
B for, 863 
energy of, 826 
of bar magnet, 917 
of electron, 918. 
properties of, 864 
torque on, 825 
Magnetie domain, 929, 930 
Magnetic field, see Magnetie induction 
Magnetic field strength, 815, 934, 937 
Magnetic force, on a current, 819 
on a moving charge, 816 
Magnetic induction, 663, 814, 815 
definition of, 816 
energy and, 907 
‚ energy density and, 910. 
for a circular loop, 862 
for a dipole, 863 ў j; 
for a long wire, 861 
for antiparallel wires, 8607. 
for a traveling waye, 982 
for current sheet, 866 _ 
for Helmholtz coils, 869 
for parallel wires, 853 
for polygon, 868 . 
for rectangular; loop, 869 
for solenoid, 856 


- for toroid, 859 


іп а cavity, 955 1 _ 
- in a coaxial cable, 974 
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Magnetic induction, induced, 959 ў Nuclear atom, 697 
time-varying, 880 Nuclear force, 657 
Magnetic pole, 915, 920 Nuclear magnetism, 931 
Magnetic vectors, table of, 934 Nuclear resonance, 931 
Magnetism, and matter, 915 = Nucleus, 655 
of nuclei, 931 radius of, 656 
permanent, 929 
Magnetite, 814 Object, virtual, 1052 
Magnetization, 922, 934 Object distance, 1043 
Maguetization curve; 926, 929 Oersted, H. C., 647, 814, 844, 853 
Magnetizing current, 961 Ohm, 774 
Magnification, lateral, for lenses, 1061 Ohm's law, 778, 782 
for mirrors, 1048 Oil drop experiment, 685 
Malus, E. L., 1151, 1153 Onnes, Kamerlingh, 778 
Marsden, E., 700 . Optic axis, 1159 
Mass-energy conversion, 660 Optical maser, 1027 
Mass number, 658 Optical path, 1029, 1059, 1072 
Mass spectrometer, 842 3 Optical reversibility, 1089 
Matter, magnetism of, 915 PS Order number, 1125 
Matter waves, 1200 ` f Ordinary ray, 1156 
Matthias, B, T., 778 Oscillations, 943, 957 
Maxwell, J. С., 647, 844, 1200 damped, 950 
Maxwell's equations, 647 > electromagnetic, 943, 947, 963 
and radiation pressure, 996 — . forced, 952 
and waves, 982 LC, 943, 947 
summary of, 963 mechanieal, 947, 957 
* Maxwell Speed, distribution, 1174 Oscilloscope, 806 : 
Mean free path, 781 
Meter, defined in wavelengths, 1092 Parallel conductors, forces between, 853 
Michelson, A. A., 1000, 1090, 1092 Parallel-plate capacitor, 745 | 
Mickelson-Morley experiment, 1092 energy storage in, 761 
` Mierofarad, 743 with dielectric, 748 
Micron, 994 2 s Paramagnetism, 920, 937 
Microscope, 1049, 1115 Paraxial rays, 1043 
ап, R. A., 685, 1181, 1183, 1184 Partial derivative, 725, 984 


| Mirror formula, 1047 ~ Particles and waves, 1200 
/ Mirrors, Converging, 1047 Pepinsky, R., 1139 
diverging, 1047 Permeability, 937 
Momentum of light, 995 Permeability constant, 846 
Moon, radar signals from, 999 Permittivity constant, 746, 848, 986 
Morley, E. W., 1092 Phase angle, 948 
Morrison, P., 1039 Phase change on reflection, 1084, 1089 
- Morrison, Р, and E., 648 Phase grating, 1128 
Motional emf, 876, 888 Phase speed, 978 
Multiloop circuits, 798 Phasor, 1080, 1125 Е 
~ Multipoles, expansion in, 722 Photoelectric effect, 1179 
2 Photon, 1182 


. Néel temperature, 931 Pierce, J. R., 963 


Neatron, 655 


Planck, M. 1174, 1177, 1179, 1182, 1188, 
Neutron diffraction, 1202 ae loc Qs шр 
Neutron number, 658 Planck’s constant, 1178, 1184, 1188, 
xn 1014; 1023, 1099 £3 1191 


. Planck/s radiation formula, 1177 
Plane mirror, 1013 
' spherical waves on, 1038 


Plane of vibration, 1147 
e-polarization, 1147 
A zi reflection of, 1013, 1020, 
1029 
refraction of, 1013, 1021, 1029 
Plimpton, 694 
Polarization, 720, 1147 
by reflection, 1153 
circular, 1163 
electric, 934 
plane of, 1147 
Polarizer, 1150 
Polarizing angle, 1154 
Polaroid, 1150 
Pole, magnetic, 915, 920 | 
Potential, electric, 708 
and electric field strength, 711, 724 
and induction, 883, 886 
for a dipole, 719 
for a quadrupole, 721 
for charged disk, 717 
for point charges, 715, 716 
inside conductor, 730 
Potential, gravitational, 711 
Potential difference, 708 
and induction, 883 
in circuits, 795 
measurement of, 800 
path independence of, 710 
Potential energy, electric, 722 
in electric circuits, 784 
of electric dipole, 679 
of magnetic dipole, 826 
Potential gradient, 725 
Potentiometer, 801 
Poynting, J. H., 987 
Poynting vector, 986, 995 
Precession, 931 
‘Prism, 1018, 1027 
constant deviation, 1032 
Proton, 055 
Ptolemy, 1032 
Purcell, E. M., 931 


Q, 968 
Quadrupole, electric, 683, 721 
edi uds in Bohr model, 1193 
| of charge, 654 
of energy, 1178 
ы momentum, 1207 
of wavelength, 1204, 1207 
tum number, 1178, 1193 
ntum physics, 1173 
‘wave plate, 1163 . 
Ü ', index of, 1015 
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Rabi, I. L, 1190 
Radiancy, 1173 
Radiation, acoustic, 979 
electromagnetic, 980 
Radiation pressure, 995, 1078 
Radioactive decay, 658, 659 
Rayleigh’s criterion, 1113, 1114 
RC circuits, 802 
Red-shift, 1009 
Reflected ray, 1014 
Reflection, 1013 
at plane surface, 1038 
at spherical surface, 1035, 1041 
defects in, 1048 
diffuse, 1015 
Fermat’s principle for, 1029 
Huygens’ principle for, 1020 
of plane wave, 1013 
of spherical wave, 1035, 1038 
phase change on, 1084, 1089 
polarization by, 1153 
sign-conventions for, 1044 
specular, 1015 ` 
total internal, 1024 
Reflection grating, 1128 
Refracted ray, 1014 
Refraction, 1013 
,at plane surface, 1014 
at spherical surface, 1049 
double, 1155 
Fermat's principle for, 1029 
Huygens’ principle for, 1021 
of plane wave, 1013 
of spherical wave, 1035 
sign conventions for, 1051 
Relativistic mass, 834 
Relativity, 1004 
and cyclotron, 833 . 
and Michelson-Morley experiment, 
1092 
Resistance, 774 
internal, 793 
measurement of, 812 


Resistivity, 774, 775 


atomic view of, 780 

coefficient of, 775, 777 | 

temperature variation of, 777 ; 
Resistors, in parallel, 800 _ ord 

in series, 794 


Resolving: power, of a. йш, | 1132 


of a lens, 1112 


Resonance, 952 On NONAS I: 
in cyclotron, 831 
nuclear, 931 ad 
‘Right-hand rule, 846 — a 
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Ripple tank, coherent waves in, 1075 
diffraction in, 1035 


Rutherford, E., 700 
Rutherford atom, 697, 700 


Sandage, A. R., 1009 

Scattering, double, 1169 
of light, 1167 

Schawlow, A. L., 1027 


Simple harmonic motion, and LC oscilla- 
tions, 947 
Single slit, diffraction at, 1102, 1105, 
1108, 1109 1 
Slepian, Joseph, 668 
Snell, W., 1015 
Solar compass, 1169 
Solenoid, 856, 919 
Spectra, 1123, 1130 
Spectral radiancy, 1173 
Spectrograph, 1130 
» 1015, 1130 

absorption, 1190 A 

electromagnetic, 993 

line, 1188 
Speed of light, 998 

and electromagnetism, 959, 986 
Spin, 916 
Standard cell, 802 
Star meter, 1092 
Standing waves, 1203 . 
Stationary state, 1178 
Stefan-Boltzmann, constant, 1175 
Stilwell, G. R., 1008 
Stokes, G. G., 1089 ` 
Stopping potential, 1180. 
Strong, J., 1152 | 
Superconductivity, 778 
Surface charge density, 731 
tes ace integral, 688 . 
Synchrotron, 834 . 


Thales of Miletus, 647 
Thermistor, 779 
Thin lens, 1055 
Thomas, H. A., 821 
Thomson, G. P., 1201 
Thomson, J. J., 835 
Thomson atom model, 697 
Time constant, capacitative, 902 
inductive, 904 
Time-of-flight spectrometer, 842 
Toroid, 859 
inductance of, 901 
Torque, on current loop, 823 
on electric dipole, 825 
on magnetic dipole, 826 
Torsion balance, 651, 749, 996 
Total internal reflection, 1024 
Transmission line, 971 
acoustic, 976 
Transverse wave, 1147 


Ulrey, 1190 

Uncertainty principle, 1210 
Uniaxial crystal,'1162 

Unit cell, 1137 


Vacuum tube, resistance of, 779 
Vacuum-tube voltmeter, 801 
Van de Graaff, R. J., 733 
Vector field, 663 

Velocities, addition of, 1004 
Venus, radar signals from, 999 
Vertex, 1043 

Virtual image, 1038 

Volt; 708 

Voltmeter, 801 

von Frisch, K., 1169 

von Laue, M., 1135 


Water, dipole moment of, 719 
Watt, 785 
Wave disturbances, addition of, 1080 
Wave function, 1204 
meaning of, 1208 
Waveguide, 977 
cutoff frequency for, 977 
optical, 1026 
Wave mechanics, 1204 
Wave number, 981 
Wave optics, 1035 
Waves, and Maxwell’s equations, 982 
electromagnetic, 971 
Waves and particles, 1200 


Weber, 817 
Wes 


eatstone bridge, 810 
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| Wien, W., 890 : 


Young, T., 1068, 1073, 1148 
Young's experiment, 1027, 1069, 1104, 
1115 í 


Zacharias, J, K., 1190 М 


` Zeeman, P., 835 


Zeeman effect, 842 


SELECTED NUMERICAL CONSTANTS 


т = 3.14 кї = 9.87 e = 272 71 = 1/е = 0.368 
In 2 = 0.693 log е = 0.134 М2 = 1.41 M3 = 1.73 

віп 30° = сов 60° = 4 = 0.500 

cos 30° = sin 60° = 4//3/2 = 0.866 

tan 30° = cot 60° = 4//3/3 à 0.577 

tan 60° = cot 30° = V3 = 1.732 

віп 45° = сов 45° = y/2/2 = 0.707 

tan 45° = cot 45° = 1.00 


| SELECTED CONVERSION FACTORS 


| {See Appendix Н for o more complete list! 


180° = x rad 

1 radian = 57.3? = 0.159 rev 

1 slug = 32.2 1 (mass) = 14,6 kg 

1 kilogram = 2.21 lb (mass) 

1 pound (mass) = 0.454 kg 

1 atomic mass unit = 1.66 X 1077" kg 

1 meter = 39.4 in. = 3.28 ft; 1 inch = 2.54 cm 
1 mile = 5280 ft = 1.61 km 


- 


1 angstrom unit = 1071 meter = 0.1 ти 
1 millimicron = 107% meter | 
1 liter = 61.0 in.* 
1ft? = 283 li 
1 day = 86,400 sec 
1 year = 3.16 X 107 sec = 365 days 
i) i mile/hr = 1.47 ft/sec = 0.447 meter/sec 
1 pound = 4.45 nt; 1 newton = 0.225 Ib 
‘| 1 atmosphere = 29.9 in.-Hg = 76.0 em-Hg 
| 1 Btu = 778 ft-lb = 252 cal = 1060 joules 
1 calorie = 4.19 joules; 1 joule = 0.239 cal 
1 electron volt = 1.60 X 107!* joule 
1 horsepower = 550 ft-lb /sec = 746 watts 


1 weber/meter? = 1 tesla = 104 gauss 


" 


1.01 X 105 nt/meter? 


2.78 X 1077 kw-hr 
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